WEIGHTED ENERGY-DISSIPATION APPROACH TO
DOUBLY-NONLINEAR PROBLEMS ON THE HALF LINE
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ABsSTRACT. We discuss a variational approach to abstract doubly-nonlinear evolution systems
defined on the time half line ¢ > 0. This relies on the minimization of Weighted Energy-
Dissipation (WED) functionals, namely a family of e-dependent functionals defined over entire
trajectories. We prove WED functionals admit minimizers and that the corresponding Euler-
Lagrange system, which is indeed an elliptic-in-time regularization of the original problem,
is strongly solvable. Such WED minimizers converge, up to subsequences, to a solution of
the doubly-nonlinear system as € — 0. The analysis relies on a specific estimate on WED
minimizers, which is specifically tailored to the unbounded time interval case. In particular,
previous results on the bounded time interval are extended and generalized. Applications of
the theory to classes of nonlinear PDEs are also presented.

1. INTRODUCTION

We are concerned with the analysis of the Weighted Energy-Dissipation (WED) variational
approach to the abstract doubly-nonlinear Cauchy problem on the time half line t > 0 defined
as

&) +n(t)=0 inV*forae. t>0, (1.1)
@) =dyy(d/(t)) in V* for ae. t >0, (1.2)
n(t) € 0p(u(t)) in V* for a.e. t >0, (1.3)
u(0) = uo. (1.4)

Here 1), ¢ : V — (—o00, 0] are convex functionals defined on a Banach space V with dual V*, ¢
has p-growth for some p > 1, dy denotes the Gateaux derivative, and 0 is the subdifferential in
the sense of convex analysis from V to V*.

The doubly-nonlinear relations (1.1)-(1.3) stand as abstract balance systems between con-
servative and dissipative actions. The former is modeled by the subgradient d¢ of the energy
¢ whereas the latter correspond to the derivative dy 4 of the dissipation potential 1. As such,
system (1.1)-(1.3) (possibly combined with nonzero forcing in the right-hand side of (1.1), here
neglected for simplicity) appears ubiquitously in applications. In particular, the choice of a
p-homogeneous dissipation v corresponds to a gradient flow for p = 2, a rate-independent flow
for p =1, and a general doubly-nonlinear flow in all other cases. Note that system (1.1)-(1.3)
has already been considered under a variety of different settings, see [5, 8, 10, 11, 30] for some
reference result.
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The aim of this paper is to propose a variational formalism for the treatment of the Cauchy
problem (1.1)-(1.4) of the time half line ¢ > 0. This consists in introducing a parameter-
dependent family of functionals I. : LP(Ry,e~*/¢dt; V) — (—o0, 00| defined over entire trajec-
tories and given by

I(u) = /0 e (e (' (1) + p(ult)))dt if u € K (ug),

%) else,

K(ug) = {u e WHP(Ry, e /dt; V) : u(0) = up and ¢(u) € L*(Ry,e”*/2dt)}

and in verifying that its minimizers u. converge as ¢ — 0 (up to subsequences) to solutions
of the problem (1.1)-(1.4). The interest in such a variational approach lies in the possibility
of reformulating the differential system (1.1)-(1.4) in terms of a convex minimization problem,
combined in a limiting procedure. This reformulation allows one to apply the techniques of
the modern calculus of variations to the differential problem, in particular the Direct Method,
I'-convergence, and relaxation.

The role of the exponential weight in I, is revealed by computing the corresponding Euler-
Lagrange equation. In the current setting these read

—ell(t) + & () +n-(t) =0 in X*, for a.e. t >0, (1.5)
E(t) =dy(ul(t)) in V*, forae. t>0, (1.6)
ne(t) € 8X¢X(u5(t)) in X*, for a.e. t >0, (1.7)
us(0) = (1.8)

Here, X denotes a Banach space compactly embedded into V' and dx¢x is the subdifferential
from X to X* of the restriction ¢x of ¢ to X. In particular, the minimizers of the WED
functionals u. solve an elliptic-in-time regularization of the target problem (1.1)-(1.4).

Elliptic-regularization techniques have to be traced back at least to LIONS and OLEINIK [18,
26], see also LIONS & MAGENES [19] for a linear theory and BARBU [8] for solvability of nonlinear
differential equations. Its variational version via WED functionals is already mentioned in the
classical textbook by EvVANs [14, Problem 3, p. 487] and has been used by ILMANEN [16] in
the context of Brakke mean-curvature flow of varifolds, and by HIRANO [15] in connection with
periodic solutions of gradient systems.

The WED formalism has then been considered in the context of abstract rate-independent
systems MIELKE & ORTIZ [25], see also the subsequent [23], and then applied for modeling
crack-front propagation in brittle materials in LARSEN, ORT1Z, & RICHARDSON [17].

The monograph [25] presents a first discussion of the WED approach in the linear gradient flow
case. Relaxation is then discussed in CONTI & ORTI1Z [12]. The full extent of the classical theory
for convex potentials is recovered in [24] and applied to mean curvature evolution of Cartesian
surfaces in [34]. BOGELEIN, DUZAAR, & MARCELLINI [9] exploit the WED approach in order to
find a variational solution to u; — V- f(z, u, Vu) 40, f (2, u, Vu) = 0 where u : 2x(0,T) — R? and
the field f is convex in (u, Vu). The gradient-flow theory has then been extended to nonconvex
potentials [4] and nonpotential perturbations [22]. A generalization for curves of maximal slope
in metric spaces is also available [28, 29].

A celebrated conjecture by DE GIORGI [13] pertains the hyperbolic version of the WED
technique to recover solutions of the semilinear wave equation. Results on this conjecture in
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the positive are in [35] (for the bounded time interval case) and in SERRA & TILLI [31] (for the
original, unbounded time interval case). Extensions to mixed hyperbolic-parabolic equations
and to some different classes of nonlinear energies have also been presented [20, 21, 32].

The doubly-nonlinear system (1.1)-(1.3) is considered [1, 2, 3] in the bounded time interval
case t € (0,T). There, the Euler-Lagrange equation corresponding to I. (with T instead of oo)
features the final Neumann condition & (7") = 0, which turns out to be crucial for obtaining a
priori estimates.

