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2 J. PECANKA AND OTHERS
APPENDIX A
A.1  Error control in two-stage testing with independent stages

Denote by Ky C K the set of true null hypotheses HS,’: Given levels o, s € (0,1) the FWER of
the two-stage procedure described in Section 3.3 is A\, = P(3k € Ko s.t. Tk = Ty, |Ruk| = Eas)-
The procedure controls FWER, by a € (0,1) if A\, < a. In agreement with our two-stage testing
scheme, we use level ag = /K7, where K; is the number of rejections in S1. Then, assuming the

independence of (Rpk, k € K) and (Thi, k € K), and denoting Ax, = {Thi = Ta, }, We get

A = P(3k € Ko s.t. [Ruk| > &ayky» Ak)
= Y ocx P(K1 = C)P(3k € Ko s.t. |Ruk| = o), Ak | K1 = O)
= Yok P(K1 =C)P(3k € Ko N Ky st [Ruk| = Eayjo)s Ak | K1 = O)
= Yok P(K1 =C)P(3k € Ko N K1 st [Ruk| = ayjo)| K1 =C)
< Y P(K1=0) ZkeKoﬁC P(|Rnk| Z La/|C| |’C1 = C)

= 2 cck P(K1=0) ZkeKoﬁC a/|C] € ad o P(K1=0C) =

Thus, under independence between the two stages the procedure with s = a/ K controls FWER
in the strong sense for any «;. Regarding the assumption of independence between the two stages,
we note that the independence is ezact when D, is used in S2 in conjunction with either T4 or
Tff , while it is asymptotic when A,, combined with either T;? or Tf or when C,, is combined with

either T or T)P.

A.2  Asymptotic theoretical results

Unlike the classical random sample design (i.e. independent and identically distributed (iid)
individuals), the case-control design consists of two random samples from each subpopulation

with a fixed sample size ratio between them. However, from the perspective of inference about
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the parameters of the logistic regression model this difference between the two designs is of little
importance. In fact, it is well known that the coefficients of all non-trivial regressors in the logistic
regression model are identifiable under both designs and (profile) likelihood functions for the two
designs are proportional for these coefficients. It is only the penetrance parameter 8y that is not
estimable under the case-control design, which, however, is irrelevant for our purposes. Therefore,
we can use this "near-equivalence” of the two designs to conveniently prove the theoretical results

below using the iid design.

DEFINITION A.1 (Asymptotic independence) Fix m € N and let X! ..., X™ n = 1,2,..., be
random vectors of dimensions ki,...,k, € N. The random sequences (X}!)>°, ... (X™)>,;
are said to be (weakly) asymptotically independent as n — oo if there exist sequences (a,)S 4
and (b,)22; both of dimension k = Y. | k;, where the coordinates of a,, are all positive, such
that the sequence (a, ® (XY,...,X™)" —b,)>,, where ® denotes coordinate-wise product,
converges in distribution to a random vector with non-degenerate distribution function F' such

that F(z1,...,2m) = [[1n, Fi(z;) for all z; € R¥, ¢ = 1,...,m, and for some distribution

functions Fi,..., F,,.

Theorem A.2 below gives an asymptotic linear relationship which links the score statistic C,,
with the (vector) score statistic evaluated at the true values of the LRM nuisance parameters
Bo, B1, B2. Even though the theorem is formulated for the score statistic in the LRM, in the
proof we take a more general approach using the asymptotic machinery found in Van der Vaart
(1998). Consequently, the theorem could easily be reformulated for many other sufficiently regular
statistical models. For details see Van der Vaart (1998), Sections 7.4 and 16.3. In the proof we
parameterize the model by # € R*, which in the LRM corresponds to 3 € R*. We also use the
concept of convergence of sets defined in Section 7.4 of Van der Vaart (1998), which postulates

that a sequence of sets H,, is said to converge to H if H is the set of all limits lim,_,o hy, of
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converging sequences h,, with h,, € H, for every n and, more over, the limit h = lim; , o0 hy, of

every converging sequence h,, with h,, € H,, for every i is contained in H.

