Journal of Differential Equations 166, 51-78 (2000) ®
doi:10.1006/jdeq.2000.3801, available online at http://www.idealibrary.com on 1DE ):I

On the Poincaré Problem
Sebastian Walcher

Zentrum Mathematik, TU Miinchen, 80290 Miinchen, Germany; and
Institut fiir Biomathematik und Biometrie, GSF-Forschungszentrum,
Ingolstédter Landstr. 1, 85764 Neuherberg, Germany

Received November 3, 1998; revised October 13, 1999

We derive some restrictions on the possible degrees of algebraic invariant curves
and on the possible form of algebraic integrating factors, for plane polynomial vec-
tor fields whose stationary points at infinity satisfy a certain genericity condition.
The method is elementary, and we show by example that it also yields strong
results for certain non-generic vector fields.  © 2000 Academic Press

1. INTRODUCTION AND PRELIMINARIES

The question of the existence of algebraic invariant curves and algebraic
integrating factors of plane polynomial vector fields goes back to Darboux
and Poincaré; see Schlomiuk [25, 26] for remarks on the history of the
problem. They noted that, given a polynomial vector field f on C2 the
question can be answered by elementary means as soon as an upper bound
for the possible degrees of irreducible invariant algebraic curves is estab-
lished. The Poincaré problem to be discussed in this article consists of
finding such bounds, and possibly invariant curves and integrating factors.
(There are other versions of this problem; many authors discuss it in the
context of holomorphic foliations of the projective plane.)

It should be emphasized that this problem is interesting for several
reasons. Prelle and Singer [21] showed that the existence of an algebraic
integrating factor is a necessary condition for the existence of an elemen-
tary first integral. Moreover, they showed that deciding about the existence
of an algebraic integrating factor ist the only obstacle to deciding about the
existence of an elementary first integral. In his classical work [13], Lie
established a correspondence between nontrivial infinitesimal symmetries
and integrating factors of two-dimensional vector fields. Therefore, to
determine an integrating factor also means to solve the nontrivial (and not
algorithmically accessible) problem of finding a nontrivial local one-
parameter symmetry group. Finally, the existence of an algebraic integrat-
ing factor has a strong influence on the qualitative behavior of a (real)
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differential equation; see Schlomiuk [24, 25, 26] and Christopher [ 7] for
applications to the center problem.

While it is known from a theorem of Darboux that for every polyno-
mial vector field there exists an upper bound for the possible degrees of
irreducible invariant algebraic curves, it is a hard problem to determine
such an upper bound explicitly for any given vector field. There has been
substantial progress in recent years, and bounds have been determined
under additional conditions on the invariant curves or on the stationary
points of the vector fields; cf. Cerveau and Lins Neto [6], and Carnicer
[5]. In particular, Carnicer found degree bounds whenever the vector field
has no dicritical stationary points in the projective plane.

In this paper, the focus will be on properties of stationary points at
infinity and their application to algebraic invariant curves and algebraic
integrating factors. We first discuss (in Section 2) nondegenerate stationary
points of local analytic (or formal power series) vector fields, using the
Poincaré-Dulac normal form. A straightforward application of these results
shows that if a vector field f of degree m admits an irreducible invariant
algebraic curve, and if all the stationary points of f at infinity are non-
degenerate and non-dicritical, then the degree of the curve cannot exceed
m+ 1. While this result is also a direct consequence of Carnicer’s theorem
[5], the proof presented here is elementary and straightforward. Combin-
ing the results on stationary points with an investigation of the behavior of
integrating factors under Poincaré transforms, we then show that the same
conditions on f imply that an algebraic integrating factor is necessarily of
the form ¢!, where ¢ is a polynomial of degree m + 1 whose highest-
degree term is uniquely (up to a multiplicative constant) determined by f.

The hypotheses on f involve only the homogeneous term £ of highest
degree. We investigate the relation between properties of £ and proper-
ties of stationary points at infinity, and in particular we show that the
hypotheses are satisfied for almost all (in the Lebesgue sense) homog-
encous polynomial vector fields of fixed degree. We also present a criterion
that works for vector fields with rational coefficients, which implies that the
hypotheses are also, in general, satisfied for such vector fields. Finally, we
discuss quadratic vector fields in some detail, and present some examples
to illustrate that there are also vector fields with dicritical stationary points
at infinity which are accessible by the strategies developed in this paper.

Let us introduce some notation and review a few known facts. (Refer-
ences to be consulted here are Lie [ 13], Olver [ 18, 19], Prelle and Singer
[21], and Schlomiuk [24, 25, 26], among others.) All functions and vector
fields under consideration will be analytic, unless specified otherwise.

To a given differential equation X = f(x) on an open, nonempty subset
U of C?, one associates the derivation L, assigning to a function ¢: U— C
its Lie derivative L,(¢), with L,(¢)(x):=D¢(x) f(x). A (nonconstant)
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function  is called a first integral, resp. a semi-invariant, of X = f(x) (or,
briefly, of ) if L () =0, resp. Lo()=puy for some u analytic on U. The
set of zeros of a semi-invariant, as well as any level set of a first integral,
is an invariant set for X = f(x).

The commutator of two derivations L., L, is again a derivation, and it
turns out to be equal to L, ., with the Lie bracket [ f, g] defined by
[/, g](x)=Dg(x) f(x)— Df(x) g(x). In case [ g, f] = Af for some analytic
A, the local one-parameter group of transformations generated by g consists
of orbital symmetries of X = f(x). This was first noted by Lie [13], and it
may be seen as the starting point for the employment of (local) Lie trans-
formation groups in the investigation of differential equations.

We call the vector field f divergence-free if div(f):=tr Df =0. (This
notion depends on the choice of coordinates.) To a scalar-valued function
¢ one assigns its Hamiltonian vector field q4:= ( _(32%2?)7 which is obviously
divergence-free, and has first integral ¢ by construction. Locally, a
divergence-free vector field is equal to the Hamiltonian vector field of some
function. In this sense, finding a first integral of a divergence-free vector
field is just an integration problem. It is elementary to verify that
div(yf) = L,(y)+div(f) -y, so yf will be divergence-free if and only if
L(y)+div(f) -y =0. If  is nonzero and this equation is satisfied then we
call  an integrating factor of X = f(x). Another function y is an integrat-
ing factor if and only if //\ is a first integral.

In dimension two, there is a close relation between integrating factors
and generators for local one-parameter symmetry groups, as was already
noted by Lie (see Olver [18], Thm. 2.48, Bluman and Cole [2], and
[30]): If g is a vector field such that [ g, /] = Af for some scalar-valued 4
then 1/det(g(x), f(x)) is an integrating factor for f (provided that the
denominator is not identically zero), and conversely one can construct a
nontrivial “infinitesimal symmetry” of f from an integrating factor. This is
one way to deduce the behavior of integrating factors under coordinate
transformations (cf. [ 30]): One has to multiply the transformed integrating
factor by the Jacobian of the transformation.

While it is known that an integrating factor for X = f(x) exists near every
nonstationary point (this follows from the fact that the vector field can be
straightened near such a point), it is a nontrivial problem to determine
such a factor explicitly “in closed form” for a given equation. (There is also
the question of existence near a stationary point of the equation.) This is
reflected in the fact that finding Lie symmetries of first-order ordinary dif-
ferential equations is a matter of trial and error, while (for example) the same
problem for higher-order equations is amenable to a systematic approach.

We will consider some aspects of the following, more restricted problem:
Start with f belonging to a specified class of functions, and consider the
problem whether there is an integrating factor in another (possibly larger)
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class. For a large portion of this article, f will be a polynomial and the
search will be for integrating factors which are algebraic over the field
C(x;, x,) of rational functions. For the record, we state the following well-
known result.

THEOREM 1.1 (Prelle and Singer [21]). Let X = f(x) be given, with f a
polynomial.

(a) If this equation has a first integral that is elementary (in the sense
of differential algebra) over C(xy, X,) then it admits an algebraic integrating
factor.

(b) If the equation admits an algebraic integrating factor then it also
admits an integrating factor of the specific form
(o7 @),
with the ¢, irreducible polynomials (and semi-invariants), and rational
numbers d;. (We include the possibility r =0, with integrating factor 1.)