The focus of the paper is on the time half line case instead. We prove that the WED
functionals admit minimizers u. for all ¢ > 0, that these strongly solve the Euler-Lagrange
problem (1.5)-(1.8), and that u. — w up to subsequences as € — 0, where u solves (1.1)-(1.4).
This is indeed the assertion of our main result, Theorem 1.

Differently from [1, 2, 3], the final Neumann condition £.(T") = 0 is obviously here unavailable
and one can rely exclusively on weaker integrability conditions for ¢ — co. Correspondingly, we
are forced here to adapt the technique from [31] and to obtain a priori estimates from minimality
by comparing with time-rescaled minimizers. On the other hand, in contrast to [1, 2, 3] or [31],
the estimate here delivers the pointwise boundedness of the energy. This in turn allows for a
generalization of the abstract theory. In particular, we present in Section 5 a novel existence
results for an integropartial differential equation of Kirchhoff type.

Note that the target problem (1.1)-(1.4) may admit multiple solutions. On the other hand,
minimizers of the WED functional are unique whenever 1 or ¢ is strictly convex. A by-product
of our theory is the proof that WED minimizers u. strongly solve the Euler-Lagrange problem
(1.5)-(1.8) in the whole half line ¢t > 0. Such a strong solvability is, to the best of our knowledge,
new.

The paper is organized as follows. We list the assumptions and state our main result in
Section 2. Section 3 is devoted to a proof of the existence for strong solutions to the Euler-
Lagrange problem (1.5)-(1.8). We deal with the limit £ — 0 in Section 4. Finally, applications
of the abstract theory to nonlinear PDE problems are presented in Section 5.

2. MAIN RESULT

We devote this section to the statement of our main result. Let (V,|-|y) be a uniformly
convex Banach space. We indicate by V* its dual and by (-, -),, the corresponding duality pairing.
Moreover, let (X, | - |x) be a reflexive Banach space, densely and compactly embedded in V', with
dual space X*, and duality pairing (-,-) . Assume 1 : V' — [0,00) to be Gateaux differentiable
and convex and ¢ : V' — [0, 00) to be proper, lower semicontinuous, and convex. Let p € (1, 00)
be fixed and assume that there exist a strictly positive constant C' and a nondecreasing function
¢ : Ry — Ry such that the following conditions hold:

uly, < C(¢(u) +1) Vu eV, 4(0) =0; (2.1)
v (). < C(lull +1) Yue V,p' =p/(p—1); (2.2)
D(¢) C X ; for each c the set {u € X : ¢(u) < ¢} is bounded in X; (2.3)
nlx- < L(July + @(u)) Vn € OxPx(u). (2.4)
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As a consequence, there exists a constant C’ such that
lult, < C'((dvep(u),u)y +1) YueV, (2.5)
P(u) < P(0) + (dvip(u), u)y, < C" (Jufy, +1) VueV.
In particular, we have that D(I.) = {u € W'P(R, e"¥/2dt; V) : é(u) € L' (Ry, e /2dt), u(0) =
uo }-
For the sake of later reference, we shall introduce also the coercivity assumption
lulx < C(¢(u) +1) Vue D(¢) (2.7)

for some C' > 0, which is stronger than (2.3). Under the stronger (2.7) we readily check that
D(I.) c WYP(Ry, e t/2dt; V) N LY (R, e ¥/2dt; X).

QOur main result reads as follows.

Theorem 1 (WED variational approach). Assume (2.1)-(2.4). Then:

i) The WED functional I. admits global minimizers u. in K(ug). Additionally, if either
¢ or Y s strictly convex, the minimizer is unique.

i) For every minimizer u. of I. on K(ug) there exists n. € Oxdx (u:) such that, by letting
& =dyp(ul), the triple

(Ue,me, &) € WIP(R, e Hedt; V) x L®°(Ry; X*) x LP (R, e Y/edt; V*),

is a strong solution of the Euler-Lagrange problem (1.5)-(1.8). Under assumption (2.7),
minimizers of I in K(ug) and strong solutions of the Euler-Lagrange system coincide.

iii) For any sequence € — 0 there exists a subsequence (denoted by the same letter) such
that (ue,, ey, &er) = (u,m, &) weakly in

WP(0,T; V)N L™0,T; X) x L™(0,T; X*) x L? (0,T; V*)

for allT > 0, m > 1 where (u,n,£) is a strong solution to the doubly-nonlinear problem
(1.1)-(1.4). In case X is separable, we additionally have convergences n., — 1 weakly-
star in L= (Ry; X*) and ue, — u weakly-star in L™= (R4; X).

Theorem 1.i-ii is proved in Section 3 by means of a regularization argument whereas the e — 0
limit in Theorem 1.iii is ascertained in Section 4 instead.

Before moving on, let us comment that the assumptions (2.1)-(2.4) are weaker than the one
in [2], which deals with the bounded time interval case. Indeed, we ask here a weaker growth
condition on ¢, see (2.3)-(2.4), which allows linearly growing energies. We present in Section
5 an example of an integropartial differential equation whose variational formulation fulfills
(2.1)-(2.4) but cannot be treated under the framework of [2].

3. EXISTENCE OF SOLUTIONS TO THE EULER-LAGRANGE PROBLEM

In this section we check Theorem 1.i-ii, by proving the existence of a solution u. to the Euler-
Lagrange problem (1.5)-(1.8), which also minimizes the WED functional I.. To this end, we first
consider an approximate functional Iy, obtained from I, via Moreau-Yosida regularization (here
A > 0 is small), and prove that it admits a minimizer u.y. We then prove uniform estimates for
uex, which allow us to identify the limit u. = limy_,o u-) as a solution to the Euler-Lagrange
system (1.5)-(1.8). This solution u. turns out to minimize the WED functional I, as well.
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3.1. Weighted Lebesgue-Bochner spaces. Let us start by recalling some basic facts about
weighted Lebesgue-Bochner spaces. Let ¢ € [1,00) and € > 0 be given, and B be a Banach
space. We recall that the space LI(R,, e t/ed; B) is defined as follows

LI(R,, e t/2dt; B) = {u € M(Ry;B): t > [u(t)|%e /e € Ll(R+)}

Here, M(R4; B) stands for the space of strongly measurable functions with values in B. One
can check that

LRy, e /%dt; B) — LU (Ry, e V/2dt; B) if 1 < ¢ < o < 0.
Moreover, it also holds true that
L®(Ry;B) — LI(Ry,e”/5dt; B) if 1 < ¢ < oc.
Moreover, Sobolev spaces WP (R, e t/=dt; B) are also defined analogously.
We now prove a Poincaré-type inequality, which will be of use in the analysis.