THEOREM A.2 (Asymptotic representation of the score statistic) Assume the LRM of (3.4) holds,
let C,, be defined by (3.5), and let S,, be the (vector) score statistic of the LRM at the true
values of By, 51, B2 defined as S, = n~1/2 S (A = U9 z(w;, y;), where U) = (1 + exp(—fBy —
Brzi — PBoyi)) L and z = (1,24, ys, 2(w5, ;). If B3 = 0, then C,, = e4MS,, + op(1), where M =
IE/Q(I - Iﬁ_l/Q, and lg is the Fisher information matrix (FIM), and e4 = (0,0,0,1)’, and 1 is
the unit matrix in R*, and M is a projection onto the space IE/QHO, and Hyg = R3 x {0} is the null

hypothesis parameter space. Consequently, the statistic C,, is asymptotically zero-mean normal

with asymptotic variance matrix e;MlzM’e,.

Proof. Given a statistical model {Py s.t. § € O}, where © € R¥ is an open subset of R* and Py
is a probability distribution for every 6 € ©, the k-dimensional vector score statistic of a sample
of iid random variables X7, ..., X,, is defined as Sy, 9 = n~1/2 én(X; ), where X = (X1,...,X,)
and £,(X;0) = > logpe(X;) and ln = (0/00) L, is the score function. Then, the probability
model for X seen as a single variable is My = {P}' s.t. § € ©}. Denote by ¢ the (unknown) true
value of the parameter 6. The goal is to test the null hypothesis Hy:¢ € ©¢ for some Oy C ©
within such model. We estimate the unknown value of 6 by @,? = arg maxge g, £n(X;0) and use
it to calculate the null hypothesis (vector) score statistic C9 = n~1/2 ﬁn(X,/H;?)

Instead of working with M it is convenient to work with the equivalent experiment M ,
parameterized by h = /n(f — 9). In M j, the null hypothesis local parameter space is H, 0 =
/n(©¢—1) and the null hypothesis ML estimator of h is B,? = arg max;, ¢y, , A% (h), where A, (h)
is the log-likelihood within MS, 4~ Denote the FIM of Mg} 1 by Zy. Under sufficiently regular model

with sufficiently smooth A” (h) (such as the LRM), the score statistic can be Taylor expanded as

C% = Sn9—Tyh?+op,(1). (A.1)
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Moreover, using arguments analogous to those employed in the proofs of Theorems 7.12 and 16.7

in Van der Vaart (1998) together with Lemma 7.13 therein, it can be shown that
he = argmingey, | 2,2 h =T, 2S00 ]? + 0p (1), (A.2)
where H is the limit set of H,, 9. Combining (A.1) and (A.2) then yields
CO = Spg—Tyarg mingcy, || Zy/°h — T, %S0 0] + op, (1).
Simple arithmetics applied to the right-hand side of the equality above yields

CY = 1,%(T,? S0 — Ty ? arg ming gy, | Zy/°h — Ty V2 S0 0]%) + 0p, (1)

1/2 —-1/2 . —1/2
= /(2,0 — avgmingp1szyy |19 =Ty S0 sll?) + op, (1). (A.3)

. —1/2 . . o
The term gy, = arg min Iy / S0l above is a solution to the minimization

gEIﬁl/QHo H 9=
problem of finding an element in the space Iﬂl / 27—[0 that is closest to 11971/ 25’"719, or in other words,

finding an orthogonal projection of Iﬁ_l/QSn,g onto 1'191/27-[0. Denoting as Nz the projection

operator onto I;/QHO, we get git. =My (1-1971/25"719). Finally, plugging this into (A.3) yields
Ch = 1,2 (1 = Naw) T, 2S00 + 0, (1), (A4)

where 1 is the identity matrix (of the same dimension as 9). Given (A.4), the definition of M in
the theorem is obvious, while e4 is added because C,, is the last (fourth) coordinate of the vector
score statistic. Finally, the asymptotic normality of CQ and the variance follow by Slutsky lemma
from (A.4) and the asymptotic normality of S,, y given by the central limit theorem (CLT). O

The following theorem yields joint asymptotic distribution of the adjusted score statistic A,,

and the case-based partial sample Pearson chisquare statistic 74 or the trend test statistic T'2.