Actually, part (a) is a consequence of the main result in [21], which
states that an elementary first integral must have a quite special form. Since
the @, in part (b) are semi-invariant polynomials, one has L.(¢;) =u,;p,
with polynomials x;, and the integrating factor condition translates into

dipy + -+ dop,=div(f).

Since products and divisors of semi-invariants are again semi-invariant, it
is sufficient to consider irreducible ones. From a theorem of Darboux (see
Jouanolou [11], Schlomiuk [26]) it is known that every polynomial vec-
tor field f admits an upper bound for the possible degrees of irreducible
polynomial semi-invariants. If such a bound is known, then deciding the
question of existence of algebraic invariant curves and algebraic integrating
factors, and finding them in case of an affirmative answer, is a matter of
linear algebra. As will be shown, the investigation of stationary points at
infinity provides efficient tools to determine such bounds (and possible
invariant curves and integrating factors) for a large (generic) class of vector
fields, and is also useful in non-generic cases. We will first give an account
of local integrating factors of analytic and formal vector fields.

2. THE LOCAL PICTURE

In this section we will investigate invariant sets and integrating factors of
the analytic differential equation X = f(x) in the neighborhood of a point
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in C2, which we may take to be 0. This is interesting in its own right, and
we will also be able to use the results obtained here for polynomial differen-
tial equations with algebraic integrating factors. The (germs of) functions
analytic in 0 form an algebra that is isomorphic to the algebra
C[[xy, x,]],. of power series with a nonempty (open) domain of con-
vergence. It is known that this algebra has a number of nice properties (see,
for instance, Ruiz [22]): It is a Noetherian unique factorization domain,
and one has a Nullstellensatz (due to Riickert) analogous to Hilbert’s
Nullstellensatz for polynomials. The invertible elements are those series
with a nonzero constant term. Every invertible series can be represented as
exp(u), for a suitable series . We denote the quotient field of C[ [ x,, x,]].
by C((x;, x,))., and will occasionally refer to its elements as local
meromorphic functions. If there are convergence problems, or when con-
vergence issues are irrelevant, we will also deal with the formal counter-
parts C[[x;,x,]] and C((x;, x,)) of these objects, and formal power
series vector fields.

Let us introduce the notion of a semi-invariant in this context: A non-
invertible ¢ € C[ [ x;, x,]]. (thus ¢(0)=0) is called a semi-invariant of f if
L/(¢)=7¢ for some AeC[[x;,x,]].; and the same definition, mutatis
mutandis, applies to formal series. (Every invertible series obviously
satisfies the defining condition for a semi-invariant, but recall that the
interesting feature of an analytic semi-invariant is its set of zeros.) If ¢ is
a semi-invariant, with L,(¢)=A¢, then so is ¢ exp(u) (u arbitrary), and
Ly (¢ exp(u)) = (1 + Ly(1)) b exp(s).

The results of Prelle and Singer [21] (cf. (1.1)) remain valid in this situa-
tion, mutatis mutandis; in fact, they are presented in a general context in
[21].

Let us briefly consider the case that 0 is a nonstationary point of f. Then
there exists (up to multiplication with invertible series) one and only one
irreducible semi-invariant ¢, and L,is onto. Both assertions are obvious for
the special case /' = (}); the general case follows by using the straightening
theorem (Olver [18], Prop. 1.29, for instance). It follows that for any
rational number d there is an integrating factor ¢ ~¢exp(u), with u chosen
such that the integrating factor condition holds. Therefore, the local situa-
tion becomes interesting only at stationary points of f.

Thus we assume that (0) =0, and define B := Df(0). A crucial technical
tool will be a local change of coordinates to simplify the equation. The
behavior under coordinate transformations (cf. [30]) shows that an
integrating factor ¢¢1 - ¢% exp(u) will be changed to the integrating factor
(¢ 0o W) (¢, o W)%exp(v) by an invertible solution-preserving map ¥,
with exp(v) also incorporating the functional determinant of Y. Let
B = B,+ B, be the decomposition into semisimple and nilpotent part, and
o, a, the eigenvalues of B. Let us call the stationary point 0 of the differential
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equation nondegenerate if B, #0 (equivalently, not both «; are zero), and
degenerate otherwise. For nondegenerate stationary points we have the
Poincare-Dulac normal form at our disposition (see Bibikov [1], Bruno
[3], and [28]): There is an invertible formal power series ¥=id + ---
that is solution-preserving from x= f(x) to x=f(x), with sz—i— -eea
formal power series vector field in normal form, thus satisfying [ B,, /] =0.
We list the possible cases in dimension 2; see Bruno [3], for instance.

LEMMA 2.1.  Let By=diag(ay, o), with oy #0. Letfbe in normal form.
Then f is as follows.

(a) If ay/a, is not a rational number then f = B= B,.

(b) If ay /o, =g, with q a positive integer, then = B, + i( )(:q) for some
BeC. ‘

(¢) If ay/uy=gq/p, with p and q relatively prime positive integers,
1<p<gq, then B= B, and f = B,.

(d) 1If oy/ouy = —q/p, with p and q relatively prime positive integers,
p<q, then B=B, and f=B+Y .,y (0;id +1,B), where a;,1;€C, and
y(x) :=x{x5.

(e) If ay=0 then B=B, and f= B+ yj(aj id +1,B), where
g;,7;€C, and y(x) := x,.

In cases (d) and (e), y is a first integral of B, and every first integral of
B in C[[x, x,]] is a series in powers of y.

As noted before, there is always a formal power series transformation
from X = f(x) to %= f(x). For analytic f, there may be convergence
problems in case (a) (due to small denominators), and in cases (d) and (e).
In the latter cases, existence of a convergent transformation is guaranteed
when all ;=0 (this is Bruno’s “Condition A”; cf. [3]). Bibikov [1]
investigated the existence of smooth analytic invariant manifolds tangent to
the eigenspaces of B,. His results imply that there exist such manifolds in
cases (a), (c), (d) and (e). In case (b), with §#0, there will only be one
such manifold (tangent to x; =0), while there are infinitely many when
f=0. It should also be mentioned that Martinet and Ramis [ 15, 16] gave
a classification up to analytical equivalence of cases (d) and (e).

Differential equations in normal form admit integrating factors which
can be obtained directly from Lie’s result mentioned in the Introduction:
Take det(B,, /)", unless the determinant is identically zero; otherwise
(x1x,) " will work.

We will give a detailed enumeration of irreducible semi-invariants,
algebraic first integrals, and algebraic integrating factors for all of the cases
(a) through (e) above. These results are essentially known; note, for
instance, that some of them are mentioned in Mattei/Moussu [17], and
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Martinet/Ramis [16]. It seems, though, that a short, complete account
including the formal case is not easy to find. We start with a result on semi-
invariants (thus, on invariant sets of codimension one) of differential equa-
tions in normal form. Since this is of interest in arbitrary dimension, and
the proof in the general case is not much more difficult, we state this for
formal vector fields on C? with arbitrary d. (The result generalizes Prop.
1.8 of [28], and the proof follows similar lines.)

LEMMA 2.2. Let B be linear on C% with decomposition B= B, + B, into
semisimple and nilpotent part. Let f) be a polynomial vector field on C? that
is homogeneous of degree j (j=2), and suppose that the ( formal) vector field
fi=B+Y YV is in normal form, thus [ B,, f]=0.

If =2,>, &; (with ¢, #0) and A =735 ¢ 4; satisfy L($)=A¢ (thus ¢ is
a formal semi-invariant of f), then there is an invertible formal series f§
such that ¢*:=pp=73,-, ¢} satisfies Lo(¢*)=2*¢p*, with Lg(1*)=0.
Moreover, Lg(¢*)=2¢*.

Proof. Semi-invariance of ¢ is equivalent to

LB(¢r+j) +Lf(2)(¢r+j—1) + - 'Lf<i+1)(¢r) = /10¢r+j+ }“l¢r+j—1 + - ')vj‘ijr

for all »>0.