Lemma 2 (Poincaré inequality). Let € > 0, 1 < p < oo, and B be a reflexive Banach space.
Let u € WYP(R, e t/2dt; B). Then, there exists a constant C = C(e,p) such that

o mrreary < C (10O 101 mrreaiy) Vo € WHP(RG e ™2d5B). (3.1)

Proof. For the sake of notational simplicity, we focus on the case ¢ = 1, and the general case
can be proved analogously. Let u € L'(R,e~!dt) := L'(R,, e 'd#;R) and assume u > 0 a.e. in
R, . Then, one readily checks that

t
/0 w(s)e=ds < lull i, oqy V> O. (3.2)

Define now v(t) := fot u(s)ds for ¢t > 0. By integrating by parts in (3.2) and using v(0) = 0, we
have

¢
v(t)e Jr/o v(s)e *ds < |ull p1 (g, e-rary VE>0.

As u (and hence v) is non-negative, taking the limit as t — oo we get

o0 e} t
lull L1 (ry o-tat) Z/O v(t)eftdt:/o e’ </0 u(s)ds) dt. (3.3)

Let now u be in WHP(R,e~tdt; B) and assume first that p = 1. We estimate

/0°° lu(t) — u(0)|pe™"dt < /OOO et (/Ot |u’(5)Bds> dt.

Applying (3.3), we get

/0 Ju(t) = w(0)|pe™"dt < [[[']Bll 1w, e—rary = W] 1 g, orarm) (3.4)

As [7 |u(0)|ge~tdt = |u(0)|p [;° e~'dt = |u(0)|p, the bound (3.4) implies the assertion with
C=1forp=1.

Let now p > 1. For all § > 0 there exists some constant Cs > 0 such that

lu(®)[5 — [u(0)[ < /0 (0lu(s)[ + Cslu'(s)[p) ds vt > 0. (3.5)
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Indeed, by denoting the duality mapping between B and B* by Fp : B — B*, and by using the
Young inequality, we get

()l = p (Ol Fou(t), v (1)) < dlu(t)l + Cohu' (1),

which yields (3.5) upon integrating both sides over (0,t). By choosing § = 1/2 in (3.5) and
exploiting (3.3), we conclude that

0o o t *
/ lu(t) e~ tdt = / et ( / (flu(s)l%ds) dt + / ™' [u(0)[}; dt
o o o ds 0
) tq o
< / ot (/ §|u(s)|§73 + Cl/2|’u/(8)11]3d8> dt +/ e Ju(0)[; dt
0 0 0

1 o0 o0 o0
<5 [ OB tatcin [ tode [ et o)
0 0 0

whence the inequality (3.1) follows. O

Remark 3. Note that the integrability of the time derivative ' does not imply higher integra-
bility on u on R... In particular, the inclusion WP (R, e~*/¢dt; B) ¢ LY(R,,e~*/2dt; B) does
not hold if p < ¢. Indeed, let p < ¢, B =R, and « be such that ge¢ > a > pe. Then,
1

p < =< g

a £«
Thus, the function « : t — e/ belongs to WP(R,,e~*/¢dt; B) as ' = (1/a)y and

/°° AP(t)eedt = /OO etP/at/eqt = /OO et P/a=1/E)qt < 0.
0 0 0

On the other hand, we have that v ¢ LI(R,,e~*/¢dt). Indeed,

/DO Yi(t)e/edt = /OQ eta/e=1/2) gt = .
0 0

We have hence checked that the exponent in the Poincaré inequality (3.1) is sharp as
WYP(Ry, e Vedt; B) ¢ LRy, e~ t/2dt; B) Vq > p.

3.2. Approximating functional I.). Let I. : L?(R,,e~t/dt; V) — (—o0, oc] be

/OOO e /e (ew(u'(t)) + oau(t))dt if u € Ka(ug),

o0 else,

Ix(u) ==

Kx(ug) := {u € WHP(Ry, e tedt; V) - u(0) = up and ¢y (u) € LY(Ry, e t/=dt)}

where A > 0 and ¢, denotes the Moreau-Yosida regularization of ¢ (see, e.g., [7]), namely

1 1
on(w) = inf (gl = ol +0(0)) = gl Tl + (), (35

where J) is the resolvent of 0y ¢ at level A\, namely the solution operator Jy : u — Jyu to
Fy(Jyu—u)+ Ay d(Jru) =0 Yu eV, (3.7)
where Fy : V — V* denotes the duality mapping between V' and V*. Note that
D(I.)) = Kx(ug) = {u € WHP(Ry, e /2dt; V) : u(0) = uog, éa(u) € LY(Ry, e P/dt)}



WED APPROACH FOR DOUBLY-NONLINEAR PROBLEMS 7

and that I.5 can be decomposed as
Iy =1+ 13,
where the functionals I1, I?, : LP(R,,e"*/2dt; V') — (—00, 00| are defined by

€77 e

1) = / e~eep(ul (D)dt it u e WIP(Ry,e~t/dt; V), u(0) = uo,
€ - 0
o0 else,

and

= ] e o < pE e,
’ o0 else,

with domains
D(I}) = {ue W"P(Ry,e""/2dt; V) : u(0) = uo},
D(I2)) = {u € LP(Ry e /2t V): ¢a(u) € L' (R e "/dt)}.

The functional I.) is proper, lower semicontinuous, and convex. Moreover, thanks to the
Poincaré inequality (3.1) and assumption (2.1), it is coercive on LP(R,,e~*/¢dt; V). The Direct
Method ensures that there exists a minimizer u.y in the closed, convex set K (ug).

3.3. A priori estimates. We now derive a priori estimates for u.) in order to pass to the
limit for A — 0 (and next for ¢ — 0). As mentioned in Introduction, we adapt the variational
technique introduced by SERRA & TILLI [31], see also [20, 21] and [9]. In what follows, the
symbols C' will denote a strictly positive constant independent on e, A, and 7', possibly varying
from line to line.