THEOREM A.3 (Normality and independence) Denote 6 = my/m and let C,, be defined by (3.5),

and let A, Uy, U, be defined by (3.6). If HS® holds, then the random vector E, = (C,, (U, —
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EU,), (U, — EU,)'), as n — oo, converges in distribution to the zero-mean normal distribution

with variance

MM/ MCsy +/(1—0)/6 MCsy
W = LM Vy 0

V(1 =68)/6 Cyp M 0 Vy

where Vy is the asymptotic variance matrix of U, and Cgy is the asymptotic covariance matrix

?

of S, and U,,. Moreover, for any § € (0, 1) the random vectors A,, and U,, are asymptotically inde-
pendent, thus making A, asymptotically independent with both 74 and T2. Finally, A,, is asymp-

totically normal with zero expectation and variance matrix V4 = M(lg + 1676 CsuVy Csy )M,

Proof. We first derive the asymptotic distribution of F,, = (S/,, (U, —EU,)’, ([7" — Eﬁn,)’)’. Define
the random variables B; € {0,1},7 =1,...,n as indicators of whether the i-th individual belongs
to the subsample of m; cases from which U, is calculated. Consequently, B; = 0 for all controls
(A; = 0) and > | B; = my. Using these indicators, we write my = ;" Bildil{y,—, yimi}
me, = Y i, BiAil{y,—y and m = > BiA;Ify,—y, while analogous equalities hold for the
counts based on the sample of the remaining mso controls used to calculate [j'n Using CLT we
get the asymptotic normality of n~1/2 S, Z;, where
(A; = 09) 2(X;,Y))

Z; = BiAi (I{x,=k, vi=ty — Prts L{xi=k} — Phs Lvi=ty — @)y ;
(1= B)Ai (Itx, =k, vi=1y — Pris Tix,=ky — Prs Iiyi=ty — @)y

where pgi, Pk, qi, were defined in Section 3.1. Then, using the delta method, we get the asymptotic

normality of (S}, Z/,,Z}5)", where

nlr “n

Zp1 = (6v0)"*((Prt — prt — 2@ — @) — at(Pr — pk)))ka (A.5)

Zpa = (1 = &))" (Bt — pr — (@ — @) — (P —Pk)))m,

with Dri, Pr, @@ and P, Dk, ¢ denoting the ML estimators of py;, pr and q; based on the m;

and my cases, respectively. Since F,, = (5!, 2.1, Z.,)" + Op(n~1/?), Slutsky lemma yields the
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asymptotic normality of F;, with zero mean under H"' and variance

Ig Csv /(1—=10)/0Csy
0

/ Vy

SU
VA= 0)/5Cy, 0 Vo

where the diagonal block elements of the matrix above come from the asymptotic variance of .S,,,

)

which is the Fisher information matrix g, and the fact that the asymptotic variance matrices
of U,, ﬁn, Zn1 and Zp,o are all equal. The zero covariance blocks of U, and ﬁn (or Z,1 and
Zyn2) come from their independence, while the covariance blocks of S,, with U,, and [j'n (or with
Zn1 and Z,2) again follow from the symmetry of U, and U’n and the fact that going from
cov(C,,U,) to cov(Cn,ﬁn) requires only scaling by \/m to account for the difference
in sample sizes (see Lemma A.5 below). The asymptotic normality of E,, now follows from the
asymptotic representation C,, = MS,,+0p(1) given by Theorem A.2 by Slutsky lemma. Moreover,
since the vector (4], (U, — EU,)") is asymptotically equal to a linear transformation of E,,
the joint asymptotic normality of A, and U, follows by the delta method and Slutsky lemma.
Furthermore, the asymptotic variance matrix of (A4}, (U, —EU,)")’ is block diagonal, which yields
the asymptotic independence of A,, and U,. Since both T;? and Tf are smooth functions of only

U,, the asymptotic independence of A,, with T4 and T follows. O

A.8  FEvaluating the adjusted score statistic A,

Theorem A.3 gives the asymptotic distribution of the adjusted score statistic A,, defined in (3.6).
In order to use A, in practice we need to be able to evaluate the matrix M defined in Theorem
A .2 as well as the asymptotic variance of U,, and the asymptotic covariance of .S,, and U,,.

By definition 1 — Nz of Theorem A.2 is a projection onto the orthogonal complement space
of Iﬁl/zHo. For a space generated by a matrix X € R™*? which we denote by S(X), the projection
matrix H of a vector y € R™ onto S(X) can be written using the matrix X as H = X(X'X)~X'.

To find the projection matrix onto the space | ﬁl/ 27—[0 we have to find a base of the limiting local
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parameter space Ho = {(Bo, f1, 52, 83) € R*:83 = 0}, which is the column space of the matrix
J4 = diag((1,1,1,0)). Thus, the space I;/Q’Ho is generated by the matrix X = |;/2J4. Since both

lg and Jy are symmetric, plugging X into the hat matrix H = X(X’X)~X’ yields
Mz = 132 0aals o)~ daly® = 11200l 00) 1, (A.6)

The second equality above follows from the fact that a (pseudo)inverse of a block-diagonal ma-
trix is obtained by (pseudo)inverting the individual blocks. Consequently, the multiplication of
(Julg J4)~ by Jy from left and right does not modify (JslsJs)~. Defining an estimator 5 for
Ig is completely straight forward, and so is calculating its square-root and a square-root of its
(pseudo)inverse. Plugging them into (A.6) yields an estimator Nry = ilﬂ/Q(J4iBJ4)_i;/2, which in
turn yields M = ig/z(l — ﬁIH)igl/Q.