Note that Lg(4e)=0. Now assume that Lg(4;) =0 for all j <k, and let
¢:=(1+p,) ¢, with B, some form of degree k. Then ¢=¢,+ -
¢r+k71 + ((/’r+k+ﬁk¢ )+ ---, and Lf(¢) =(14+Bx) L)+ L fr) = /1¢
with 2=Ag+ -+~ Ag_1+ (A + Ly(Be) + ---. Now Ly acts semisimple on
the space % of all forms of degree k, Wthh is therefore the direct sum of
kernel and image of this map. Since the restriction of Lz to the image is
invertible, it is possible to choose f; in such a way that Lg(4,+
Lg(fr))=0. The first assertion now follows by induction. (Note that a
product (1 +a;)(1+0,)---, with the o, homogeneous of degree i, is con-
vergent in the setting of formal power series!)

As to the second assertion, assume that Lg(¢f, ;)=
Since Ly and all the L,» commute with Ly, one has

Lo}, ; for all j<k.

LB(¢r+k) j‘ ¢r+k

— (L) + - F Lpwsn(97) + A5 GF o+ - AEF =1,

with Lp () =40y From semisimplicity of Ly it follows that Ly (4}, ;)=
OV STR |

We use this in dimension 2:
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THEOREM 2.3. Let B,=diag(a,, a,), with a; #0. Let f be a formal power
series vector field in normal form.

(a) If oy/oq is not a rational number then x, and x, are (up to multi-
plication with invertible series) the only irreducible semi-invariants of f in
C[ [ xy, x,]1]. There is no first integral that is algebraic over C((xy, x,)), and
the only integrating factor algebraic over C((x,, X,)), up to multiplication by
scalars, is (x;x,) L

(b) Let ayjouy =gq, with q a positive integer, andf=BS+ﬁ(£q), with
peC. :

If B#0 then x, is (up to multiplication with invertible series) the only
irreducible semi-invariant of f in C[[xy,x,]]. There is no first integral
algebraic over C((xq, x,)), and the only integrating factor algebraic over
C((xy, x5)), up to multiplication by scalars, is x4 +".

If p=0 then the irreducible semi-invariants (up to multiplication with
invertible series) are x, and all x,+0x{, with 6eC. Every product
(x¢TT (x5 + 3;x9)%) =" (with rational exponents) is a first integral if and only
if e+q> d;=0, and an integrating factor if and only if e+q> d;=1+q.
Moreover, up to multiplication by constants, these are the only algebraic first
integrals resp. integrating factors that are products of powers of semi-
invariants and invertible series.

(c) Let oy/oey =q/p as in (2.1c).

Then the irreducible semi-invariants (up to multiplication with invertible
series) are Xy, X, and all x5+0x4, with 0#£6eC. Every product
(xx2 1 (x2+3,x0)%) ! (with rational exponents) is a first integral if and
only if pe, + qge,+ pg > d;=0, and an integrating factor if and only if pe, +
qes+ pq Y. d;= p+q. Moreover, up to multiplication by constants, these are
the only algebraic first integrals resp. integrating factors that are products of
powers of semi-invariants and invertible series.

(d) Let a,/ou; = —q/p, with p and q relatively prime positive integers,
p<gq,and f=B+3Y ., y/(0;id+1;B), where ;,7,€C, and y(x) :=x{x35.
Then x, and x, are, up to multiplication with invertible series, the only
irreducible semi-invariants of f in C[[xy, x,]].

If not all the o; are equal to zero then there exists no first integral that is
algebraic over C((xy, x,)). Up to multiplication by constants, the only
integrating factor that is algebraic over C((xy, x,)) is (x} T4x) P p(x)) ' =
(x1,7(x)! p(x)) =Y, with [ the smallest index such that o, #0, and x,x,p(x)
=det(B(x), g,x + X 7(x) 0,4 (X))

If all 0;=0 then p(x)- p(y(x)) is a first integral algebraic over
C((xy, x,)) for any rational d and any invertible formal power series p in one
variable, and (x,x,7(x)?- p(y(x)) "' is an integrating factor. Moreover, every
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first integral that is a product of powers of semi-invariants, multiplied by
some invertible series, is of this type.

(e) Let ay=0,and f=B+Y,., y’(0;id+1;B), where g;,1; € C, and
y(x) :=x,. Then x, and x, are, up to multiplication with invertible series, the
only irreducible semi-invariants of f in C[[x,, x5]].

If not all the o; are equal to zero then there exists no first integral that is
algebraic over C((x;,x,)). Up to multiplication by constants, the only
integrating factor that is algebraic over C((xi, X,)) is (x;x1"/p(x))~'=
(x1x29(x) p(x)) ™Y, with [ the smallest index such that o,#0, and p is
defined similarly to (d).

If all 6,=0 then y(x)? p(y(x)) is a first integral algebraic over
C((xy, x,)) for any rational d and any invertible formal power series p in one
variable, and (x,x,y(x)?- p(y(x)) ~Y is an integrating factor. Moreover, every
first integral that is a product of powers of semi-invariants, multiplied by

some invertible series, is of this type.

Proof. (i) Let ¢ be a semi-invariant of f. It was shown in Lemma 2.2
that we may assume Lg(¢)=4¢, with some 7, € C. From LBx(x'ilx;Z) =
(10 +i2a2)(x§1x;2) it follows that A,=(k,a;+k,a,) for certain non-
negative ky, k,. If (j;, j») #(ky, k,) and ko, +kyo, = jia, + jro, then
o, /o, is rational. Therefore, in case (a) the only semi-invariants are the
x"x2, and only x, and x, are irreducible.

In cases (b) and (c) (with p :=1 in case (b)) we may assume that a; = p
and a,=g¢q. Let 4g=k,p+k,q. Then LBY(x’fx;Z)zﬂvox’fx;Z if and only if
plk,—i,)=q(iy—k,), thus p divides i,—k,, and ¢ divides k,—i,. It
follows that Ly (¢) = 4o¢ if and only if ¢(x) = x7'x32 - Y/(x{, x%) for suitable
e;, €5, and a homogeneous polynomial  in two variables. Since y is a
product of linear polynomials, the assertion on semi-invariants follows in
case (c), and in (b) for f=0. If f##0 in case (b), the assertion follows
immediately from (2.2).

In case (d) we may assume that a; = p and a, = —q. Let A=k, p —k,q.
Then LBS(x'ilx;Z) =Jox1x2 if and only if p(k,—i,)=q(k,—i,), thus p
divides k, —i,, and ¢ divides k; —i;. It follows that Ly(¢)=/0¢ if and
only if ¢ = xx2 . p(x?9xZ), with p an invertible series in one variable. The
assertion about semi-invariants follows. In case (e) similar arguments
apply.

(ii) It is elementary to verify that (x,x,)”! is an integrating factor
whenever f'=B,. In the other cases, use Lie’s theorem to obtain the
integrating factor det(B(x), f(x)) ' This works (and yields the integrating
factors as asserted) unless all o,=0 in cases (d) or (e). But then f(x)=
(1+3 7,7(x)?) B(x), and ((1 4+ 7;p(x)’) x,x,) "' is obviously an integrat-
ing factor. In each case, other integrating factors (should they exist) differ
from the ones determined here by multiplication with a first integral.
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(ii1)) It can be directly verified that the functions given in parts (b)
through (d) (if applicable) are first integrals resp. integrating factors, and
it only remains to be seen that there are no others. Now, the existence of
a (nonconstant) first integral that is algebraic over C((x,, x,)) implies the
existence of a first integral in C((x,, x,)) itself. (All the coefficients in the
minimum polynomial of such a first integral are annihilated by L., and not
all of them are constant; see also Prelle and Singer [21].) Thus we may
assume that Y=y -y rexp(u) is a first integral, with >0, semi-
invariants ;, and integers m;. We note that L (exp(u))=L,(u)exp(u),
and L (1)(0)=0.

In case (a), we have ¥ =x71x52exp(u), and Lg(y)=0 if and only if
myay +mya, + Lg(u)=0. Since o,/o; is not rational, and Lz(u)(0)=0,
this implies m, =m, =0, and Lg(x) =0. As was seen in (i), ¢ is then con-
stant.

In cases (b), when =0, and (c), we have y =xTix52 [ (x{+9J,x5)"
exp(u), and analogous reasoning shows that pm, + gm, + pq > n;=0, and
that u is constant. In case (b), with =0, the same argument works with
Y =xTrexp(u).