We begin with rescaling orbits as follows: For each u: Ry — V set
u(s) :=wu(t) with ¢t =es.
Then, one has
ds  @/(s)

/ -~ —_— = =
u'(t) = u'(s) ” 6 and dt =eds

and we can rewrite
Iy (u) = 5/000 e_s(ew(ﬂ’(s)/e) + ¢,\(ﬂ(s)))ds =:eJoa(U).

Let now uc) minimize Iy on Ky (ug). Correspondingly . minimizes Jey on Ky (ug) := {u :

u € Ky (up)}. As on < &, t — ug € Kx(ug), ¢(ug) < oo, and (0) = 0, we get

Jon(in) = min Jon(v) < Jox(ug) = / e~ éx (t10)ds
vE K (uo) 0

< /OO" e "¢(ug)ds = ¢(uo) = Je(uo),

where J. is defined via

ede(u) == 6/000 e *(ew(u(s)/e) + o(u(s))ds = I (u).



8 GORO AKAGI, STEFANO MELCHIONNA, AND ULISSE STEFANELLI
In the remainder of this subsection, we simply write u instead of u.) for the sake of notational
simplicity. Let n € C2°([0,00)) be given, ¢’ = n with ¢g(0) = 0, and, for small § > 0, define
ws(r) :=r—24dg(r) Vr>0.
Note that ¢s5 : Ry — Ry is a diffeomorphism for every § > 0 sufficiently small. Set
us(s) := u(es(s))
and let 75 be the inverse function of g, that is,
o=ps(s) iff s=ms(0) =5 (o).
By using iis(s) = i (9s(s)) = (o), and

%S(S) = U (ps(s)) p5(s) = W' (o) (ms(0))

we rewrite

J,g)\(ag) = /OOO e ? (6’(#(62;(8)/6) + ¢A(ﬁ§(8)))ds

= [T (e (F el (ms(o))) + on(o)) miloe

We now compute the derivative

db]%cg%) - /OOO e () <_i;7r5(0)) (51/’ (ﬂlia)@:s (WJ(U))> + ¢,\(17(0))> m5(o)do
+ /Ooo e (e <dv¢ (a/ia) A (Wa(a))) Tlo) di

e dd
# [T (o (T malo))) + onlalon ) (g5miie) ) do
From condition
dJex(us) 0
ds |5,
and by using the fact that
0s(s)ls—o =5, Ts(0)ls—g = 0,
/ _ 1 _ 1 / . 1
W&(U)_wg(s) - 1_69/(8)7 7T5(0')|5:0— )
¢5(s) =1-69'(s),  ©5(s)ls=p =1,
d
6 (r3(0) = =134/ (75(0))) = —0' (ns(0)) 84" (75(0)) ~=ms(o).
d , - (o
5805( s(o)) 5o g (o),
iﬂ/ _ g'(s) iﬂ_l o "o
15 s )_(1—59’(5))27 a5 5 >5 . g'(o),
d . ms(o)—mo(o) . S—o0
357 o e = lm —
- — 0
)y )
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we infer that
0= / e~ (~g(0)+4'(0)) L(o)do — ¢ / e~ (dyy (@ (0)/e) T (0)/e) g (0)do  (3.8)
0 0

where we set

L(o) = ey (W' (0) /) + dr(u(o)). (3.9)
Define now H : [0,00) — R as

H(o) := /OO e "L(r)dr > 0. (3.10)

Then, H(o) — 0 as 0 — oo since Jx(4) < co. We also note that
H'(o0) = —e 7L(0). (3.11)

Therefore, by using g(0) = 0, one obtains
- /OO e 7g(o)L(o)do = /OO g(o)H'(0)do = — /OO g (0)H(o)do.
0 0 0

The latter allows us to deduce from (3.8) that
0= [ (CHE) +e 7 Lo) — e (@ @(0)/2). T (0)/2) g (0)do

= [ (o)~ 7 Lo) + e v (W(0)/2). ) 1) o)
From the arbitrariness of 7, we conclude that
e’H(c) — L(o) + e {(dyy (W (o)/e) ,u'(c)/e) =0 for a.e. o > 0. (3.12)
Set now E : [0,00) — R as
E(o) := /OU e(dvy(@' () /e),u' (1) /e) dr + e H(0). (3.13)
Then, by (3.12) and (3.11), one has
E'(0) =e{dvy(u'(0)/e),d (0)/e) + e"H(o) +e”H'(0) = L(c) — L(o) = 0.
Therefore, E(0) = Ey = H(0) is constant. As H is nonnegative, we deduce from (3.13) that
| etaw@ e, @2 ar < o
Moreover, since u is a minimizer of J.), one has that
Ey=H(0) = /000 e L(s)ds = Joa(w) < Jex(ug) = da(ug) < d(ug). (3.14)
Consequently, we obtain that
| e avu@ /e /2 s < otua)
which can be rewritten as

/ " (v (ul (). (1))t < Sup). (3.15)



10 GORO AKAGI, STEFANO MELCHIONNA, AND ULISSE STEFANELLI

By means of assumption (2.5), for every T > 0 we get

||u/||I£P(R+,e—t/€dt;V) < C/O (<de(ul(t))7ul(t)> + 1) e_t/sdt <C, (316)
T
14 700,70y < /0 (dvep(d/ (), 4/ (t)) + C)dt < C + CT, (3.17)
as well as
sup |u(t)|v < C(T). (3.18)
t€[0,T]

Assumption (2.2) yields

||de(u/)||LPI(R+7e_t/5dt;V*) < C,
1Ay (u) | o 0.1y < C(T).

Fix now 7 > 0. By letting s = ¢/ again, we can write

eT+e T+1
/ o (u(t))dt = 6/ o (u(s))ds.

T

Recalling definitions (3.9), (3.10), (3.13), formula (3.11), the fact that E(-) is constant, and
estimate (3.14), we have

eT+e T7+1 T+1
/ or(u()dt = 2 / ox(i(s))ds < o™ / NN

T+1
< EeTH/ e °L(s)ds < seT'H/ e °L(s)ds

T

=ce™ ! / (—H'(s))ds = ce" " H(7) < eeE(r) = ceE).

