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Abstract

We first investigate on the asymptotics of the Kolmogorov metric entropy and nonlinear n-widths of
approximation spaces on some function classes on manifolds and quasi-metric measure spaces. Secondly,
we develop constructive algorithms to represent those functions within a prescribed accuracy. The
constructions can be based on either spectral information or scattered samples of the target function. Our
algorithmic scheme is asymptotically optimal in the sense of nonlinear n-widths and asymptotically optimal
up to a logarithmic factor with respect to the metric entropy.
© 2017 Elsevier Inc. All rights reserved.
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1. Introduction

In classical computational mathematics, it is customary to represent a function by using
finitely many parameters, e.g., the coefficients of some truncated series expansion. Representing
a function in terms of binary bits rather than a sequence of real numbers is the problem of
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quantization. The integers thus obtained are represented as a bit string to which coding techniques
can be applied to achieve a final compression. In wireless communication, for instance, one needs
to transform an analogue signal into a stream of bits, from which the original signal should be
recovered at the receiving end with a minimal distortion.

The theory of bit representation of functions pre-dates these modern requirements and was
already studied by Kolmogorov. The notion of metric entropy in the sense of Kolmogorov gives
a measurement of the minimal number of bits needed to represent an arbitrary function from a
compact subset of a function space. Babenko, Kolmogorov, Tikhomirov, Vitushkin, and Yerokhin
have given many estimates on the metric entropy for several compact subsets of the standard
function spaces, cf. [21], [40, Chapter 2, 3].

Constructive algorithms were derived in [26] to represent functions in suitably defined Besov
spaces on the sphere using asymptotically the same number of bits as the metric entropy of
these classes, except for a logarithmic factor. A generalization was obtained for compact smooth
Riemannian manifolds X and global approximation spaces in [11]. Periodic function classes
were considered in [8,37]. Related measures of complexity are n-widths [20] and were studied
for some classical function spaces in [32,33], see [6] for the concept of nonlinear n-widths. We
also refer to [1, Chapter 1], [10, Sections 1.3, 3, 4], [19, Sections 6.3, 6.4] for related results.

Both concepts, metric entropy and n-widths, are important complexity measures for the
analysis of functions on high-dimensional datasets occurring in biology, medicine, and related
areas. Many computational schemes are categorized into the field of manifold learning, where
functions need to be learned from finitely many training data that are assumed to lie on some
(unknown) manifold [2,4,30,35,36,38]. While much of the recent research in this direction
focuses on the understanding of data geometry, approximation theory methods were introduced
in [12,13,25,27,28].

The purpose of the present paper is to generalize results on metric entropy and n-widths to
the context of sampled functions on quasi-metric measure spaces and covering a larger scale of
approximation spaces. Indeed, we determine the asymptotics of the metric entropy and nonlinear
n-widths for global approximation spaces. We also provide a computational approximation
method, and this scheme is asymptotically optimal with respect to the nonlinear n-widths and
asymptotically optimal up to a logarithmic factor in the sense of the metric entropy. In addition
to obtaining theoretical bounds on the metric entropy and n-widths, our results have the following
notable features:

— The computational scheme is based on a linear approximation operator to asymptotically
match the optimal bounds in the sense of n-widths.

— We give explicit schemes for converting the target function into a near minimal number
of bits by combining the linear approximation operator with linear quantization, and we
derive a reconstruction scheme from such bits to a prescribed accuracy.

— Our constructions can deal with both, spectral information as well as finitely many training
data consisting of function evaluations at scattered data points.

In addition, we shall investigate on the asymptotics of the metric entropy of local approximation
spaces.

The outline of this paper is as follows: In Section 2 we introduce the setting and define metric
entropy and n-widths. The asymptotics of the metric entropy of global (and under additional
assumptions also local) approximation spaces is determined in Section 2.3. In Section 3,
we introduce our approximation schemes for global approximation spaces and compute the
asymptotics of the n-widths of global approximation spaces. In Section 4 we verify that linear



M. Ehler, F. Filbir / Journal of Approximation Theory 225 (2018) 41-57 43

quantization of the approximation scheme leads to optimal bit representations up to a logarithmic
factor for the global approximation space. Local versions of approximation spaces are considered
in Section 5. For the readers convenience, Appendix contains a list and brief discussion of the
technical assumptions used for the main results of the present paper.

