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1 RAmMPART Pseudocode

In the main manuscript, we presented the essential idea behind the Region-based Adap-
tive PARallel Tempering algorithm (RAmPART) and its structure. In this section, we
provide the pseudocode of (RAmMPART) and default values for its inputs. Warm-up
and sampling phase are presented individually. In the warm-up phase, an adaptive
parallel tempering algorithm is used to gather a sample to estimate the parameters
of a Gaussian Mixture Model (GMM) (Figure 1). In the sampling phase, the Gaus-
sian mixture model is used to initialize a region-based parallel tempering algorithm
which adapts the regional proposal covariances (Figure 2). In the pseudocode, we
denote the number sample iterations N, the chain initialization point 0[0]7 the initial
proposal covariance matrix C, the initial inverse temperature latter 8 (with 8; = 1
and 81, = 1/Timas), the number of parallel tempered chains L, the maximum number
of regions Ry,qz, the number of cross validations when training the GMM N, the
adaptation parameters «, v, and 7, and the fraction of global proposals compared
to local proposals p,. Please note, we are using a heuristic for initializing £, which
is based on the discussion in [5] and personal experience. An overview of all input
parameters is shown in Table 1. The algorithm returns the posterior parameter chain
0[10], . 0[1N’ Uas well as the corresponding posterior values pl%, . .. p[lN_
of all output parameters is provided in Table 2.

1 .
I An overview

2 Running the warm-up phase in practice

In order to sample efficiently during the sampling phase, RAmPART first gathers a
training sample in its warm-up phase. The training sample is used to train a GMM
capturing the features of the underlying posterior landscape. To ensure robustness,
(C1) the training sample has to be sufficiently representative for the posterior topology
(e.g. multiple modes or pronounced tails have to be roughly covered) and (C2) the
EM algorithm has to converge to a reasonable optimum.

To ensure that C1 holds, sufficiently many parallel chains, sufficiently many warm-up
iterations and an appropriate maximum temperature 7,,4, are required. C2 can be en-
sured by initializing the EM algorithm for the fitting of the GMM at sufficiently many
starting points. In practice we found that it is more difficult to ensure C1 than C2.
For the presented benchmark examples and biological applications, Nygrmtp = 10°
samples and Ny, = 5 led to good results in all runs.

Should RAmPART fail to obtain a reasonable GMM in its warm-up phase, the sam-
pling performance during the run is comparable to that of an adaptive PT algorithm.
There is a computational overhead caused by training the GMM and the assessment
of the region during the sampling phase. However, this computational overhead is
negligible if the evaluation of the point-wise evaluation of the posterior distribution is
computationally demanding.



Algorithm 1: Warm-up Phase

input :N,O[O],C,ﬁ,L,RmamNmp,ﬂ,Vnﬂf
output: R,O[N’l],w,u,zﬂ,myc

// Initialize

for /< 1 to L do

L

N+ 1,my 0%

pe = m(8"|D)

for i+ 0 to N —1do

// Random walk step
for /< 1 to L do
Propose parameter 8’ ~ N (05;] |me, TI?Cz)
Evaluate posterior p’ < m(8'|D)
Acceptance chance p < (p /pe)*
Draw uniformly v ~ U([0, 1])
if v < p then
L o o'
| Lpe=p
// Random walk proposal density adaptation
for /< 1 to L do
oM = 1/(1+i)°
my «— (1 —~Mym, + W[L]GL’]
Ce (1= ANCe+ 1118 = me) (0 — me)”
e <— Ne €Xp (7[1] (p— 04234))

// Chain swapping
for ¢ < L to 2 do
ABp—1  Bo—1— Be
Swap probability pswap,e—1 < (Pe/pe—1
Draw uniformly w ~ U([0, 1])
A1 (W < Pswap)
if A;,_; then
Op < 0o_1
L De &> Pe—1

)Aﬁi—]

// Temperature adaptation
& v (e + 1+ vr)
for /<1 to L —2 do
ASp — kU(Ap — Apy1)
L AT <= 1/Be41 = 1/Be
for £+ 2 to L —1do
| Be+ 1/ ) ATt exp(ASu—1)

// Train GMM
for k <~ 1 to Nyeplicates do

for n < 1 to Rz do
Fit GMM Wk, fhy, g5 Bnsk < EM—Algorithm(ego], . ,GENJ; n,random seed k)
BIC,  —2log ( N GMM (03"]\11:”,,@, . zmk)) 4
nlog (N) ((n —1)/n + 2dimg +(dimg —1) dimy /2)

Select best GMM (R, K) + argmin (BICy x)
n,k

Define regions w, u, 3 <~ wr, Kk, B x, ZR,K

Figure 1: Pseudocode for warm-up phase of RAmPART.