Here, we used the inequality e” H(7) < E(7), which directly follows from (3.13), and the con-
vexity of ¥. By setting T' = e7, the latter implies

1 T+e
g/ oxa(u(t))dt <C VT >0,e>0.
T

Thus, ¢x(u(+)) is bounded in the Morrey space L''1([0,00)) = L>(]0, 00)), and hence,

sup Px(u(t)) < C. (3.19)
te[0,00)
In particular,
T
/ oa(u(t))dt <CT VT > 0. (3.20)
0

Let n = Oy ¢a(u). Since ¢(Jru) < ¢a(u) and n € Oy d(Jau) C Ixdx(Jau), it follows from
assumptions (2.3), (2.4) that

sup [n(t)|x-+ sup |Su(t)|x <C. (3.21)
te[0,00) te[0,00)
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3.4. Representation of subdifferentials. In order to derive the Euler-Lagrange equation for
I., we prepare here some representation result. Denote by Iy v, I, 817‘), and [ EA,V the restrictions
to

Y = Lmatp2l (R emEdt; V)

of Iy, I}, and I?,, respectively. We have the following.
Lemma 4 (Identification of dy1},,). We have

D(vIty) = {ue D(I}) : dyp(u') € WHP' (Ry,e™/5 V) NV,

NIy (u)(t) = —%(Ee_t/ede(u’(t))) Yu € D(OyIL), for a.e. t > 0.

Proof. Define A:V — V* as
D(A) = {u € D(I}) : dytp(u') € WP (Ry, e /5 V")} Ny,

A(u)(t) = —%(ee_t/ede(u’(t))) Yu € D(A), for a.e. t > 0,

so that the assertion corresponds to

OvIly, = Aand D(OvI!),) = D(A).
We start with proving inclusion 8\;15171, C A. Set W:= WhP(Ry,e ¥/%dt; V) N V. Define the
functionals Jy, Jo : W — [0, 00) by

Ji(u) = /OOO e e (t))dt,  Jo(u) = {

and denote by I;W the restriction of I! to W. Thus, I;W = Ji + J2. One can easily check that
Jp is Gateaux differentiable in W and

(o)
mwmwawf/eWQ®wwm¢@wm Ve e W
0
Moreover, Js is proper, lower semicontinuous, and convex in W, and we have
(f,e)yy, =0 for all f € dyJa(u) and e € W with e(0) = 0.
Since D(J1) = W, we deduce that
61/\11517)/\; =dwJ1 + oo

0 if u(0) = u,

oo else,

with domain
D(OwIlyy) ={u €W :u(0) = up}.
As we have D (I2) NV C W C V, it follows that Ity C Owllyy. Let now f € dyll,,(u)
(hence u(0) = up). Then,
oo o0
| et v @) o de= [ o.ew), d
0 0
for all e € W with e(0) = 0. Hence, dy(u/(-)) € W' (R, e~t/¢dt; V*) and

ft)
Thus, v € D(A) and f = A(u).

We now prove the converse inclusion BVI;V D A. To this aim, let u € D(A), v € D(I;) NV,
feAu), T >0, and ¢ € C*([0,00)) be a nonincreasing cut-off function with ¢(¢) = 1 for

_% (e—t/ede(u'(t))> for a.e. t > 0.
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t <T and p(t) =0 for t > T + 1. By recalling the definition of 4, integrating by parts, and by
using the fact that u(0) = ug = v(0) and the definition of subdifferential, we have

T+1
(ofy v —u)y = / ()7 (1), v(t) — u(t))y dt

- /0T+1 <_g0(t)§t (Ee—t/advib(u/(t))) ,o(t) — u(t)> dt

Vv

T+1
- / p(B)ee /= (dyib(ul (1), () — ' (£))y dt

T+1
+ /T o (Bt (dy (e (), 0(t) — ut))y db

T+1
< / ()t ((o (1)) — V(' (1)) dt

0

T+1 T+1

t el L ( /T b )t + L U fult) - u(t)V&dt) .

Note that, as dy¢(u') € L (Ry, e ¥/¢dt; V*) and u,v € V C LP(R, e~ t/=dt; V),

T+1 1
/ )

T

T+1
' 1
Dadt —|—/T e_t/E];|v(t) —u(t)|},dt = 0 for T — oo.

Thus, as T' and ¢ are arbitrary, we have

<ﬂv—wvS/MQ€VW¢WGD—¢WWDMH=E@)—EW%

0
which implies f € 8VI€1’V(u). O

Note that dy ¢y : V — R is demicontinuous (i.e. strong-weak continuous) and single-valued.
As a consequence, by (3.6), the functional IZ, ), : V — (—o0,00] is such that D(IZ, ) =
D(a\’[g)\,\)) =V = [max{ZpH(R, e~s/tdt; V). As 8\7[51,\2 + 81;[3)\,]} is maximal monotone in
VY x V*, we have that

Ovlony = OvIly +OpI2, . (3.22)

3.5. Euler-Lagrange equation for I.). Let us first observe that every minimizer u.y of Iy
belongs to V :Lmax{271’}(R+, e~t/edt; V). Indeed, from the definition of ¢,, we have

1
da(uex(t)) > 5\%,\(1&) — J,\us,\(t)ﬁ, for a.e. t > 0.

~t/¢ integrating over R, , and using (3.19), we obtain

By multiplying by e
i oo
2X Jo

Thanks to (3.21), we hence have usy € V. In particular

inf{I.x(v): v € LP(Ry, e Vedt; V)} = La(uex) = Leay(uey) = 31611@[5)\(1)),

luex (t) — Jauex(t))3e7Hedt < / Da(uer(t))e Vedt < Ce.
0

which also implies
aVIsA,V(Us)\) 3 0.
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Thanks to the decomposition (3.22) and the fact that u.y € V, we have that
0 € OpIt(ucy) + OpIZ (uey).
Recalling Lemma 4 and noting that
fedvIZ y(u) if and only if f(t) = e /0y ¢x(u(t)) for ae. t >0,
we deduce that u.) fulfills

—e€L\(t) + Ecn(t) + mea(t) =0 in V* for a.e. t >0, (3.23)
E(t) = dy(uly(t)) in V* for ae. t >0, (3.24)
Nea(t) = 8Vc/),\(u€>\( ))in V* for a.e. t >0, (3.25)
uex(0) = (3.26)