2. Approximation spaces and their metric entropy and n-widths

2.1. Diffusion measure space

We first fix the setting and introduce some technical assumptions used throughout the paper.
Let (X, p) be a quasi-metric space, i.e., a space with a nonnegative symmetric map p satisfying
p(x,y) = 0if and only if x = y, and the triangle inequality holds at least up to a constant factor
c>0,i.e.,

p(x,y) < c(p(x,z) + p(z,y), forallx,y,zeX

The quasi-metric p induces a topology and we assume that X is endowed with a Borel probability
measure (. The system {¢;}72, C L2(X, ) is supposed to be an orthonormal basis of continuous
real-valued functions with g9 = 1 and our results also involve a sequence of nondecreasing real
numbers {A;};2, such that Ag = 0 and Ay — oo as k — co. Let N be a positive integer and we
shall restrict ourselves to N = 2", where n is some nonnegative integer. The space of diffusion
polynomials up to degree N is Iy = span{gy : Ay < N}, and the generalized heat kernel is

Gi(x,y) =Y exp(—A{Dgu(X)gu(y), 1> 0. e
k=0

We use the symbols < when the left-hand side is bounded by a generic positive constant times
the right-hand side, 2 is used analogously, and =< means that both < and 2 hold. Now, we
can summarize the technical assumptions that are related to so-called upper and lower Gaussian
bounds on the generalized heat kernel:

Definition 2.1 (/3]). Under the above notation, a quasi-metric space X is called a diffusion
measure space if there is some « > 0 such that each of the following properties is satisfied:
(1) For each x € X and r > 0, the closed ball B,(x) of radius ¢ at x is compact and
w(B;(x)) < 1%, xeX, t>0.
(i) There is ¢ > 0 such that

2
G, 0 S 17 exp(—e 2520

(iii) We have 792 < G,(x,x), xeX, 0<t <.

), x,yeX, 0<tr<1.

From here on, we suppose that X is a diffusion measure space throughout the present paper. It
is also noteworthy that the conditions of a diffusion measure space imply that p(B;(x)) < t¢, for
all0 < t < 1, cf. [12]. Thus, the volume of small balls essentially behaves as in R*. The above
conditions also imply the following estimate on the Christoffel function (or spectral function),

Yl =<1, xeX =1, )

A <t
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see [3,12,13] for a discussion and references. By integrating over X, we obtain

dim(1T,) = 1*. 3)

Remark 2.2. It was pointed out in [3] that all technical assumptions are satisfied when X C R4
is an a-dimensional compact, connected, Riemannian manifold without boundary, with non-
negative Ricci curvature, geodesic distance p, and p being the Riemannian volume measure
on X normalized with u(X) = 1, {g};2, are the eigenfunctions of the Laplace—Beltrami
operator on X, and {—A;}2, are the corresponding eigenvalues arranged in nonincreasing order,
see also [18]. In this case, (3) is consistent with Weyl’s law. For further discussions, we refer
to [12,13,27].

Given an arbitrary normed space Z and a subset Y C Z, we define, for f € Z,
E(f,Y,Z):=inf || f —glz. “)
geY

As we have pointed out already, we assume X is a diffusion measure space throughout. The
notation | B in the following means restricting functions to the set B.

Definition 2.3. For a nonempty ball B C X and 1 < p < oo, the approximation space of order
s > 0 is defined by

A(Lp(B) ={f € Lp(B): I fllasw, ) < 00}, (5)

where the associated norm is given by
I fllasce,y = I fllz, ) + sup N*E(f, Iy, L,(B)).
N=>1
The unit ball in A*(L ,(B)) is denoted by

A(Ly(B) :={f € Ly(B): || fllasw sy < 1}. (6)

For a nonempty ball B C X, let us denote the closure of | J IIy s in L ,(B) by X ,(B). We can
simply switch from L ,(B) to X ,(B) in the definition of approximation space without changing
anything, so that we observe A*(L ,(B)) = A*(X,(B)).

Remark 2.4. In classical situations, the smoothness of a function is related to the accuracy of
its approximation, and for a more classical characterization of the approximation spaces in terms
of pseudo-differential operators and K-functionals, we refer to [25]. In turn it has also become
customary to consider the accuracy of approximation itself as a measurement of smoothness. For
classical results on approximation spaces, we refer to [7, Chapter 7] and references therein.

2.2. Kolmogorov metric entropy and nonlinear n-widths

Metric entropy as studied in [23] refers to the minimal number of bits needed to represent a
function f up to precision ¢. This number determines the maximal compression when loss of
information is bounded by ¢. For a more stringent mathematical exposition, let ¥ be a compact
subset of a metric space (Z, 0). Given ¢ > 0, let N;(Y) be the e-covering number of Y in Z,
i.e., the minimal number of balls of radius ¢ that cover Y. Suppose that gi, ..., gn.(y) is a list
of centers of these balls. Given any f € Y, there is g; such that o(f, g;) < ¢. We may then
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represent f using the binary representation of j, and use g; as the reconstruction of f based
on this representation. Any binary enumeration of these centers takes [log,(N:(Y))] many bits,
which somewhat measures the complexity of ¥ and where [-] denotes the ceiling function.