In cases (d) and (e), according to (i) and Lemma 2.2, we may assume
that wz%exp(,u), with Lg(y,)=2e¥;, and A, €C, hence y;=x%x5 -
v;(7(x)), with series v; in one variable. We may assume that the order of v,
is less than or equal to that of v,, which then shows that y € C[ [ x;, x,]].
Now Lemma 2.2 shows that s is a series in y, and y is a first integral of
J- From L,(y) =div(B) X ajyj“ the assertions follow. ||

It is remarkable that one gets very precise information in every case
except when o,/o; is rational and positive. We will refer to the corre-
sponding stationary points as “rational nodes” (adopting terminology from
the classification of real linear systems). These points, with the exception of
the first case in (2.3b) are precisely the dicritical ones among the non-
degenerate stationary points, ie., they admit infinitely many (pairwise
relatively prime) semi-invariants. For nondegenerate stationary points
which are not dicritical the theorem yields strong consequences.

COROLLARY 2.4. Let X = f(x) be a plane polynomial differential equa-
tion, and z a nondegenerate stationary point which is not dicritical. Let
1, ..., ¢, be irreducible and pairwise relatively prime polynomials.

(a) If the ¢; are semi-invariant then ¢,(z) =0 for at most two indices.
(b) Let dy, ..., d, be rational numbers such that (¢---¢%)~" is an
integrating factor for f.

(bl) If ¢;(z)#0 for all i then the eigenvalue ratio is as in (2.1d, e),
and Bruno’s Condition A is satisfied.
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(b2) Assume that there is an s >0 such that ¢,(z)= --- =¢(z)=0
and ¢;(z) #0 for all i >s. Then s <2. Moreover:

— In the situation of (2.1a), one has either s=1 and d,=1 or
s=2and dy=d,=1.

— In the situation of (2.1b), with p#0, one has s=1 and
di=q+1.

— In the situation of (2.1d), with p+#gq, one has s=1 only if
Bruno’s Condition A is satisfied, and then necessarily dy =1. If s =2 then (up
to a permutation) d;=1+1q, d,=1+Ip for some rational number I. If
Bruno’s Condition A is not satisfied then | is an integer and [> 0.

— In the situation of (2.1d), with p=q=1, one has either s=1
and dy=1+1 or s=2 and d,=d,=1+1 for some rational number 1. If
Bruno’s Condition A is not satisfied then [ is an integer and > 0.

— In the situation of (2.1e) one has s=1 only if the stationary
point z is not isolated, and then necessarily d,=1. If s=2 then d,=1,
d,=1+1 for some rational number 1. If z is an isolated stationary point then
[ is an integer and 1> 0.

Proof. Whenever ¢,(z) =0, there is a prime factorization of ¢; in the
formal power series ring corresponding to z. Now use the results of (2.3).
Note that in the last case Bruno’s Condition A is satisfied if and only if the
stationary point z is not isolated. |

There is another consequence of (2.3) that deserves particular attention.

Remark 2.5. Let f be a real analytic vector field in a neighborhood of
the stationary point z e R2 If Df(z) has nonzero purely imaginary eigen-
values, and (¢%---¢%)~! is an integrating factor of f, with all ¢, analytic
in z, then z is a center unless ¢,(z) =0 for some i and d;=1+ [ with some
integer /> 0.

In particular, if f is a polynomial vector field with integrating factor
(¢y---¢,)~", with polynomials ¢,, then every stationary point z whose
linearization yields a center is already a center.

Proof. From (2.3) one sees that Bruno’s Condition A must be satisfied
if no ¢; vanishes at z or ¢;(z) =0 with d, # 1 + k for all positive integers k,
and this in turn guarantees convergence of a normalizing transformation
and existence of a nonconstant analytic first integral in z. ||

The special situation described in the second part of (2.5) is encountered
quite frequently, provided that some algebraic integrating factor exists; see
Kooij and Christopher [12], and Section 3 of this article.
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As should be expected, the results of (2.3) also yield criteria for non-
existence of algebraic integrating factors. This will not be discussed here in
detail, but one example should be presented.

ExaMPLE 2.6. The equation

X1+ 3x, +x73
X= 9.2, 3
3+ X+ 35X7+5X1X,

does not admit an algebraic integrating factor.

Proof. By construction, ¢,(x)=x7+x;— x3 is a semi-invariant of this
equation. Furthermore, the linearization of the equation at the stationary
point 0 is given by (3 ), with eigenvalues 4 and —2.

Locally, ¢; = (x5 4+ x; /1 +x;)(x,—x; /1 +x;)=5%,%, is a product of
two irreducible factors. Now (2.4) shows that, if there exists an integrating
factor y = (¢ --- ¢%)~! that is algebraic over C(x,, x,), then all the ¢, with
i>1 are invertible at 0, and locally one must have y = (%% %% exp(u)) ",
with equal exponents for ¥, and ¥,. On the other hand, computing the
normal form up to degree 4 (with a,/a; = —1/2 in the terminology of
(2.1)ff.) yields ¢, #0, and then, according to (2.3) and (2.4), a unique

integrating factor (¥1X3exp(v)) ™', and this is a contradiction.

3. APPLICATIONS TO POLYNOMIAL SYSTEMS

From now on, we consider an equation ¥ = f(x) in C?, with f a polyno-
mial. The local theory developed in the previous section yields conditions
on the possible singular points of semi-invariants, and the possible
exponents occurring in integrating factors. Note that the common points of
two different invariant (algebraic) curves are stationary, and that the
number of such points is determined by the degrees of the defining
poynomials. For a proper discussion of this one has to pass to the projec-
tive plane. Recall Bezout’s theorem in the projective plane P? over C (see,
for instance, Shafarevich [27]):

Two homogeneous, relatively prime polynomials p(x,, x,, x;) and
6(xy, X5, X5), of respective degrees r >0 and s> 0, have exactly r-s com-
mon zeros in P?, with multiplicities counted properly. For relatively prime
polynomials p(xy, x5) =37_o pi(X1, X2), and a(xy, x5) =37 0,(x1, X,) in
C[ xy, x,] (with r >0, s >0, the p; and o, homogeneous of degree i, and
pr 70, o, #0), Bezout’s theorem is applicable to the homogenizations

s—i

Pi=2_0Pi(X1, X3) XS_i, resp. G :=3]_,0,(X1, X3) X3
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Common zeros of p and ¢ are in 1-1-correspondence with those com-
mon zeros (y;: ¥,: y3) of p and & that satisfy y; #0. Thus the polynomials
p and ¢ have at most r-s common zeros in C2. (If p and ¢ have a common
zero, say, at 0, then its multiplicity is the (finite) dimension of the vector
space C[[xy, x,]]/(p, o). In particular, this multiplicity is equal to 1 if
and only if the derivatives Dp(0) and Dg(0) are linearly independent.)
The common zeros (y;: y,: y;) of p and & with y;=0 are in 1-1-
correspondence with the common factors of p, and o, (with multiplicities
corresponding).

Given x = f(x), with the entries of f of degree m (or smaller), and
relatively prime, it follows that there are at most m? stationary points.
Assume that

= (P g ! (1)

is an integrating factor, with the ¢, irreducible (and pairwise relatively
prime) polynomials of degree n;, respectively, and relatively prime integers
My, ey My, .

Since every common zero of ¢; and ¢; (with i# j) is a stationary point
of X = f(x), and, counting multiplicities, the homogenized polynomials
have n; - n; common zeros in the projective plane, this raises some hope for
degree bounds. To effectively find such bounds, one still needs to take
stationary points at infinity into account. The geometric background of this
procedure (going back to Poincaré) is a correspondence between plane
polynomial vector fields and certain polynomial vector fields on a sphere
(covering P?), such that an equator of the sphere can be identified with
points at infinity of the plane. (See Perko [20], Section 3.10, for the proce-
dure, and also Schlomiuk [24]. The algebraic version was investigated in
[237]; in particular it works equally well in the complex case.) For our pur-
pose, the geometric interpretation is of little importance, and the necessary
ingredients will be presented directly.

We introduce some notation. For a polynomial ¢(x,, x,) =>"_, ¢:(x1, X5)
eC[x;, x,], of degree r, let ¢(x,, x,, x3)="_o di(xy, x,) X577 be its
homogenization, and call ¢*(x,, x3) :=@(1, x,, x;) the Poincaré transform
of ¢ with respect to x,. (The points ( y,: y,: 0) of the projective plane are
also called points at infinity. The name “Poincaré transform” is not in com-
mon use for this situation; it will be used here to have uniform notation for
polynomials and vector fields.)