Finally, we close this subsection with deriving the rest of a priori estimates: a comparison in
equation (3.23) yields

||€ (dv¢(u/))/ ||L°°(R+;X*)+Lpl(R+,eft/5dt;v*) S C,
le (de(u’))/ ||L°°(O,T;X*)+LP' 0.1;v+) = (1),

which imply

sup |edye(u’)|x- < O(T).
te[0,7)

3.6. Passage to the limit A — 0. Let u.) be a minimizer of 1.5 and 7.y = Oy dx(ucy) and
& = dytp(ul,). We have proved that (ucx,7ex, ) solves (3.23)-(3.26). Thanks to the uniform
estimates obtained above, for every T' > 0 fixed, we deduce the following convergences for some
not relabeled subsequence A — 0

Uex — u. weakly in WHP(0,T;V), (3.27)
ey — ve weakly in L™(0,T; X) Vm > 1, (3.28)
€ox — & weakly in LP (0,T; V™), (3.29)
Nex — 1 weakly in L™(0,T; X*) Vm > 1, (3.30)
€\ — & weakly in L™(0,T; X*) + L¥ (0,T; V*) Vm > 1, (3.31)

for some limits
ve € L®(Ry; X), ue € WHP(R,, e /2dt; V),
e € LRy X*), & € LP Ry e /edt V™).
In case X is separable, we additionally have convergences
Jauexn — ve weakly star in L (Ry; X),
Nex — Ne weakly star in L (R ; X™).
Moving from convergences (3.27)-(3.31) we can pass to the limit in equation (3.23) and get
—efl +& +n.=0in X*, ae. inR,.

We now prove the convergence

Jauen — ve strongly in C([0,T]; V). (3.32)
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To this aim, let us define w.y := Jyuex — uex. By (3.7) and the convexity of ¢, we have
<FV(w5/\(t+h)) - FV(ws)\(t))a J/\ue)\ (t+h) - Jx\us)\ (t)>v < 0;

which, together with estimate (3.18) and the fact that |Jya|ly < C(|a|y +1) for all a € V, yields

(Fv (wex(t+h)) — Fy (wen(t)), we (t+h) — wex () < C(T)|uex ((+h) —uen (8) v (3.33)
Estimate (3.17) implies that uey : [0,7] — V is equicontinuous, for every T' > 0 fixed, and that
the right-hand side of (3.33) goes to 0 as h — 0, uniformly for ¢ € [0,7] and A > 0. Since V is
uniformly convex, thanks to [27], for each R > 0 there exists a strictly increasing function mpg
on [0, 00) such that mgr(0) =0 and

mg(lu—vly) < (Fy(u) — Fy(v),u —v),, for u,v € B :={w eV :|wly < R}.

In particular, wey : [0,7] — V are equicontinuous for all T > 0 and so are Jyucx. As a

consequence of the compact embedding X << V and of [33, Theorem 3], we deduce the strong
convergence (3.32). Furthermore, by using estimate (3.20) and (3.6), we conclude that

/ | Iauen(t) — uex(t)3dt < 2X / b (uea(t))dt < AO(T) — 0.
0 0

In particular, we get v. = u. and
uex(t) = u-(t) strongly in L*(0,T;V), for all T > 0,
which yields
uen(t) = ue(t) strongly in V, for a.e. t > 0.

By following the argument of [2, Section 3.3], one can prove that & (t) = dyv(ul(t)) and
Ne(t) € Ox dx (u(t)) for almost every ¢t € (0,T) and we get the identifications (3.24)-(3.25) as T
is arbitrary. In particular, we have proved that the Euler-Lagrange problem (1.5)-(1.8) admits
a strong solution on the half line ¢ > 0.

3.7. Minimization of the WED functional I.. Our next aim is to prove that the above-
determined limit u. indeed minimizes I. on K (ug). Note that K(ug) C Kx(ug) as ¢x < ¢. By
passing to the limit as A — 0 and using the dominated convergence theorem, we have

Ia(v) = I.(v) Yo € K(ug).
As ug) is a global minimizer of I.), we have

I€>\(v) > IE)\(UE)\) Yv € K(UO)

Furthermore, convergences (3.27)-(3.28) and the lower semicontinuity of u — fOT e teep(u/ (t))dt
and of u — fOT e t/e¢ (u(t))dt in LP(0,T; V) for every T > 0, give us

T
lim inf 1. (uey) > lim inf et (ep(uly (1)) + b (uaa(t))) dt

A—0
OT
= timint [ e (0wl (1) + 0 (ruer ()t

T
> [ et ) + 0 (ue(0) .
0
Taking the supremum for 7" > 0, we deduce that
I.(v) > I.(u:) Yv € K(ug).

Namely, u. minimizes I. on K (ug). As a consequence, we deduce that u. € D(I;).
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In case either ¥ or ¢ is strictly convex, the functional I. turns out to be strictly convex in
LP(Ry,e"t/2dt; V). In particular, the minimizer is unique.

If the WED functional is not strictly convex, we proceed by penalization. Let 4. be a
minimizer of I, over K (ug). We define the penalized functionals I, I,y by

L= [ et () + 6 (ul) )t
$(u) = ¢ (u) + ]§|u —al

~ C R
O (u(t)) := ox (u) + ];Iu — ey,
where ¢, is the Moreau-Yosida regularization of ¢ and c is a strictly positive constant. Note

that u. is the unique global minimizer of the strictly convex functional IAE and

I.(4.) = I.(4.) = dmin I.(v).

Arguing as above we can show that IAE » admits a minimizer u.). Moreover, it fulfills for almost
every t > 0

—e8\ (1) + Eex(t) + Ten(t) = —cltien(t) — Ge ()} Fy (Ten(t) — Ge(t)) in V*,
€x(t) = dvp(y(t)) in V7,
NeA(t) = aV¢,\(ue/\( )) in V=,
uE,\(O) =

Arguing as in Section 3.6, we can deduce uniform estimates for u.) and prove the following
convergences as A — 0, for all T > 0,

Uex — Ue weakly in WP (0,T;V),

o — & weakly in LP' (0, T; V™),

Tex — e weakly in L™(0,T; X*) Vm > 1,

€\ — & weakly in L"™(0,T; X*) + L¥ (0,T; V*) Vm > 1,

where (uc, 7, 55) solves for almost every ¢ > 0

—e€l(t) + & (t) + M (t) = —cluc(t) — T ()5 Fy (@ (t) — U(t)) in X7, (3.34)
E(t) = dyy(UL(t)) in V7, (3.35)
Ne(t) € 0 QSX(uE( )) in X, (3.36)
175(0) = (3.37)

Moreover, U, minimizes TE, which is strictly convex. This implies that u. = u.. Finally, by
directly substituting @, = u. into (3.34)-(3.37), we check that . solves the Euler-Lagrange
problem (1.5)-(1.8).