Definition 2.5. Let Y be a compact subset of a metric space (Z, ¢) and, for ¢ > 0, let NV;(Y) be
the e-covering number of Y in Z. Then

H.(Y, Z) = logy(Ne(Y)) (N
is called the metric entropy of Y in Z.

Thus, the smallest integer not less than the metric entropy is the minimal number of bits
necessary to represent any f with precision €.

Let us also introduce some alternative notions of complexity. Given some Banach space Z,
let n > 1 be an integer, and let M,, : R* — Z be some mapping, for which Z, = M,(R")
denotes its range. For a compact subset Y C Z, we define the worst case error of approximation,
consistently with (4), by

E(Y,Z,,Z2):=sup E(f, Z,, Z).

fey

Endow Y with some quasi-norm and consider continuous maps a : ¥ — R”. For fixed a, the
term M, (a(f)) € Z is an approximation of f from Z,. The quantity

E(Y,a, My, Z) = sup || f — My(a(f))lz

fey

is the error of approximation by the nonlinear method of approximation M, (a(-)) : Y — Z. The
continuous nonlinear n-width is defined in [6] by

d,(Y,Z) = inf E(Y,a, M,, Z),
a,My,

where the infimum runs over all continuous maps a : ¥ — R” and all mappings M, : R" — Z.
For further considerations on n-widths, we refer to [6,9,14,29,31,39].

In the subsequent sections we shall compute the metric entropy (7) and the continuous
nonlinear n-widths of the approximation ball W(X »(X)) of radius 1 given by (6). We refer to [17]
for related results.

2.3. The metric entropy of approximation spaces

We shall determine the asymptotics of the metric entropy of global and local approximation
spaces, so let B C X be some nonempty ball, which is allowed to coincide with X. Since
A*(X,(B)) is not finite-dimensional, As(X p(B)) is not compact in the approximation space.
Here, we consider A°(X,(B)) as a subspace of X,(B), in which it is compact, see [11] for
B = X and the case B C X can be proven analogously.

The following result for the approximation space extends findings in [26] from the sphere to
diffusion measure spaces.

Theorem 2.6. Let X be a diffusion measure space and suppose we are given a nonempty ball
B C X such that {(pk|3}?°:0 are linearly independent. If s > 0 is fixed, then

H.(A5(X ,(B)), X,(B)) < (1/e)*/*,  forall0 < e <1, (8)

where « is the constant in Definition 2.1.
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This result was verified in [11] provided that B = X and p = oo. Note that the linear
independence condition is trivially satisfied for B = X since {¢;}7, is even an orthonormal
basis. In case B is a proper subset of X, the linear independence condition may be hard to check
in general. However, if X is a compact, connected, real-analytic Riemannian manifold (equipped
with a real analytic Riemannian metric), then the eigenfunctions {¢}7Z of the Laplace-Beltrami
operator are real analytic due to the real analytic hypoellipticity of elliptic partial differential
operators, cf. [22, Section 5.3]. In this situation, the global linear independence implies the linear
independence of the restrictions. For results related to Theorem 2.6, see [9,31,32].

The proof of Theorem 2.6 is based on a general Banach space result, also used in [26, Theorem
4.1]. Let Z be a Banach space and {¢;}72, C Z be a sequence of linearly independent elements
whose linear span is dense in Z, and define Z; := span{¢y, ..., ¢} with Zy = {0}. Let {&;}72,

be a nonincreasing sequence of positive numbers with limy_, -8y = 0 and define

AZ; 8} g Ao ) ={f € Z: E(f,Z,Z) <&, fork=0,1,...}. 9)
The following result goes back to Lorentz in [23]:
Theorem 2.7 (Theorem 3.3 in [24]). Let {§;};2, be a nonincreasing sequence of positive

numbers such that 8y, < cb, for k = 1,2, ... and some constant ¢ € (0, 1). For £ > 0, let
M, = min{k : §; < e’l}, then we have, for 0 < ¢ <1,

L
He(AZ; (820 (9i)521), Z) < Y My, (10)
=1
where L .= 2 + |log(1/¢)].