For a polynomial vector field f(xy,x,)=Y"_, f®(x, x,), with f®
homogeneous of degree k, and ™ #0, let

z &1
Y SO xg) xR
k=0 =182

0 0

g(xy, X3, X3) 1=
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be its homogenization, and furthermore

0
&(x1, X, x3) 1= — g1 x+Xx-g=| —X281+X1 82

—X38

its projection with respect to x; (as it is called in [23]). The Poincaré
transform of f with respect to the vector () is then

(s, x )._<x2g1(1ax2’x3)+g2(1’x2’x3)>
2> M3) - .

—x381(1, x5, x3)

(This is the Poincaré transform as it can be found in Perko [20], for
instance. The intermediate versions have also been recorded because
they will be needed later on. Note that /* has the built-in semi-invariant
X3.)

For a nonzero v= (g; )€ C? let T be an invertible linear map satisfying
Tv=(y) and define a Poincaré transform ¢* of ¢ with respect to v as
(¢oT~Y*, and a Poincaré transform f* of f with respect to v as
(TofoT~")* (There are more canonical ways to define these, and there
are some arbitrary choices in the definitions, but this is sufficient for our
purposes.)

We now collect a few properties of Poincaré transforms, keeping the
notation from above.

Lemma 3.1. (a) If ¢ is irreducible then ¢¥ is irreducible. One has
#x(0)=0 if and only if —P,x,+ Byx, divides the highest degree term ¢.
In that case, the zero sets of ¢F and x5 meet transversally at 0 if and only
if (—Bax; + B1x,)? does not divide ¢™.

(b)  One has f*(0)=0 if and only if the vector v satisfies f " (v) = iv
for some J.eC. In that case, if the eigenvalues of Df"™(v) are mi (with
eigenvector v, due to homogeneity), and v, then the eigenvalues of Df ¥(0) are
v— A (with eigenspace x;=0), and — /.

Proof. 1t is harmless to assume v=(}).

(a) The assertion about irreducibility follows from a standard result

r—i. i

on homogenization and dehomogenization. Let ¢"'=3"_ o,x;"'x5.
Then ¢*(0)=0,, and D¢$*(0)=(c,, * ). This shows the remaining asser-
tions.
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(b) Let

m—1i l

m . .
Z PiXy Xa
f(m): i=0

m
Y oy TIXG
i=0

Then f*(0)=0 if and only if g,(1,0,0)=0, hence o,=0, and the first
assertion follows (with 1= p,). Note that

DFen(l, 0>=<m§° a)
1

hence v =0,. Now the second assertion follows from

. < —X(po+tho)+ (o x,+ t.h.o.)>
Sr= —x5(po+th.o.) -

Let 0% veC? such that £ (v) e Cv. Then we call Cv a stationary point
at infinity of f. (This is justified because Cv is a stationary point at infinity
if and only if 0 is a stationary point of the Poincaré transform f}.) Since
f™(w)eCw if and only if w is a zero of the homogeneous polynomial
p(x) :=det(x, £™(x)), there are at most m + 1 stationary points at infinity
unless p=0. Note that p=0 if and only if /™ (x)=n(x)-x with some
(m — 1)-form #. If f™(v) = Jv, with 1 #0, then we will call the number %5
the eigenvalue ratio of the linearization at the given stationary point at
infinity.

The eigenvalue ratios of the stationary points at infinity are not inde-
pendent, as the next result shows.

PrOPOSITION 3.2. Let f be such that there are exactly m+ 1 stationary
points at infinity, and that all of them are nondegenerate, with nonzero eigen-
value ratios py, ... Uy 41- Then

m+1

Y out=1L

i=1

Proof. This is a consequence of a theorem by Camacho and Sad,
cf. [4], Appendix, as was shown in Lins Neto [ 14], Section 1.2, Remarks.
(See also the Introduction of Cerveau and Lins Neto [6].) ||

Let us now investigate the behavior of semi-invariants and integrating
factors under Poincaré transforms.
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PrROPOSITION 3.3. Let X = f(x) be given, with m the degree of f.

(a) If ¢ is a semi-invariant of f, of degree n, with L;(¢) = i, then ¢*
is a semi-invariant of f*, with L(¢*)(x5, x3)=(—ng (1, x5, x3) +
2¥(x2, X3)) §*(X2, X3).

(b) If f admits an integrating factor as in (7) then

(x(m+2 (myny + -- +m,n,)/q)¢ik(m1/q)_..(/f,r*(mr/q))—

is an integrating factor of f*.
Proof. We use the notation introduced above.

(a) From Lf(¢) A¢ it follows that L (qﬁ) 7¢, and then that

Ly(¢)=(—ng,+x,4 1) ¢, and the assertion follows upon setting x; = 1.

(b) One computes

. 0g 0g og
dlv(g):_ﬁ'xz_gl+72'xl_71'x3_gl
2

0 0 0
= —2g1—<i1~x1+i1-x2+5§1 x3>+x1dlv( )
3

—(m+2) g, +x; div(f),

since g, is homogeneous of degree m, and div(g) is, in this special case, the
homogenization of div( f). This yields

div(f*) = —(m+2) gy(1, x5, x3) + (div(f))*
With Ly«(x%) = —d g,(1, x,, x3) - x4 the assertion follows. ||

Note that these results remain valid for Poincaré transforms with respect
to an arbitrary nonzero vector, since linear transformations (with constant
Jacobian) change an integrating factor only by a multiplicative constant.

The following result, the first one addressing the Poincaré problem, is
not new. It is, for instance, a consequence of a theorem of Carnicer [5],
and may also be deduced from Cerveau and Lins Neto [6]. It is included
here because we can supply a straightforward and elementary proof.

THEOREM 3.4. Assume that all the stationary points at infinity of
X = f(x) are nondegenerate, and that none of them is a rational node. Let
Uiy o Wy, with s<m+1, be the (pairwise relatively prime) linear forms
dividing det(x, f™(x)).

If ¢ is an irreducible semi-invariant of f then the highest-degree term of ¢
is a product Y, ---,, (up to a scalar factor), with pairwise different ;. None
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of the zp,j divides the highest-degree term of any other irreducible semi-
invariant.

In particular, the sum of the degrees of all the irreducible semi-invariants
of fis at most m+ 1.

Proof. Every s, determines a straight line C - v;, which, in turn, deter-
mines a stationary point at infinity, and all stationary points at infinity are
determined like this. Now let ¢ be a semi-invariant of f. Then the highest-
degree term of ¢ is a semi-invariant of /™, and thus a product y/j1 - -- /o,
with pairwise different /;, and positive integers k;. Consider the Pomcare
transform ¢ with respect to l//l Since the (mvarlant) zero sets of ¢ and x,

meet at (0, 0), this point is stationary for the corresponding Poincaré trans-
form of f. According to hypothesis, this stationary point at infinity is non-
degenerate and not a rational node, and hence the (local) zero sets of the
Poincaré transform of ¢ and of x; must meet transversally at 0. Now
Lemma (3.1) shows that k;=1.

If there were a different irreducible semi-invariant p whose highest-degree
term is a multiple of, say, ¢,, then the corresponding stationary point at
infinity would admit the (local) semi-invariants x5, ¢*, and p*. The zero
sets of ¢* and p* have (locally) only the point 0 in common, otherwise ¢
and p would have infinitely many common zeros, and hence be equal by
Hilbert’s Nullstellensatz. But then there must be at least three different
irreducible local semi-invariants, a contradiction to (2.3). |

The basic argument in the proof works (and yields an upper bound for
the degrees) whenever each stationary point at infinity admits only finitely
many irreducible formal semi-invariants. See also Carnicer [5]. It should
be remarked that the hypothesis of (3.4) involves only the highest degree
term £, and homogeneous polynomial vector fields are easier to handle
than general ones. We will discuss this later on. Theorem (3.4) also shows
that the problem of existence (and construction, if applicable) of an
algebraic integrating factor can be resolved whenever the hypothesis is
satisfied. But more can be said about this:

THEOREM 3.5. Assume that all the stationary points at infinity of
X = f(x) are nondegenerate, that none of them is a rational node, and that
the eigenvalue ratio for at least one of them is not rational.