Assume now the stronger coercivity condition (2.7) and let (uc, 7., &) solve the Euler-Lagrange
problem (1.5)-(1.8). Given any v € WHP(R,,e~¥/2dt; V) N L' (R, e"¥/2dt; X) with v(0) = 0



16 GORO AKAGI, STEFANO MELCHIONNA, AND ULISSE STEFANELLI

one can check that
/0 e !e ({e€L(t), v/ ()v + (ne(8), v(t)) x)dt = 0. (3.38)

Indeed, it suffices to test (1.5) with pv, where ¢ € C*°([0, 00)) is a nonincreasing cut-off function
with ¢(t) = 1 for t < T and ¢(t) = 0 for t > T 4 1, and take the limit as T' — oco. Let now
w € K(ug) be given and set v = w — u.. By (2.7), we find that v € L'(Ry,e~*/dt; X) N
WLP(R,,e~t/2dt; V). By using the convexity of ¢ and 1 we get by (3.38) that

Ie(w) = Ie(ue) = /OOO T ((e€L(t), 0 (8)v + (n=(t), v(t))x )dt = O

so that u. minimizes I, on K(ug). This concludes the proof of Theorem 1.i-ii.

4. THE CAUSAL LIMIT

Let us now proceed to the proof of Theorem 1.iii by checking that, up to subsequences, u.
converges to a strong solution of (1.1)-(1.4). This limit is usually referred to as causal limit as
it connects the noncausal, elliptic-in-time Euler-Lagrange system to the causal target problem
(1.1)-(1.4).

Starting from the uniform estimates derived in Section 3.3 and using the lower semicontinuity
of norms and of ¢, we deduce the following bounds, for all 7' > 0,

il oo,y + 1€ell o 0,79y + 1562l e 0,75 4 207 0,750y < C(T);
el oo, s x) +8UP G(ue(t)) + [l poo(r  x+) < O
+ >0 +

which, up to not relabeled subsequences, imply the following convergences for all T > 0 ase — 0

ue. — u weakly in W(0,T;V) and strongly in C([0,T];V), (4.1)
ue — u weakly in L™ (0,T; X) Vm > 1, (4.2)
& — € weakly in ) (0, T;V™), (4.3)
¢! — 0 weakly in L™(0,T; X*) + L” (0, T;V*) ¥Ym > 1, (4.4)
Ne — n weakly in L™ (0,T; X™) ¥Ym > 1, (4.5)

for some limits
we WhP(0,T; V)N L®([Ry; X), €€ LV (0,T;V*), ne L™ (Ry; X*) VT > 0.
Note that, in case X is separable, we additionally have the convergences
ue — u weakly star in L™ (Ry; X),
1. — n weakly star in L™ (R4 ; X™).

Convergences (4.3)-(4.5) are sufficient in order to pass to the limit in equation (1.5) and
obtain
E+n=0in X" ae. in Ry. (4.6)
We now check that n € dx¢x (u). Let us start observing that, for every v € X, ¢ € C ([0, 0)),
and t > 0, we have

(€ (D (t), )y = < / t e<§5¢>’,v>

oo

:/t <5£Q,U>X<p+/t (g€, v)x ¢ — 0.

X [es] 0o
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Let us now compute that

/0 <7757U5<P>X :/0 <5§;7U590>X _/0 <557Ue@>v
(e (0), u (0)(0)) x / (st @)y + (eberieg’)y ) — / 0 ueghy

+ [ ue

Therefore, we have

lim <77€vue‘P>X = _/0 <£a “‘P>V = /0 <777U‘P>X

e—0 0

As ¢ is arbitrary, we conclude that
T

T
lim (Neyue) x = / (nyu)y VI >0.
0

e—0 0

Thus, by using the demiclosedness of the maximal monotone operator dx¢x in L™ (0,T; X) x
L™ (0,T; X*), we deduce that n(t) € dx¢x (u(t)) for almost every ¢ > 0, namely relation (1.3).
Moreover, we find by (4.6) that n(t) € V* for almost every ¢t > 0. Thus, thanks to [2, Prop.
2.1], n(t) € dyé(u(t)) for almost every ¢ > 0 and equation (4.6) actually holds in V* for a.e.
t > 0. This proves (1.1) and (1.3).

In order to identify the limit of £, as a subgradient of ¢ at u., we use the following lemma.
Lemma 5. Let o € C'(]0,00)) be nonincreasing with o(t) = 1 for t < T and o(t) = 0 for
t > T+ 1. Then, there exists a constant C > 0 such that

(%) T+1
/ (et 0)y < €CH(uo) + Bluo) + / Blus).
0

T

Proof. We test equation (3.23) with u’,¢ to get

/0 (Eex,uinp)y = 6/0 (SSPRTANT _/o (Mexs uaA®)y - (4.7)
Denote by t* the Fenchel conjugate of 1. By observing that u., € dy-1*(£.x), we estimate
8/0 <§;)\aule>\>v Y= 5/0 ai/f*(ﬁsxﬁﬁ = 781[’ (gs)\ - 5/ w gs)\

T+1 0 (3.15)
<<C /T B (Eer) < C / Eontilnly < eColup).

Here we used nonnegativity of ¢* (from ¢* > —(0) = 0 ) and ¢, the definition of subdifferential,
and estimate (3.15). Note that, by chain-rule, we also have

d .
(nex, uly)v = &@(ud) a.e. in Ry.