Proof of Theorem 2.6. We aim to apply Theorem 2.7 with the function system {gyz};2,, and
Z = X,(B). There, the index set is supposed to start with k = 1, so we set ¢y = @r_q5,
k =1,2,....Todefine the sequence {J;};2,,, we need some preparation. The linear independence
assumption yields that (3) implies dim(Ily|z) < N®. By using Z; := span{gz, - . ., @x—1|8}, W€
derive, for N* <k < (2N)*,

QNYE(f, Ihyp. X ,(B)) S K" E(f, Z, X 5(B)) < N*E(f, Iy, X p(B)).
Therefore, there are constants C; > 1, for i = 1,2, such that the definitions §;.,p =
S1:k = (2C1)_1k_s/a, and 82.0 = Co, 82;k = Cgk_s/a, lead to

AXp(B); (81:)720s {Bi)521) C A (Xp(B)) C AX,p(B): {824 )72 {1 }e2y)
which also yields

N (AKX (B); {811 p20- {D1)721)) < Ne(A°(X,(B)))

< N (AXp(B): {82520, {diI72))-

Since §;.0x < ¢é;:x, for ¢ :== 275/% (0, 1), we can apply Theorem 2.7. According to [26, Lemma
4.1, Y0 My =< e™/%, 5o that the choice of L in (10) implies (8). [

1
20

It is obvious that increased precision requires more bits, and smoother functions can be
represented with fewer bits. The exact growth condition (8) reflects these thoughts in a
quantitative fashion and that (8) serves as a benchmark for function representation on diffusion
measure spaces. The remaining part of the present work is dedicated to develop a scheme that
matches the optimality bound at least up to a logarithmic factor.
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3. Global function approximation

This section is dedicated to introduce our approximation scheme, to discuss its characteriza-
tion of certain function spaces, and to determine the asymptotics of the n-widths.

3.1. Localized kernels
We now collect few ingredients for our approximation scheme.

Definition 3.1. We call an infinitely often differentiable and non-increasing function H : R>g —
R a low-pass filter it H(t) = 1 fort < 1/2and H(t) =0fort > 1.

For any low-pass filter H, the kernel

o0
A
Ky(x,y) = ; HCO00(). (11)
cf. [12,25,27], is localized, i.e., for fixed r > @ and all x 2 y with N =1, 2, ...,
NO(*V
|Kn(x, »)| < - (12)
px, y)
Alternatively, we also have for fixedr > v and all x, y with N = 1,2, ...,
ND(
|Ky@x, p)| S (13)

max(1, (N”p(x, y)))’

We find in [12, Inequality (3.12)] that

sup / [Kn e »|dux) S 1 14)
X

yeX

holds.
For some signed Borel measure v on X and f € L{(X, |v]), we can define, for N = 1,2, ...,

A
on(f,v) 5:ZH(NI{)/X]C(X)(Pk(x)QDde(x):/Xf(x)KN(xa')dV(x)~ (15)
k=0

3.2. Quadrature measures

This section is dedicated to introduce further ingredients to develop our approximation
scheme. We first aim to replace the integral over diffusion polynomials with a finite sum or
at least with an integral over a “simpler”” measure.

Definition 3.2. A signed Borel measure v on X is called a quadrature measure of order N if

fxf(X)g(X)dM(X)=/Xf(X)g(X)dV(X), forall f, g € Ily.

While Il is finite dimensional, the collection of products is so as well and, hence, there do
exist finitely supported quadrature measure, cf. [5], [34, Section 1.5]. Note that we request exact
integration of products from functions in /Iy, which leads us to the following product assumption
on the structure of diffusion polynomials, which is also used in [13]: for f € L ,(X), let

dist(f. Iy)r.. = inf |f =l
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and assume that there is a constant a > 2 such that the quantity
ey == sup dist(@e@r, Ian)ro (16)
Ao A <N

satisfies N"ey — 0as N — oo, for allm > 0.

Definition 3.3. Let the product assumption hold. For fixed 1 < p < oo, a family (un)3_,
of positive quadrature measures of order N, respectively, is called a family of Marcinkiewicz—
Zygmund quadrature measures of order N, respectively, if

I ayrz,00 < N fllL,e0,  forall f e Iy, a7

where |1 y| denotes the total variation measure of py and || f ||,z »(X) denotes the L ,-norm of
f with respect to | y|.

Under fairly general assumptions, the results in [12, Theorem 3.1] and [13, Theorem 5.8]
imply the existence of a family of finitely supported Marcinkiewicz—Zygmund quadrature
measures (uy)5—; of order N, respectively, such that #supp(uy) =< N, where « is as in
Definition 2.1.

3.3. Widths and characterization of approximation spaces

Fix 1 < p < oo and suppose that (ux)%_; is a family of Marcinkiewicz—Zygmund quadrature
measures of order N, respectively. According to [12, Inequality (3.13)], we have

low(f ML, S I luyiz, feLpyX, unl), (18)

and the generic constant can be chosen independently of f and N. Later, we shall also need that
(17) extends to all functions in X ,(X), i.e., that || f Iy, < I1f1lz,cx) holds, forall f € X ,(X).
The latter is fine for p = co. For 1 < p < oo, we have not yet found any explicit example except
for the measure y itself. Therefore, we shall simply restrict ourselves to uy = u, N =1,2,...
in this case.