If X = f(x) admits an zntegratmgfactor (¢7m/a ... ¢™/9) =1 then necessarily
my=--- —m,—q— I,and n,+ --- +n,=m+1. Also, s=m+1 in the ter-
minology of (3.4), and every \; divides the highest-degree term of exactly one
O, with multiplicity one.

Proof. Consider the Poincaré transform with respect to (). Since linear
transformations do not change the number of irreducible polynomials, and
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the exponents, occurring in an integrating factor, we may assume that x,
divides the highest-degree term of ¢,, and that the eigenvalue ratio at the
corresponding stationary point at infinity is not a rational number. Accord-
ing to (3.3), (x{m*r2=lmm+ - +mn)/a)giim/a) . . §*(m/)=1 jg then an
integrating factor for f/*, and (2.4) shows that ¢(0)#0, ..., $5(0) #0, and
that m,/q=1, and m+2 — (myn, + --- +m,n,)/g=1.

A similar argument applies to the factors of the highest-degree terms of
the ¢;, for i>1: The Poincar¢ transforms of the remaining ¢; at the corre-
sponding point at infinity are locally invertible, and the possible exponents
are restricted by (2.4), resp. (2.3). But since x5 is already known to have
exponent —1, a case-by-case analysis of (2.4) shows that the Poincaré
transform of ¢, must also have exponent —1. This shows m;/qg=1 for
i=1,..r and therefore m;= -.. =m,=q=1. Considering the x;-expo-
nent again now shows > n,=m+ 1.

Finally, no stationary point at infinity can have an integrating factor
x; exp(u), as follows again from (2.4), and therefore every ¥, must occur
as highest-degree term of some ¢,.. ||

Thus, whenever f has no degenerate stationary point and no rational
node at infinity then irreducible semi-invariants of f have degree m+ 1 or
less, and every prime divisor of det(x, f™(x)) occurs at most once in a
highest-degree term. It follows that finding irreducible semi-invariants for
such a vector field is a problem of linear algebra: The coefficients of a semi-
invariant satisfy a system of (finitely many) linear equations with
parameters. (The fact that there are only finitely many possibilities for the
highest-degree term helps to reduce work.) If the additional condition in
(3.5) is satisfied (and this is always the case when none of the eigenvalue
ratios equals zero; see (3.2)) then the search for an algebraic integrating
factor (or deciding that no such factor exists) is even easier: There is, up
to a scalar factor, at most one nonzero solution of L.(¢) =div(f) ¢, and its
highest-degree term is ¢, , ;(x) = det(x, /™ (x)). Now finding ¢,,, ¢,_1, .
is a matter of solving a system of linear equations (without parameters). If
this system has no solution then there is no algebraic integrating factor. In
this context one should also mention the result of Kooij and Christopher
[12], which complements (3.5) by describing the vector fields explicitly
whenever a few more genericity conditions are satisfied.

Regarding the center problem (Schlomiuk [24, 25], Christopher [7]),
we see that real equations with an integrating factor as above have the
property that every stationary point with nonzero, purely imaginary eigen-
values of the linearization is a center; cf. (2.5).

It remains to discuss the conditions in (3.4) to see how restrictive they
are. Since they involve only the highest-degree term, we have to discuss
homogeneous polynomial vector fields of degree m. These form a finite
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dimensional vector (or affine) space #,. The vector fields p with the
property that the entries p,, p, are relatively prime form a Zariski-open
and dense subset (by a resultant argument), and so do those vector fields
for which det(x, p(x)) has only prime factors of multiplicity 1. We will
always assume in the following that the vector fields under consideration are
contained in the intersection 9,, of these two sets. Thus for a given p, there
are m+1 pairwise linearly independent vectors vy, .., v,,,; such that
p(v;) =o,v;, with a; #0. Since p(ov;) = o™ 'a;(ov;), we may assume after
scaling that p(v;) =v,. (Any nonzero v such that p(v) =v will be called an
idempotent of p.)

LemMA 3.6. Let g€ 2,,, and A an (m— 1)-form such that p, defined by
p(x)=q(x)+ Ax)-x, also lies in 9,,. Let v#0 such that q(v)=v, and let m
and 8 be the eigenvalues of Dgq(v)

Then 1+ A(v)#0, and with ¢ :=(1+A(v)) ==Y one has p(ov)=ov,
and the eigenvalues of Dp(av) are m and /f iﬁ,’j;

The eigenvalue ratios of the linearizations at the stationary point at infinity

corresponding to Cv are 1 — f for q, and ll%fv) for p.

Proof. The second assertion is an immediate consequence of the first,
together with (3.1). As to the first, one has p(v)=(1+ A(v)) v, hence
1+ A(v) #0 due to pe 2,,, and p(ov) = gv follows. Furthermore, Dp(x) y =
Dqg(x)y+ A(x) y+ (DA(x) y) x, whence Dg(v)w=pw+yv (with v and w
linearly independent) forces Dp(v) w=(f+ A(v)) w+ jv. The assertion
follows with Dp(ov) = (1+ A(v)) ="' Dp(v). |

We will use this lemma as follows. Given pe2,, and p(x):=
det(x, p(x)), one has a decomposition

7=0 —m) x"‘ Ix}

(This is easily verified.) Denote the first term by ¢, and the (m — 1)-form in
the second term by A. Then div(¢)=0, and det(x, ¢(x))=p(x), and ¢ is
uniquely determined by these two properties. (We may assume that ¢ is
also contained in 2,,, by choosing p out of a smaller, but still open-dense,
subset of #,,.) Note that A has no influence on p.

Now let vy, ..., v,,,, be pairwise linearly independent idempotents of g¢.
Due to tr(Dg(x))=0 for all x, the eigenvalues of each Dg(v;) are m and
—m. The eigenvalue ratio of the linearization at the corresponding station-
ary point at infinity is therefore 1 + m. For p, Lemma (3.6) yields the eigen-
value ratio 1525,
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PrOPOSITION 3.7. There is a subset & of 2, of Lebesgue measure zero so
that every pe 2 \%, and every polynomial vector field with highest-degree
term p, satisfies the hypotheses of (3.4) and (3.5).

Proof. Assume that, in the decomposition above, both p and ¢ are in
2,,. This only excludes a set of measure zero. Now let Z be the union of
this measure zero set and the set containing those p for which «y, ..., %, 1,
Lo, - Bm—1 are algebraically dependent over the rationals. (To see that the
latter set has measure zero, recall that the set of nonzero polynomials in
2m+ 2 variables with integer coefficients is countable, and that the set of
zeros of any such polynomial has measure zero.)

The eigenvalue ratio for the linearization at the stationary point at
infinity corresponding to Cuv; is then lﬂrjfﬁ) If p¢ Z then the A(v,) are not
rational, since the components of v, are algebraic over C(ag, ..., %4 1),
while none of the 8, is. ||

This result is far from satisfactory, since the exceptional set contains,
among others, all vector fields with rational coefficients. We therefore add
a few more observations.

(3.8) ProPOSITION. If p has rational coefficients, p is irreducible over the
rational number field, and tr(Dp(v)) #0 for every idempotent of p, then p,
and every polynomial vector field with highest-degree term p, satisfies the
hypotheses of (3.4) and (3.5).

Proof. Let p(s):=p(l,s). Then p is an irreducible polynomial in one
variable, of degree m+ 1. If p(3)=0 then p(})=a(}), with a=p,(3) a
polynomial of degree m in 3. (Note that every idempotent is a multiple of
(3), for a suitable 3, since x, does not divide p.)

Let S8 be the second eigenvalue of Dp(). It will be shown that the eigen-
value ratio > at the corresponding stationary point at infinity is not
rational. Otherwise, f would be a rational multiple of a, and the same
would hold for the trace of Dp(j), which is nonzero according to
hypothesis. This trace is a polynomial in 9 of degree smaller than m, and
thus rationality of f/a implies that a certain (nonzero) polynomial of
degree m annihilates 3. This is a contradiction, since p is the minimum
polynomial of 3. |

As is well-known, the set of polynomial vector fields of given degree
m>=2 that admit no algebraic integrating factor (actually, no algebraic
semi-invariant) contains an open and dense subset of the space of all vector
fields of degree m. See Zoladek [31] for a proof. The results above can be
employed to construct such vector fields explicitly.