Algorithm 2: Sampling Phase

input : N, Nuarmup:6'”,C,B,L, Rmaz, Nrep, @,z 17Dy
output: non-tempered parameter chain 9[10]7 aoa GQNA],

non-tempered posterior values p[ol, . .p[lN_l]

// Run warm-up phase
(R.6°, w,u,2,8,m,C) « WarmUpPhase (Nuarmu, 6, €, 8, L, Rrnaz, Nrep, 0, v,,717)

// Initialize
for /< 1 to L do

New region label 7,0p ¢ ¢ argmax (N (91[,0] (/7. wTET))
r

pe = m(6°|D)
for r < 1 to R do
Local proposal parameters 1, <= 1,m¢, < m,Cy, < C
t Adaptation times jg,,» < 0

for i <~ 0 to N — 1 do

// Random Walk Step

for { < 1 to L do

Set old region label r¢ < rprop ¢
Adaptation fading je,r, + +
Draw uniformly u ~ U([0, 1])

if u < 0.5 then

| & ~ N (6] Imer i, Ot )
else
t o ~N (eyl [, n?cf)
Get new region label 7pr0p,¢ < argmax (N (6’ |p,., wr2,))

Evaluate posterior p’ + m(68'|D)
Forward probability Tyor — (1 — pg)N (0'(0¢,Cr.r,) + pgN (6'|6,, Cy)
Backward probability Thack < (1 — pg) N (6c]6", Cz,q-p,opl) +pgN (6:|6',C)
Acceptance chance p < (p'/m)m (Toack/Tsor)
Draw uniformly v ~ U([0, 1])
if v < p then

L ol — o'

pe=p

// Random walk proposal density adaptation
for /<1 to L do
¥ =1/3gy,
me,,  (1—)me,, + "/9[;]
Ciry + (L= 7)Coir, + (0 —mir,)(0F — m,,)”
L ey < e exp ((p — 0.234))
// Chain swapping
for ¢ <+ L to 2 do
ABe—1 < Be-1 — Pe
Swap probability pswap,e—1 < (Pe/Pe-1)
Draw uniformly w ~ U([0, 1])
Ap—1 ¢ (w < Pswap)
if Ay, then
Op <> 0p_1
\; Pe £ Pe—1

Tprop,t < Tprop,t—1

ABg—1

// Temperature adaptation
K v/ (-G + 1+ vr))
for /< 1to L—2do
L ASy n[i](A/ — Agy1)
A7y 4 1/Bes1 — 1/Be
for { < 2to L —1do
| Bee 1/, ATt exp(ASi—1)

Figure 2: Pseudocode for sampling phase of RAmPART.




3 Benchmark Problems

3.1 20-dimensional Gaussian mixture distribution

As mentioned in the main manuscript, the 20-dimensional Gaussian mixture distribu-
tion is given by

T (0]D) o (ZN(( ) (”;)z)) ﬁ/\/(ej%,a?), (1)

with g, = (=50, —50)*, py = (50,50)!, & = 250 (_11 _11> +1 G D and o = 1.

The box constraints are summarized in Table 3.

3.2 20-dimensional blurred ring distribution

The 20-dimensional blurred ring distribution is defined by

20
Teing (0]D) oc N (r(0)lr0,07) T M (6510, 0%) (2)

Jj=3

with () = /0% + 03, 0 = 1, ro = 50 and o, = 5. The box constraints are summarized
in Table 4.