We can also estimate

sup/ Ky, ldpn|(x) S 1, (19)
yeXJ X

cf. [12, Inequality (3.12)]. Note that (19) is the quadrature version of (14). Next, we recall the
characterization of A°(L ,(X)) using oy, see [12,25,27,28]:

Theorem 3.4. Suppose that 1 < p < oo and assume that (juy)%_, is a family of Marcinkiewicz—
Zygmund quadrature measures of order N, respectively, if p = oo. For 1 < p < 0o we choose
un =, N=1,2,.... Assume further that H is a low-pass filter. Then, for all f € A°(L,(X)),
we have

If —on(fs L, S N Ilase (20)

where the generic constant does not depend on N or f. On the other hand, if, for f € L ,(X),
there are generic constants not depending on N such that

If —on(fs umlle,co SN,
then f € A*(L,(X)).
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Remark 3.5. Let us point out again that we suppose uy = i, N =1,2,...for1 < p < oo.In
this case, the term oy (f, 1y) contains spectral information fx FX)ee(x)du(x). If p = oo and
wy has finite support, then we have an approximation scheme that uses finitely many training
data consisting of function evaluations at scattered data points in supp(uy).

We have already determined the asymptotics of the Kolmogorov metric entropy. Here, we
shall determine the n-widths for the global approximation space.

Theorem 3.6. The continuous nonlinear n-widths of A(X »X)) in X ,(X) satisfy
dp (A (X (X)), X (X)) < n ™/,

In order to verify Theorem 3.6 we shall consider two more types of n-widths, cf. [33]. The
linear n-width of a subset Y in a Banach space Z is
Z,(Y, Z) = infsup ||x — F,(x)],
Fn xey
where the infimum is taken over all bounded linear operators F, on Z whose range is of
dimension at most n. The Bernstein n-width of Y in Z is

By(Y,Z):= sup sup{r : AZ, C Y}

Znt1

where the supremum is taken over all subspaces Z,, | of Z of dimension at least n 4+ 1 and Z,,;,
denotes the unit ball in Z,, ;. The continuous nonlinear n-widths are sandwiched by

Bp(Y, Z) <dy(Y, Z) = £,(Y, 2), 2

cf. [6]. We can now take care of the proof. We point out that we shall derive a lower bound
on the Bernstein n-width, which is closely related to the Bernstein estimates in [25] for integer
derivatives when combined with K-functionals, cf. [6].

Proof of Theorem 3.6. The operator oy is bounded on L ,(X) and o (f) is an element in Ily.
Consider N with N < n'/%, so that dim(Ily) < N® yields
LA (X (X)), X, (X)) S0,

cf. Theorem 3.4 . Hence, the second inequality in (21) implies d, (A5 (X »X)), X,(X)) S n=s/e,

To establish the lower bound, we take the subspace Il and aim to derive a generic constant
¢ > 0 such that cN" Iy C AS(Xp(X)), where Iy = {f € Iy | fll,c0 < 1}
For f € m, let g .= N—*f. We obtain ||g||Lp(X) < N7% and, for M > N, we derive
E(g, IIy, L ,(X)) = 0. The choice M < N yields

E(g, Iy, L,X) =N f —ou(OllL,c0 SN,
because || 2,0 < 1 and oy (Ollz,c0 S I f L, Thus,
sup M°E(g, Iy, Lp(X)) < 1

M=>1

holds. We have verified that there is a generic constant ¢ such that
cN ™7 Iy g C AL (X))
Therefore, we obtain %, (A5 (X »X)), X,(X)) 2 n~*/% so that (21) concludes the proof. [

It should be mentioned that upper bounds on linear n-widths for compact Riemannian manifolds
were already derived in [16], where also the exact asymptotics were obtained for compact
homogeneous manifolds.
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4. Bit representation in global approximation spaces

This section is dedicated to verify that linear quantization of the approximation scheme
on(f, un) enables bit representations matching the optimality bounds stated in Theorem 2.6
up to a logarithmic factor. First, we recall the formula (15),

> A
ov(hn) = Y HGD [ feompdnn),
k=0

where (uy)%_, is a family of Marcinkiewicz—Zygmund quadrature measures of order N,
respectively, if p = oco. Again, if | < p < oo, then we choose uy = u, N =1,2,....