It may be useful to consider some examples of vector fields that admit
an integrating factor as in (3.5). Let ¢ be a polynomial of degree m + 1,
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such that its highest-degree term is a product of pairwise relatively prime
linear forms, and ¢ =¢, --- ¢, its prime factorization. Let qizz(gz%i’l‘z)
(Note that the entries of ¢, have no common factor, as the highest degree
term of ¢, has no multiple prime factors.) Then for every choice of complex

numbers vy, ..., v, the vector field

f:i V¢, "“lgi""psqi

i=1

(with the hat indicating a missing term) admits the integrating factor ¢~
As follows from Kooij and Christopher [ 12], under certain genericity con-
ditions every vector field of degree <m admitting the integrating factor ¢ !
is of this type. It can also be shown that, unless all v;=0, the degree of f
is exactly m.

To an integrating factor ¢ of this type, there exists a rational vector field
g such that ¢(x)=det(g(x), f(x)), and g then generates a local one-
parameter group of symmetries of f; see [ 30]. Let us briefly disgress to see
under what circumstances there exists a polynomial vector field with this

property.

PROPOSITION 3.9. Let f=3"_, f® be a vector field of degree m>1
that satisfies the hypotheses of (3.5), and, in addition, assume that the entries
of "™ are relatively prime. If there is a polynomial vector field g = 2io g
with det(g, f)#0 and [ g, f] = Af for some rational 1, then there is a c € C*
so that f(x) = f"(x +c) for all x, and one may choose g(x)=x+c.

Proof. The hypothesis implies that the entries of f are relatively prime.
Therefore [ g, f]=4f, with g a polynomial, forces 4 to be a polynomial.
Moreover, the inverse of /(x) :=det(g(x), f(x)) is an integrating factor for
f- It follows from (3.5) that  has degree m + 1. Therefore the highest
degree term det(g'”, £™) must be zero whenever s> 1. This condition,
together with the relative primeness of the entries of ™, forces g = gf ™
with a suitable polynomial ¢. But then g—gf has degree smaller than s,
and [ g —af, ] =4f, with some polynomial 7.

Therefore we may assume that g has degree < 1. Since g cannot be con-
stant (otherwise the entries of /™ would be polynomials in one Variable
contadicting the hypothesis), we have g %0, and det(gV(x), ™ (x
the highest-degree term of . But this highest-degree term is, up to a scalar
factor, also equal to det(x, f(x)), as it is an integrating factor of f™.
Therefore det(gV(x) —ax, £ (x))=0, and g¥(x) —ax =0, since it must
be a polynomial multiple of /™, and m> 1. Thus we may take g(x)=
X +c.
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Applying the polynomial automorphism 7: x> x—c to the equation
[x+¢c f(x)]=Ax) f(x) yields [x, f(x—c)]=A(x—¢) f(x —¢), and this
forces f(x—c) to be homogeneous. Since the highest degree term of
f(x—c) is f")(x), it follows that these two are equal, and thus f(x)=
f"(x+c) 1

In the terminology introduced before (3.9), this means that there is such
a polynomial g if and only if ¢ is a product of factors of degree 1, and that
their zero sets meet in one point. This indicates that nontrivial polynomial
“Infinitesimal symmetries” are rare even for those vector fields that admit
an integrating factor with polynomial inverse, and that limiting the search
to such vector fields would exclude many interesting ones.

As a class of examples, let us investigate quadratic vector fields more
closely. There is a precise description of the exceptional set Z in this case.

ProrosiTiON 3.10. Let p be a homogeneous quadratic vector field. If
pe2,, and vy, v, and vs are pairwise linearly independent idempotents of p,
then there is a point (o, : o, : a3) in the projective plane such that all o; #0,
o+, +og #0, and o v; + a0, + 0303 =0. This point (o, :oy:os) deter-
mines p up to a linear isomorphism, and conversely every point in the projec-
tive plane which satisfies the restrictions above determines a homogeneous
quadratic vector field in 92,.

For any quadratic vector field with highest-degree term p, the eigenvalue
ratio of the linearization at the stationary point at infinity corresponding to
Cv; is equal to (oq+oy,+os3)/a;. In particular, if the normalization
o+ o, +az=1 is chosen then the vector field satisfies the hypotheses of
(3.4) and (3.5) if and only if none of the a; is rational and positive.

Proof. Some of the arguments are taken from [29]. For given p, defin-
ing p(x, y):=3(p(x+y)— p(x)—p(y)) yields a symmetric, bilinear map
from C? x C? to C?, with p(x, x) = p(x) for all x. If ¢;, ¢, is any basis of C?
then p is uniquely determined by p(c;), p(c¢,) and p(c,, ¢,), and conversely
every set of prescribed values for these defines a homogeneous quadratic
vector field. Now we have p(v,) =v,, p(v,) =v,, and the relation

oy )
T U 0=
*x3 3
= p(vs, v3)
2 2
o A A0y L) A
(2] 0042252 009+ (2] pozva)
o3 o oy
leads to
A o+ oy + a3
2p(vy, vy) = — Uy — Us.

®xn 91
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(Since the idempotents are pairwise linearly independent, it is clear that all
o; #0. The condition oy + o, + 03 =0 yields p(x) =#n(x) - x for some linear
n, a contradiction to pe 2,.)

Since Dp(v,) y =2p(v;, y) for all y, this relation shows that the second
eigenvalue of Dp(v,) (in addition to 2) is equal to _(‘"2{17*'1“3)’ and the asser-
tion about the stationary point at infinity follows from (3.1). The rest is
clear. |

Note that the inverse eigenvalue ratios at the stationary points at infinity
add up to 1, as stated in (3.2). If one chooses «; and a, with nonzero
imaginary parts and real parts >1/2, and a;=1—o; —a, then (o, : 0y a5)
corresponds to a point of 2\%. This argument shows that 2\% contains
a nonempty open subset of %. Now it easily follows with (3.4) that there
is a nonempty open subset in the space of all quadratic vector fields whose
members admit no invariant algebraic curves. (A similar result can be
deduced, with a little more work, for all degrees, and thus one has an
elementary constructive proof of the corresponding result by Lins Neto
[14], Theorem B.) In the quadratic case the idempotents are unique, while
nontrivial scalar multiples (the scalars being roots of unity) of idempotents
are again idempotents whenever m > 2. Let us look at one quadratic vector
field where the hypothesis of (3.5) is not satisfied, to see that the method
also may yield quite satisfactory results in such a case.

ExampLE 3.11. Let p be the homogeneous quadratic vector field deter-
mined by the idempotents v, v,, vs, and o := — (1 +1), oy := — (1 —1),
o5 :=3. Let f be a quadratic vector field with highest-degree term p, and
assume that f admits an integrating factor (¢71/7 - .. ¢™/4) =  with pairwise
relatively prime polynomials ¢, of respective degree n;, and my, ..., m,, q
relatively prime. Denote the zero set of the homogenization ¢, in the pro-
jective plane by Y;, and the zero set of x; by Z. Furthermore, denote by
w; the stationary point at infinity corresponding to Cv;. Then r < 3.

In case r=1, one has n;, =3 and m; =¢=1.

In case r=2, one has (up to labeling) n,=2, m,;/q=1, ny,=¢ and
m, = 1. Moreover, if Y, and Z intersect at w; then n,=¢g=1.

In case r =3, one has (up to labeling) n,=n,=1, and m; =m,=n;=g,
and m;=1. (Here, Y; and Z intersect in w;.)

Proof. (i) It follows from (3.3) that the integrating factor at a station-
ary point at infinity equals (x§(¢§)™/ .- (¢¥)™/4) =, where “.*” denotes
the appropriate Poincaré transform, and s=4—3 m;n,/q.

With the eigenvalue ratios from (3.10), and the results from (2.4) and
(2.3), one gets a unique integrating factor (%,x; - (inv.))~! (with a suitable
definition of X,, and “(inv.)” standing for an invertible factor) for the
Poincaré transform corresponding to w;, and in particular this implies
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s=1, thus Y m;n;/q = 3(*). Moreover, exactly one of the Y, intersects Z at
w,, with multiplicity one. The same, mutatis mutandis, holds for w,. Con-
cerning the Poincaré transform corresponding to wjs, the integrating factor
is (x3 [ T;er(X5+B;x3)%- (inv.)) ' (with suitable %,, and using that s=1).
(The integrating factor cond1t10n here requires > d;=1.)