Lemma A.4 gives an expression for the asymptotic variance of U,,, while Lemma A.5 gives
the asymptotic covariance of S, and U,,. Combining Lemma A.5 and Theorem A.2 yields the
asymptotic covariance of C, and U,. In the definition of U, in (3.2) we indexed the elements
by two indices k,l = 0,1,2. As explained in Section , throughout this paper we use the same

row-wise ordering of the elements of U, given by i = 3k +1[. The same ordering is used in Lemmas

A.4 and A.5.

LEMMA A4 Let U, be defined by (3.2) and let its elements be ordered according to 3k +1[, where

k,1 =0,1,2. Then, the elements of the asymptotic variance matrix Vy = (vi5); j=0,...,8 of U, are

vi = pr(l+pra — ok —a) + (P + @ + prt) Pe@ — Prt) + 4peq (Pr1 — PEG1)s

(A7)
for k=7 l=s,
Vij = Pri(2Prqs — Prs) + 20k (Prs — Pras) + Prai(Prs — Prqs) + Prqs(Pri — Prai),
(A.8)
for k#r, [ #s,
= pr(2orq — prt) + Pr@(3prr — Prqt) + Prq(Prt — 3prqt) + Pr(Prar — Pri) — PrPkL,
(A.9)

for k#r, [ =s,
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= Prs(206@ — Pr1) + Prqs 3Pkt — Pe@) + Pr@i(Prs — 3Pk4s) + 4s(PR@ — Pri) — QPks,

(A.10)
for k=r, l#s,
where i =3k + [ and j = 3r + s for k,I,r,s =0,1,2.
Proof. For the terms dy; inside U,, defined in (3.2) it holds
i = /mi (P — prt) = Pr(@ — @) — @(Dk — i) + (pra — prar)] + Op(n'7?).
Denote elements of the (finite sample) variance matrix of U, by v;s, where ¢ = 3k + | and

J=3r+s, with k,l,r,s = 0,1,2. Just like any other variance terms, the elements v}’ have the

form v} = E(dxi — Edgi)(drs — Ed,s), where the terms (dg; — Edy)(drs — Ed,s) equal

my [(ﬁkl — k1) (Prs — Prs) — Pk(@ — @) (Drs — Prs) — Pr(Drt — Pra)(@s — qs)
— @(Pk — i) (Prs — Prs) = 4s(Pht — pra) (Dr — pr) + Prepr(@ — @) (@5 — gs) (A.11)

+ qds(Br — pi) (Br — pr) + 2r @t (Br — Pi) (@ — ¢5) + ras(@ — @) (Br — pr)] + Op(n/?).

Working out the expectations of the individual terms in (A.11) by considering the different

combinations of k, [, r, s and combining the results yields (A.7) — (A.10). O

LEMMA A5 Let S, and U, be defined by (3.5) and (3.2), respectively. Denote by Cgy the
asymptotic covariance matrix under HSpi of S,, and U,, and let m/n — v € (0,1) and my/m —

0 € (0,1) as n — oco. The columns csxy, £, =0,1,2, of Cgyy are
ot = (/7)Y (dwt — pray” > dquj_l/Q —ap* X dap; %), (A.12)

where di; = W\ (Bo + 81k + Bal) z(k, 1) w1, 2(a,b) = (1,a,b,2(a, b)), ¥i(z) = e % /(1 +e7%)2,
pe=PX=k|A=1),qg=PY =l|A=1)andmy =1P(X =k, Y =1|A=1)+(1—y)P(X =
kE, Y =1|A = 0). In other words, mx; are the genotype frequencies in a case-control population

with the prevalence of the case phenotype (A = 1) equal to ~.
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Proof. Since (S!,, (Un — EU,)") and (S),, Z!;) have the same asymptotic distribution, we can
determine Cgy by calculating cov(S,,, Z,1), which in turn can be determined by calculating
cov(Sy, Dki), cov(Sy,px) and cov(S,,q). Similarly to the proof of Theorem A.3, write S, =

n~Y23" (Ai—T9) 2(X;,Y:) and Py = my ! > j—1 Bildj Iix;—k, v,=1}- By taking the expectation
when calculating cov(Sy,, pr;) the cross-product terms with ¢ # j drop due to independence of

individuals. Since also ES,, = 0 under Hg™, the calculation of the covariance boils down to