Since H(t) = 1, fort € [0,1/2] and H(t) = 0, for t > 1, we observe that H(%)H(3%) =
H (’\N"). If (vn)$_, is a family of quadrature measures of order 2N, respectively, then a straight-
forward calculation yields

A

ov(fou) = [ anFun 0 Y HG RN 22)
X k=0

The representation (22) involves the quadrature measure vy and the Marcinkiewicz—Zygmund
quadrature measure (. To design the final approximation scheme, we fix some S > 1, apply
the quantization

In(f v x) = [N on(f. oy, )], (23)
and define the actual approximation by

on(fs s vn) = N5 / In(f. x)fjH(ﬁ) (x)dvy (x) (24)
N> UN, VN) = ; NUJs UN, £ N Dk N X )Pk -

In other words, we replace on(f, 1y, x) in (22) with a number on the grid ﬁZ.

We have the following result for the ball A*(L »(X)) of radius 1 of the global approximation
space given by (5). It extends results in [11] from compact Riemannian manifolds and p = oo
to diffusion measure spaces and to the entire range 1 < p < oo:

Theorem 4.1. For the case p = oo, we assume that (in)S_, is a family of Marcinkiewicz—
Zygmund quadrature measures of order N, respectively. For 1 < p < oo we choose uy = W,
N = 1,2,.... Assume further that H is a low-pass filter. We suppose that (vy)%_, are
Marcinkiewicz—Zygmund quadrature measures of order 2N with #supp(vy) < N®. For fixed
s > 0and § > max(l, s), we apply the discretizations (23) and (24). Then there is a constant
¢ > 0 such that, forall f € E(Lp, X),

If —on(fsuns v, S cN™*° (25)

holds. For cN™* = ¢ < 1 and ¢ < 1, the number of bits needed to represent all integers
{INn(f, un,x) : x € supp(vy)} does not exceed a positive constant (independent of €) times

(1/&)*°(1 + log,(1/¢)). (26)

Proof of Theorem 4.1. The triangle inequality yields

If —on(fsuns villL,c0 S I1f —on(fs un)liz, e
+llon(f, un) — oy (fs un, vl )
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Since Theorem 3.4 implies || f —on (f, un)llL,x) SN S llas(z,x), we only need to take care
of the term on the far most right. The quantization (23) immediately yields

low(f, in. x) = NS In(f, oy, X)) < N75, forall x € supp(vy), (27)
so that (22) and (19) imply
lon (fs un) — oy (foun, VAL ()
=1 [ (w0 = NSty ) Ko w0
<N S <N,

Hence, we have derived (25).
To tackle (26), we observe that the localization property (13) yields [Igll... < N®lgllr,, for

all g € Ily, see also [27, Lemma 5.5] for more general Nikolskii inequalities. We apply (27) and
then use on(f, un) € Iy with L, < L, which yields

nCE s I S N o (fy i) lliLs S N3 Now (fs )z c0-

According to [27, Theorem 5.1], ||on(f, uN)||Lp(X) < ||f||LP(X) holds. Since f is contained in
the ball of radius 1, so that || || p(X) = 1, we see that

Uy (f, pn, )| S NSTe,

Thus, the number of bits needed to represent each Iy(f, uy,x) is at most log,(c; N5t9),
where ¢; > 1 is a positive constant. Note that we can assume that ciN5t* > | because
otherwise Iy(f, y,x) would be zero. Since #supp(vy) < N¢, we have #{In(f, uy,x) :
x € supp(vy)} < N Therefore, the total number of bits needed to represent all numbers
{In(f, un,X) : x € supp(vy)} is at most czN"‘logz(clNS“‘), where ¢; is a positive constant. By
using cN~° =& < 1 and ¢ < 1, we derive that the number of necessary bits does not exceed

c2c*(1/6)*logy(c1(c/e)S+) < (1/)**logy((c1)*+ e /e)
< (1/e) logy((c1 /€)1 /)
< (1/8)5(1 + log,(1/¢)),

which concludes the proof. [

Theorem 4.1 yields that our bit representation scheme is optimal with respect to the metric
entropy as stated in Theorem 2.6 at least up to a logarithmic factor.

5. Bit representation of locally smooth functions

In the previous section we derived a bit-representation scheme for the global approximation
space, i.e., B = X. It turns out that the case B C X is more involved because we do not have
results that characterize .A*(L ,(B)) by means of oy. In fact, o requires functions to be defined
globally so that one would be forced to deal with boundary effects. On the other hand, B itself
may not be a diffusion measure space satisfying all required assumptions. We circumvent such
difficulties by dealing with a modified approximation space, for which we can construct a bit
representation scheme.
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5.1. Characterization of local smoothness by local approximation rates

Before we can discuss local smoothness, few technical details need to be introduced and we
make use of C*(X) := [, oA (Lo(X)):

Definition 5.1. We say that X satisfies the smooth cut-off property if for any s > 0 and any
two concentric balls B’, B with B’ C B there is ¢ € C*°(X) such that ¢ equals 1 on B” and ¢
vanishes outside of B with |¢(x)| < 1, for all x € X.