(ii) Suppose that Y; and Z intersect at w;, with multiplicity e;> 0.
Then locally ¢ = ]_[,E,(x2 + B,x3) - (inv.), where I, is a subset of 1, of car-
dinality e;. (Note that the 1ntersect10n multiplicity of (%, + B;x3) and x; at
(0,0) is equal to 1!) Since (%, + f;x3) and (%, + ,x3), for i #1, intersect
with multiplicity 3 at (0, 0), it follows that Y; and Y}, for j#k, intersect
with multiplicity 3-e;-e;, and it follows from Bezout’s theorem that
3.e;-e,<n;-n;. Bezout’s theorem also implies that Y; and Z intersect at
a total of n; points (multiplicities counted), and the only possible intersec-
tion points are the w; (since they must be stationary for the corresponding
Poincaré transform of f). In particular, if Y, intersects Z only at w, then
3.-e;-n<n;-ny, or 3-e;<n;. It follows that there cannot be two different
Y; that intersect Z only at wj.

(ii1) We may assume that Y, intersects Z at w,, hence m, /g=1.1If Y,
and Z also intersect at w,, we have n; > 2. If n; =2 then (x) implies r > 2,
while r <2 follows from (ii). Thus r =2, and n,m,/q=1 with (x). If n; >?2
then Y, and Z intersect at w; with multiplicity n, —2. Again, (ii) shows
that r<2, and also that 3(n, —2)n,<n;n, in case r=2, which forces
n;=3. But then (%) forces m,n,/qg=0, a contradiction. Thus r=1, and
n; =3 by virtue of ().

If Y, and Z do not intersect at w, then we may assume that Y, and Z
do. (Hence m,/q =1.) Again, (ii) shows that r<3, and Y, and Z intersect
at w; with multiplicity n; — 1, respectively, for j=1, 2. From (ii) one finds
3(n; —1)(ny,—1)<n;n,, or 3(1 —l)(l —iz) <1, which is impossible for
ny =2 and n, = 2. Thus we may assume that n, =1. The case n, =1 yields
r=23, and myn;/q =1, while the case n, =2, together with (x), forces r = 2.
The assumption n, > 2 leads to r =2 (with (ii)), and then n, + n, > 3 yields
a contradiction to (x). This finishes the proof. ||

Concerning quadratic equations with algebraic particular integrals, one
also has to mention the extensive investigations by Evdokimenko [8, 9,
10] on those equations which admit a cubic semi-invariant. In particular,
Evdokimenko analyzed the global qualitative behavior of these equations
in detail. The set of quadratic equations admitting a cubic integrating
factor is contained in this class.

As an other illustration that the tools developed here work also for
certain dicritical stationary points, we discuss “generic” second-order
equations in one variable.
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ExampLE 3.12. Let y be a polynomial in two variables, of degree m > 1,
such that the highest degree term y™ satisfies (1, 0) #0, y(0, 1) #0,
and y™ has only simple prime factors. Then the equation

X =y(X, x),

resp. the equivalent two-dimensional system, has no algebraic integrating
factor whenever m > 2. If m =2 and there is an algebraic integrating factor
then there also is an integrating factor of the form y ~!, with i a quadratic
polynomial satisfying @ =»®,

Proof. The equivalent system may be written as X = f(x), with

: 7(x)
s ="
X1
Therefore det(x, £ (x))=x, -y(x), and the stationary points at infinity

correspond to (§) and to the homogeneous zeros of y. Now assume that f
admits an algebraic integrating factor of the form (), with ¢, of degree n;.

(i) Consider the Poincaré transform with respect to (g), and let

7(1,0) =a. Then the hypothesis implies a #0, and a routine computation
similar to the one in the proof of (3.1) shows

. B —ocx2+x2x3(-~-)+x’3"_1>
S (xz,x3)—< —ocx3+x§(~-) .
Thus for m > 2 this stationary point at infinity is dicritical with eigenvalue
ratio 1, while for m =2 there is only one irreducible semi-invariant, viz. x5.

Now assume m>2. If ¢*(0)=0 then ¢* is a product of v, irreducible
formal semi-invariants, where 1 <v;<n;. (Note that no local component of
the zero set of ¢, is tangent to x, =0, as can be seen from (2.3). Then v, <n,
follows from the definition of the intersection multiplicity and Bezout’s
theorem.) Let s >0 such that ¢*(0) =0 if and only if i <s (after a suitable
permutation, if necessary), and define v,:=0 for i>s. Since

(x(3m+2—(m1n1 + e +mrnr)/q)¢ik(m1/q) . ¢r*(mr/q)) -1

is an integrating factor of f*, (2.3b) yields

m+2—73 mn/q+ Y, mv;/q=2,resp.

i=1 i=1

m= i m;(n;—v;)/q. ()

i=1
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(i1) For the remaining stationary points at infinity we use the com-
putations carried out in [23], Lemma 4.2. As was shown there, the first
relevant terms of the normal form (in suitable coordinates) are given by

<x2> :<ﬂx2+ > with  B,(x) =<'Bx2>,

X3 oxy+ .- 0

and nonzero f5, 0. Therefore one has a unique local integrating factor
(x,x7) " Thus, if Co#C(;) is a stationary point at infinity, and

F.(0)=0, then ¢¥ (0)#0 for all other indices j, and m,/q = 1. Moreover,
the x;-exponent yields m=m+2 —3 m;n;/q, thus

i mn;/q=2. ()

i=1

Combining this with (i), we see that v; <n; implies m;/q =1, and this leads
to an improved version of (x):

Z (n;—v;)=m. ()

(iii) If every ¢, satisfies ¢ (0) =0 for some v ¢ C(y) then m,/q =1 for
all i, and comparing (x*) and (x*x) yields m =Y (n;—v,;) <> n;=2, hence
m=2 and all v,=0. Therefore, if m>2 there is a semi-invariant y such
that the homogenized polynomial ¥ intersects x;=0 only at (1:0:0).
With s :=deg(y) we may assume that y® = x3.

(iv) We will now show that such a semi-invariant cannot exist. Com-
pare terms of highest degree in L () =/ (with 4 some polynomial) to
find Lyon(y®) =279 Now f@=(z) for all i>1 shows that L,
sends every polynomial that does not depend on x; to zero. Therefore
Lim(y®)=0, and A"~V =0. A simple induction, comparing terms of
descending degree, and using that x, does not divide y, shows that for
all d such that m —d>1 one has A ~9 =0 and dy“~9*Y/dx, =0. Com-
paring the terms for m —d =1 one obtains

1 (m) a"b(s_d) ( d—1)

SxX1 X577+ 04y —— =T Dy,

1X2 Y ax, 2

From this follows that either x, divides ™ or that sx; x5~ ' = A" =97 Vx3,
and there is a contradiction in both cases.

(v) If m=2 then v;,=0 and m;/g=1 for all i is known from (iii).
Then (##%) shows r <2, and one obtains an integrating factor y ~!, with ¥
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either an irreducible quadratic polynomial or a product of two polynomials
of degree one. The last assertion follows from (ii) and (iii), since the
homogenized polynomial i must intersect the line x;=0 in the same
points as 7. ||

There are nontrivial quadratic equations with an integrating factor as
stated in (3.12): If 7 is a polynomial in one variable of degree at most two,
and «, f are nonzero constants, then the equation

<x1> _ <ocr’(x2) +B(—(1)20) x3 + T(XZ))>

X2 X1

admits the integrating factor ¢ ~!, with ¢(x)=(—1/2a) x? + 7(x,). Using
[30], Prop. 3.2, one can show that ¢ and the vector field necessarily have
this form whenever ¢ is irreducible. If ¢ is reducible then it is also possible
to determine the equations with integrating factor ¢ —!, using results of
Kooij and Christopher [ 12].

As these examples show, the existence of dicritical stationary points at
infinity does not automatically imply that the corresponding vector fields
and possible integrating factors are beyond reach. It requires additional
work (and additional tools) to discuss them, but this can be done success-
fully in several instances. One may hope that future developments will yield
a complete picture.
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