4 Application Problems

4.1 mRNA Transfection
We consider the ODE model for mRNA transfection introduced by [2]

[GFP] = kr[mRNA] — B[GFP], [GFP(t)] = 0, (3)
[MRNA] = —§[mRNA], [MRNA ()] = mo, (4)

in which [GFP] denotes the concentration of green fluorescent protein and [mRNA]

denotes the concentration of mRNA of green fluorescent protein. The mRNA is re-

leased in the cell at ¢ty and the initial concentration is mg. The mRNA is translated

with rate krp. Degradation rates for mRNA and protein are § and f3, respectively.
The analytical solution for the ODE model is given by

0, t <to,
moexp(—d(t — to)), otherwise,

[mRNA(t)] = { (5)



and

0, t <to
[GFP(t)] = { krrmo (exp(=B(t — to)) — exp(=6(t — t0))) / (6 — ), t>toNOF#p
kTLmO(t—to)exp(—é(t—to)), tZto/\(S:ﬁ

(6)

The experimental data were collected for [GFP(¢)] at 150 time points in the time
interval ¢ € [2,27] hours [2]. For such data, the parameters kry, and myg are structurally
non-identifiable, as [GFP(¢)] merely depends on the product k = kypmg. We address
this problem by estimating merely . In addition, 5 and § are only locally structurally
identifiable. The values of the two parameters can be interchanged without altering
the observable [GFP(t)]. In previous studies, it was assumed that the mRNA half-life
is smaller than the protein half-life, implying 5 < 4. As this is not necessarily correct,
we do not apply this constraint.

Simulation and data are compared using an error model assuming the measurement
noise is normally distributed with standard deviation o. As o is unknown, it is taken
into account as an additional parameter for parameter estimation. The parameter
constraints are reported in Table 5.

4.2 JAK2/STATS Signaling

We consider the ODE model for JAK2/STATS5 signaling introduced by [3], which is
based on the original publication by [4]. The ODE model is defined by

%[STAT] = (Quue - Pa - [DSTATs] — Qe - [STAT] - p1 - u(t)) /Qeye (7)
%[pSTAT] = [STAT] - p1 - u(t) — 2ps - [pSTAT)? (8)
%[pSTATZ] = py - [PSTAT)? — p3 - [pSTAT2] (9)

%[npSTATQ] = —(Quuc - pa - [DpSTATmMPSTAT] — Qe - p3[PSTAT2])/Qpue  (10)

%[nSTATl] = —pa([nSTAT;] — 2[npSTAT?2]) (11)
%[HSTATQ] = pa([nSTAT, | — [1STATy]) (12)
%[HSTATg] = pa([nSTATS] — [1STAT;]) (13)
%[HSTAm = pa([nSTAT3] — [ISTAT,]) (14)
%[HSTAT5] = pa([nSTAT,] — [1STAT;]) (15)



in which w is the time dependent level of phosphorylated Epo receptor and the initial
conditions are defined by x(0) = 0 for all states except for [STAT](0) = [STAT]:ot-
The phosphorylated Epo receptor initiates JAK2/STATS5 signalling and we model it
using a cubic spline function. This function has the values u(0) = sp1, u(5) = spa,
u(10) = sp3, u(20) = spy, u(60) = sps.

For the process, we have measurement data for the amount of phosphorylated STAT
and total STAT in the cytosol,

YipsTaT) = Opstat) + Spstat)/[STAT] o ([PSTAT] + 2[pSTAT2]) (16)
Y[tSTAT] = O[tSTAT] + S[tSTAT]/[STAT]tOt([STAT] + [pSTAT] + 2[pSTAT2]) (17)

and the concentration of phosphorylated Epo recptor

y[pEpoR] = U(t) (18)

The unknown parameters of the models are @ = (p1, pa, p3, P4, [STAT]tot, SD1, SP2, SP3,
P4, 5P5, Ofstar], OpSTAT], S[HSTAT]> S[PSTAT]> O[pSTAT]» OtSTAT]> OlpEpoR])’, the vol-
umes of cytosol and nucleus (¢, and €2,,,,¢) are treated as constants. All parameters
are estimated in log-space. The box constraints are defined in Table 6.

5 Additional Summary Statistics

In addition to the summary statistics in the main manuscript, we assessed the overall
running times (Table 7) and the number of runs which provide a representative sample
(Table 8). For the calculation of the computation times, all runs were considered
regardless of whether they provided a representative sample or not. We define a run
as converged, if it has ESS > 0 after applying the analysis pipeline introduced in [1].
Since PT and RAmPART were executed with multiple parallel chains (40, 40, 30, 60
for Gaussian mixture, blurred ring, mRNA transfection and JAK2/STATS5 signaling),
the computation times differ by orders of magnitude.