Note that any smooth manifold satisfies the smooth cut-off property.

Definition 5.2. For x € X, the local approximation space in x is denoted by A*(X ,(X), x)
and defined as the collection of f € X,(X) such that there is an open ball B containing x with
fo € A(X,(X)), for all ¢ € C*(X) with support in B.

It turns out that the approximation rate of oy ( f, ) characterizes the approximation class of
f, at least when switching to dyadic numbers N =2",n = 1,2, ..., cf. [12,25,27,28]:
Theorem 5.3. Let X satisfy the smooth cut-off property. For p = 0o, suppose that (jion)5
is a family of Marcinkiewicz—Zygmund quadrature measures of order 2", respectively. For
1 < p < oo, we choose un = u, n = 1,2,.... If H is a low-pass filter, then the following
points are equivalent:

@ f e AXX),x),

(ii) there is a ball B centered at x such that

If = on(f, po)llL,e) S 27 (28)

Note that the generic constant in (28) may depend on x and f. Nonetheless, the above theorem
characterizes local approximation by means of on.

The local approximation space A°(X,(X), x), for x € X, is not endowed with any norm.
In view of Theorem 5.3, we fix some ball B and introduce a new approximation space in the
following.

Definition 5.4. Let B be a nonempty ball in X. For p = o0, suppose that (u2)72 , is a family
of Marcinkiewicz—Zygmund quadrature measures of order 2", respectively. For 1 < p < oo, we
choose puon = p,n = 1,2,.... If H is a low-pass filter, then we define the local approximation
space in B by

ANXp(X), B) = {f € X,(X) 1 I flascx,x),8) < 00},
where

£ lascx,c0.8) = 1 fllL,c0 + sup 2 (| f — oan (f, an)llL,(B)-

n>1
Note that if p = oo, then the space A°(X,(X), B) implicitly depends on the family (1)

of Marcinkiewicz—Zygmund quadrature measures of order 2", respectively. As opposed to

A*(X,(B)) defined in (5), the space .A*(X,(X), B) consists of functions defined globally that
inherit approximation properties locally. By definition, we have

I f — o (f. M2")||L,,(B) = 27”3||f||AS(Xp(X),B)~ (29)
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Since oo (f, (uon) is a diffusion polynomial, we observe that
A'(Xp(X), B) g = A (X,(B)).

However, we cannot claim that the reverse embedding also holds.

It should be mentioned that o (f, upn) in (29) approximates f locally but its definition
needs global knowledge of f or at least on supp(uy) if p = o0o. To enable the design of an
approximation scheme that involves local information on f exclusively, we define one more
approximation space by using some cut-off function:

Definition 5.5. For some fixed ¢ € C*°(X), define

A (Xp(X), @) :={f € X,(X): fp € A(X,(X))} (30)
endowed Wlth the norm ”f”AS(Xp(X),¢) = ||f||Lp(X) + supn212’”E(f¢, Hzn , LP(X))

To study local approximation, choose two concentric balls B’, B with B" C B. If X satisfies
the smooth cut-off property, then we can fix some ¢ € C*°(X) that is one on B’ and zero outside
of B. The Definition (30) yields that f € A*(X,(X), ¢) implies

If —om(fé, o)L,y < 1 f — o (fd, pa)llL,c0 S 27" I f lascx, 6.0

In the subsequent section, we shall consider balls of radius r for both spaces,
A(Xp(X), B) = {f € X,(X) : | flascx, 0.8 < 1}, €3]
A (X,(X), ¢) = {f € X,X): [ fllasx,0.0) < 11, (32)

and aim to develop approximation schemes requiring only few bits.
5.2. Local bit-representation in approximation classes

To design an approximation scheme for the spaces A (X »X), B) and A (X »(X), ¢), let B be
aballin X and let B’ C B be another nonempty ball concentric with B and of radius strictly less.
It will turn out that the following scheme enables us to approximate f on B’. For some fixed
S > 1, we apply the quantization I (f, uon, x) as in (23) but in place of (24) we define the local
approximation by

Ak
a1 )Pk (X)d Vo (X) . (33)

o0
oy (f, on, v, B) = 2*’”[ Ln(f, pan, %) Y H(

B k=0
We have the following result for the ball 45(X »(X), B) of the localized approximation space

given by (31):

Theorem 5.6. Suppose that X satisfies the smooth cut-off property and that (pyn);2, is a
family of Marcinkiewicz—Zygmund quadrature measures of order 2", respectively, if p = oo.
For 1 < p < oo we choose uym = pu, n = 1,2,.... Assume further that H is a low-pass
filter. Let B, B’ be two concentric balls, so that B' C B. We also suppose that (v»n)?2, are
Marcinkiewicz—Zygmund quadrature measures of order 2"! with # supp(vy:) < 2. For fixed
s > 0and S > max(l, s), we apply the discretizations (23) and (33). Then there is a constant