Therefore, by integrating by parts, we can derive

o [e%e) T+1
/0 (Mexs Uty )y @ Z/O %@(Ue,\)@ = —¢a(ucx(0))p (0) —/ DOaluer)e’

T

T+1
> —gx(ug) — / (Trtior)¢-

T
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Hence, by substituting it into (4.7) and by using the lower semicontinuity of u — — fg 1 o(u)g’
in LP(T,T + 1, V), convergences (3.27), (3.29), (3.32), and the pointwise convergence ¢ (v) —

¢(v) for all v € D(¢), we get

/O €y o=lim [ (el o

A—0
o0 o0
<timsupe [ €ty o msw (= [ ity ¢
A—0 0 A—0 0
T+1
< eCo(up) + lim ¢y (ug) — liminf d(Inuey) (=)
A—0 A—0 T
T+1
< cColu) +ou) + [ o)’
This completes the proof. O

Let ¢ be given as in Lemma 5. Then, by using the lower semicontinuity of ¢ and convergence
(4.1), we obtain

T+1

lim sup/O <§E,U’E>V p < é1i_r>r%){5C'q5(u0)} + ¢(up) + lim sgp/ d(uz)y'

e—0 T

T+1 T+1
< ow) ~timint [ otu) (<) < otw)+ [ ol

0 T
:_/00o <n,u’>v@=/ooo<§au/>v¥7~

From the arbitrariness of ¢, by using the demiclosedness of maximal monotone operators, we
deduce that £(t) = dy ¢ (v’ (t)) for almost every ¢ > 0, namely (1.2). This concludes the proof
of Theorem 1.

5. APPLICATIONS

The abstract theory developed in the present paper provides direct extension of the results in
[2] to unbounded time intervals. In particular, all doubly-nonlinear PDE systems from [2] can
be investigated on the time half line by means of Theorem 1. For instance, one can consider the
problem

a(Qu(z,t)) — V - (a(z)|Vu(z, t)|"*Vu(z,t)) =0 for (z,t) € Q x Ry, (5.1)
u(z,t) =0 for (z,t) € 00 x Ry (5.2)
u(z,0) = up(z) forz € Q, (5.3)

where € is a nonempty, open, and bounded subset of R? with smooth boundary 9. Here,
a : R — R is a maximal monotone operator such that there exists p > 1 and a positive constant
C' such that

C|slP — é < A(s) ::/ a(r)dr and |oz(s)|p/ <C(s|P+1) VseR. (5.4)
0

The coeflicient a : 2 — R is measurable, bounded, and uniformly positive, almost everywhere
in Q, and ug € WH™(Q), a € L*>(Q). Theorem 1 implies that the minimizers u. of the WED
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IE(u):/ _t/e< /Aatuxt dx—i——/ z)|Vu(z,t) |mdx) dt

converge, up to subsequences, to solutions of system (5.1)-(5.3) as ¢ — 0. We refer to Section 7
of [2] for additional details.

functional

As already mentioned, the assumptions on the energy functional (2.3)-(2.4) are more general
than the analogous ones in [2]. There ¢ is assumed to show a polynomial behavior ¢(u) ~ |u|%
for m > 1. Here, linearly growing energy potentials ¢ can be considered instead (i.e., m = 1).
The possibility of this extension originates from the different estimation technique.

We give now an explicit example of a doubly-nonlinear problem which is treatable within this
abstract frame but is not included into [2]. Let us consider the following nonlocal, Kirchhoff-type
integropartial differential equation

1/2
(/ |Vu|2> a(Qu) — Au=0 in Q xRy, (5.5)

u=0 on 9N x R, (5.6)
u(0) =up in £, (5.7)

where « : R — R is nondecreasing, continuous, and satisfies (5.4) for some p € (1,2d/(d —2)™).
In order to apply our abstract theory, we set V = LP(Q), X = H} (),

1/2
w(u):/ﬂA(u), d(u) = (/QIVW) = |ulgio) = lulx ifueX,

00 else.

Note that ¢ is lower semicontinuous in X = D(¢) = D(9¢), which implies that ¢ is lower
semicontinuous in V' as well. Moreover, ¢ is convex and has bounded sublevels in X. Namely, it
satisfies (2.3). Moreover, ¢ is Gateaux differentiable in X \ {0}. Indeed, for every u € X \ {0},
x € X, and h € R, we have

1/2
d(uthz) = (/ Vu+hV:c|2) = (/ |Vul? +2hVqu+o(h)>
Q

(/QVu|2)1/2+h/QVu-Vm (/QVuF)_l/z—i—o(h)

— p(u) + h (—Au, ) (/Q Vu|2) ),

1/2

Thus, the Gateaux differential dx¢x of ¢ is given by

dxdx : s (/Q |Vu2>_1/2 (~Au, )y Vue X\ {0},

We now prove that
dxox(0) = {n € X*: |nlx- <1} = Bx..
Indeed, fix n € Ox¢x(0). Then, by the definition of subdifferential

M u) v < d(u) — @(0) = ¢(u) = |u|x for all u € X.
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Thus, taking the supremum over the set {u € X : |u|x < 1}, we get |n|x~ < 1, which yields
Oxdx(0) C B%.. Conversely, fix n € B¥... For all u € X we have
(mu)x < Inlx-fulx <lulx = ¢(u).

Thus, n € dx$x(0). The arbitrariness of n ensures that B. C dx¢x(0). Furthermore, note
that, for all w € X \ {0} and n = dx¢x(u), we have

~1/2

M= sup (n,2)y = (/ |Vu|2> sup / Vu-Vz

z€X, |x|x=1 Q z€Hg (), |x\H(1)(Q):1 Q

—~1/2

sup (/ Vu|2) / |Vu|2/ |Va|?

z€H(Q), ‘leé(Q):l Q Q Q
1/2
- (/ W2> — $(u).
Q

In particular, ¢ satisfies assumption (2.4). We refer to [2, Section 6] to check that assumptions
(2.1) and (2.2) are satisfied.

IN

The direct application of Theorem 1 entails the following.

Theorem 6. Let the above assumptions be satisfied. Then, there exists eg > 0 such that for
every € € (0,e9) system

(/Q |VU|2> " (—€0; (a(Ohu)) + a(Opu)) — Au=0 in Q xRy,

u=0 ondQ xRy,
u(0) =wug in Q,

admits a solution u. € WHP(0,T; LP(Q)) N L®(Ry; HY(Q)) with a(dyu) € WP (0, T, LV (Q))
for all T > 0. Moreover, there exists a non-relabeled subsequence u. such that u. — u strongly
in C ([0, T]; LP(2)) for all T > 0, where uw € WHP(0,T; LP()) N L>=(Ry; HY () for all T > 0
is a solution of (5.5)-(5.7).
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