Remark: The summary statistics reported in the main manuscript, we calculated
either

ESS;un = ESSrun . EQall runs (19)
or
(ESSrun/trun)/ = ESSrun/trun . EQall runs (20)

for each run, which was identified to explore the posterior. Here, FQ a1 runs denotes the
fraction of runs of a certain algorithm which provided a representative sample (please
refer to [1] for an in-depths explanation).

In comparison to PT, RAmPART requires a warm-up phase which increases the
computational cost. In the warm-up phase, a ”small“ sample is generated and used
to train a GMM for defining the regions for the sampling phase. Figure 3 shows the
absolute running times of all algorithms for the benchmark problems and the biological
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Figure 3: Running time comparison between RB-AM, PT and RAmPART.

applications.

The 20-dimensional blurred ring, the 20-dimensional Gaussian mixture and the mRNA-
Transfection example have a swift objective function evaluation, as no ODE has to be
solved numerically. For these examples, the computation time increases due to the
overhead generated by RAmPART. For the JAK2/STATS5 model, the additional com-
putational effort is small compared to the objective evaluation. This is probably the
most realistic scenario for parameter estimation problems in systems biology. How-
ever, as shown in the main manuscript, for all presented benchmark problems and
biological applications, this computational overhead is worth the effort, as the overall
ESS/s increased.
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Table 1: Default input parameters used in RAmPART.

Description Symbol Default Value

Number of sampling iterations N 106

Number of warm-up iterations NyarmUp 10°

Initial chain positions 9&0} Initial chain positions

Initial covariance matrix C 109 -1, T Identity matrix

Number of tempered chains L 20

Maximum temperature Tmaz 2000

nitial i Loi-i i (1/1000)) "%

nitial inverse temperatures Jé; 1/ ( =T+ 755 Tmaa )
fori=0,..,L—1

Maximum number of regions allowed Roaz 10

Number of EM runs on the training sample N, 5

Covariance adaptation velocity factor Q@ 0.51

Temperature adaptation velocity factor 1 vy 103

Temperature adaptation velocity factor 2 Nr 10

Global proposal density contribution factor pg 0.5

Table 2: Output parameters used in RAmPART.

Phase Description Symbol
Warm-up  Selected number of GMM modes R

Warm-up Last chain position in warm-up phase @IV~
Warm-up  Selected GMM mode weigths w

Warm-up Selected GMM mode centers I

Warm-up  Selected GMM mode covariances by

Warm-up Training sample mean m

Warm-up Training sample covariance C

Sampling Non-tempered parameter chain 09;0], e 9[1N_1]
Sampling Non-tempered posterior values p[10]7 - p[lell

Table 3: The parameter constraints for the 20-dimensional Gaussian mixture

distribution.

Parameter Name

amin

amacx

9Gauss,1720

-100

100




Table 4: The parameter constraints for the 20-dimensional blurred ring distribution.

Parameter Name 0,50,  Omax

9Ring,172 -200 200
O Ring,3—20 -20 20

Table 5: The parameter constraints for the model of mRNA transfection.

Parameter Name 0, Omaz

10g10(t0) -2 1
1og10(kTLmo) -5 5
log0(8) -5 5
logy4(9) -5 5
logqo(0) -2 2

Table 6: The parameter constraints for the JAK2/STATS5 signaling application.

Parameter Name 0,5 Omaz

p1 -5 5
D2 -3 6
D3 -5 5
yo -3 6
[STAT] tot -5 5
Sp1 -5 5
Sp2 -5 5
Sp3 -5 5
Sp4 -5 5
Sps -6 5
O[tSTAT] -5 5
O[psTAT] -5 5
S[tSTAT] -5 5
S[pSTAT] -5 5
O[pSTAT] -5 5
O[tSTAT)] -5 5
O [pEpoR] -5 5
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Table 7: Summarized running times per iteration. This includes runs which were not
able to converge as well.

Gaussian Mixture Blurred Ring mRNA Transfection JAK2/STATS5 Signaling

RB-AM 1.4-1071 1.2-10°1 75102 2.6-1071
PT 1.4 2.1 1.1 2.7-10!
RAmPART 3.0 3.7 1.6 2.5-10!

Table 8: Summarized the number of converged runs in each of the examples. Any
chain which has a non-vanishing ESS counts as converged. In total, 100 runs
were started.

Gaussian Mixture Blurred Ring mRNA Transfection JAK2/STATS5 Signaling

RB-AM 0 0 0 0
PT 90 12 100 86
RAmPART 95 25 100 99
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