¢ > 0 such that, forall f € E(XP(X), B),

I f = 05 (F, s vor, Bl oy < 27 -
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holds. For 2™ = ¢ < 1 and ¢ < 1, the number of bits needed to represent all integers
{Ion(f, ton, x) : x € supp(van) N B} does not exceed a positive constant (independent of €) times

(1/6)*° (1 + logy(1/¢)). (35)

Proof of Theorem 5.6. For f € As(X »(X), B), we use the localization property (12) with
r = a + § and the embedding L, < L, in the compact case to derive, for y € B’,

/ o (f. 10, ) K g (o )| 02016 < 27" o (s 2l 2.,
X\B

S z_nS”O'Z"(f’ w2 gLy - (36)

The latter estimate holds because both (v»)72, and (uon)o2 , are families of Marcinkiewicz—
Zygmund measures. The quantization (23) immediately yields

loon (f, pan, X) — 27" I (f, pon, x)| <275, for all x € supp(va). (37)
By using (37), (22), and (19), we derive
lloan (fs pan) — ogn(f, pan, van, Bl ,8)

= [Jom (£, pan) - /B 275 L (f. i, ) Kon (v, v D)

< oz (f pan) — / o (f, pan, X)Kpn1 (x, -)dvyn (X)HL,,(B’)
B
+ 278,
Next, we make use of (22) and (36) with (18) to obtain

loan(f, pan) — 050 (f. o, B, S | / o (f, 1tan, ) Ko (6, 9dvmn (0O g
X\B

+ anS

5 ZinS”f”HLGLLp + 2*715‘ S Z*Vls'
Here, it is important that we assume pon = p, for I < p < 00, so that || f [l 1.2, < WAV
holds for the entire range 1 < p < co. Note that || f||.,¢x) < 1 follows from f € A3(X ,(X), B).
The triangle inequality with (29) and the above estimate yield

If — o (fs an, B,y S ILf — oo (f, pan)llz,8)
+ lloon (f, par) — o (f, o, var, B)llL 8
< gmns 4 27nS < gmns
which verifies (34).
For the remaining part, we can follow the lines of the proof of Theorem 4.1. [J

Note that Theorem 5.6 still requires global knowledge of f because we need to build
o (f, puon). For the sake of completeness, we use a cut-off function to feed in local information
only:

Theorem 5.7. Under the same assumption as in Theorem 4.1, let ¢ =X C*®(X) be one on B’ and
zero outside of B. Then there is a constant ¢ > 0 such that, for f € A*(X,(X), ¢),

If —om(fd, pan, va)ll, )y < 27 (38)
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holds. For c27" = ¢ < 1, the number of bits needed to represent all integers {Ion(f ¢, o, x) :
x € supp(van)} does not exceed a positive constant (independent of ¢) times

(1/6)*7(1 + log,(1/e)). (39)

Proof. The smooth cut-off property of ¢ yields that f € As(X »(X), ¢) leads to f¢ €
A3(X (X)), due to [¢p(x)| < I, for all x € X. Thus, Theorem 4.1 applied to f¢ implies (38)
and (39). O
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Appendix. Summary of the technical assumptions

The asymptotic bounds on the metric entropy in Theorem 2.6 hold for any diffusion measure
space X as introduced in Definition 2.1 provided that the restrictions {gg}2, are linearly
independent on the ball B C X. Our computational scheme that matches this bound up to a
logarithmic factor needs few additional technical assumptions that are distributed within the
present paper. Here, we list all the required assumptions for the sake of completeness:

(D Xis a diffusion measure space (Definition 2.1),
(I) ey defined in (16) satisfies N"ey — 0as N — oo, forallm > 0,
(II) there is a family (vy)5_; of Marcinkiewicz—Zygmund quadrature measures of order 2N,
respectively, satisfying #supp(vy) < N (Definitions 3.2, 3.3 and (22)),
(IV) the smooth cut-off property holds (Definition 5.1).

Condition (I) is the general framework, and the additional conditions are further technical details.
Note that (IV) is only needed in Section 5, and it is well-known that this holds for smooth
manifolds. All of the above conditions hold for compact homogeneous manifolds, e.g., the
sphere and the Grassmann manifold, if the function system {¢;};, are eigenfunctions of the
Laplace operator, cf. [15]. Moreover, it was pointed out in [3] that the conditions are also
satisfied for smooth compact Riemannian manifolds with nonnegative Ricci curvature, see also
Remark 2.2. Families of Marcinkiewicz—Zygmund quadrature measures (uy)3,_, were then
constructed in [13], such that # supp(uy) < N*.
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