= E((a )2(X1, Y1) At I, =, vi=1})
= E(E((A1 — 99) 2(X1, Y1) At Ipx, i, viry | X1,17))
= E(E((A1 — )AL | X1, Y7) 2(X1, Y1) Iix, —k, vity)
= E(2i(1 ) 2(X1, Y1) I x, =k, vi=1})
= E(W1(Bo + BrXs + oY1) 2(X1, Y1) I, =k, vi—1y)

= U (Bo + Bik + Bol) 2(k, 1) E I x, =, vi =1}

= Wi (Bo + Bk + Bal) 2(k, 1) T,

where we used ¥/ (z) = ¥9(z)(1—¥Y(x)). Finally, since pr, = >, pr and g = Y. Prs, the columns
of the covariances cov(Sy,px) and cov(S,,q) are cx. = Zj crj and ¢y = >, ci, respectively.

Combining these results with (A.5) finally yields (A.12). O

A.4 Choice of S1 level and sample split ratio

In this section we present a theory based method for choosing the input parameters «; and §
in our two-stage methods by maximizing the overall power. For the sake of simplicity, we focus
on testing B3 = 0 against the one-sided alternative 83 > 0 using a two-stage procedure based on
T4 and D,,, which we refer to as Pcas—DS. We consider a multiple testing scenario where a vast
majority of the interaction hypotheses HS{)i, ceey HS%’ are true. Consequently, K is approximately

equal to a1 K. For the theory below we also assume no background dependence, which means
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that all of the dependence between the genotypes is attributable to the presence of interaction.
Such assumption is realistic for loci far enough from each other on the genome (such as located
on different chromosomes).

Focusing on the power function of the Pearson chisquare statistic 74, according to Cohen

no
(1988) for large sample size the distribution of T is well-approximated by the non-central
chisquare distribution with non-centrality parameter 75 = ||u|?, where u = (px1)r, and pg =
Vom (pr —prq)/+/Prqi- Its limiting power function is OV (ay,6) =1-G(G ' (1—ay,4,0),4,75),
where G(+,4,7n) is the non-central chisquare-four distribution function with non-centrality param-

eter . Given that 75 is a simple function of pg;, under the LRM it is a matter of straightforward

arithmetics to express it as a function of 83. Doing so yields

2
smy" [0 = (3, iy i)™ 32, 5 mgmia Wiy Wt
= m - -
' k.l > TriTa Vi Wa ’

where Uy = U(Bo+S1k+P2l+Gskl) and iy = P(X =k, Y =), m. = P(X =k),n, =P =1),
which are the genotype frequencies in a hypothetical case-control population with the same
prevalence of A =1 as in the case-control sample at hand.

Next we determine the power of the score test based on D,,. We focus on the local alternative
of type B3 = h/y/ny for some h > 0, where ny = n —m; is the size of the sample size underlying
D,,. The limiting power function of D,, is I (a;,6) = 1 — ®(®~'(1 — a/(a1 K)) — Fh), where
® denotes the standard normal distribution function and F' is the slope of D,,. The slope of the
score statistic D,, can be determined using Theorem 15.4 and Addendum 15.5 in Van der Vaart
(1998) as F = (eﬁll&le4)_1/2, where lg, is the null hypothesis FIM and ¢4 = (0,0,0,1)". Due
to the independence of two tests the limiting power function of the combined test is II(aq,d) =
W (ay,8) IP®(aq, ). By maximizing this power function with respect to o and § we can obtain
suitable values for the two input parameters. The optimization requires as input the distribution
of genotypes in the general population (via 7y;), the values of Sy, 51, B2 and finally the value of

B3 towards which the method is tuned, which can all be reasonably specified by the user.
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A.5  Fisher-type p-value combination method

In the real data analysis of Section 5 instead of merging the four cohorts directly we instead
combined the p-values using the weighted Fisher combination method (Fisher (1932), Box (1954)).
For a general set of k p-values p1,...,pr the combination method utilizes the statistic F' =
-2 Zle w; log p;, where the weights w; are based directly on the sample sizes underlying each

p-value. The null hypothesis distribution of F' is given by Theorem 2.4 of Box (1954).
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