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Abstract

This paper is concerned with the uniqueness, existence, partial smoothing effect, comparison principle
and long-time behavior of solutions to the initial-boundary value problem for a unidirectional diffusion
equation. The unidirectional evolution often appears in Damage Mechanics due to the strong irreversibility
of crack propagation or damage evolution. The existence of solutions is proved in an L2-framework by
employing a backward Euler scheme and by introducing a new method of a priori estimates based on a
reduction of discretized equations to variational inequalities of obstacle type and by developing a regularity
theory for such obstacle problems. The novel discretization argument will be also applied to prove the
comparison principle as well as to investigate the long-time behavior of solutions.
© 2018 Elsevier Inc. All rights reserved.

MSC: primary 35K86; secondary 35K61, 74A45

Keywords: Unidirectional diffusion equation; Damage mechanics; Discretization; Variational inequality of obstacle
type; Regularity; Subdifferential calculus

* Corresponding author.
E-mail addresses: goro.akagi @tohoku.ac.jp (G. Akagi), mkimura@se.kanazawa-u.ac.jp (M. Kimura).

https://doi.org/10.1016/j.jde.2018.05.022
0022-0396/© 2018 Elsevier Inc. All rights reserved.


http://www.sciencedirect.com
https://doi.org/10.1016/j.jde.2018.05.022
http://www.elsevier.com/locate/jde
mailto:goro.akagi@tohoku.ac.jp
mailto:mkimura@se.kanazawa-u.ac.jp
https://doi.org/10.1016/j.jde.2018.05.022
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jde.2018.05.022&domain=pdf

2 G. Akagi, M. Kimura / J. Differential Equations 266 (2019) 1-43

Contents
1. Introduction and main results . . . .. ... ... 2
L1, IntroduCtion . . . .. oottt et e e e e e 2
1.2.  Problemand mainresults. . . .. .. ... ... 5
1.3.  Outline of the paper and notation . .. .. ... ... .. ...ttt 10
2. Regularity theory for variational inequalities of obstacletype . ....................... 12
2.1.  Mainresults of this section. . . .. .. ... ... 12
2.2. Proof of Theorem 2.1 . . ... . . 14
2.3. Proof of Theorem 2.2 . . . . . . . . .. 20
3. Reduction to an evolution equation and the uniqueness of solution. . . .. ................ 21
4.  Existence of solutions and comparison principle . ... .......... .. .. .. oo 25
5. Long-time behavior of solutions . . . .. ... ... .. .. 33
6.  Other equivalent formulations . . ... ... ... ... e 37
Acknowledgments . . . ... ... 39
Appendix A.  Some auxiliary facts . . .. .. ... 39
References . . . ... 41

1. Introduction and main results
1.1. Introduction

Dynamics of various phase transition phenomena are described by phase-field approaches,
where a phase (or order) parameter is introduced to specify the state of phase and their dynam-
ics are often described in terms of gradient flows of appropriate free energy functionals (e.g.,
Cahn—Hilliard and Allen—Cahn equations). Phase-field approaches are also applied to Damage
Mechanics. On the other hand, by reflecting a significant feature of damage phenomena (e.g.,
crack propagation and damage accumulation), evolution of damage is constrained to be unidi-
rectional. Indeed, crack propagation is an irreversible phenomena, and particularly, cracks in
a specimen or the damage of a material (e.g., microcracks which break or weaken bonds of
microstructures) never autonomously disappear nor decrease. Therefore evolution of phase pa-
rameters (e.g. damage variable) are usually supposed to be unidirectional, i.e., nondecreasing
or nonincreasing (see, e.g., [20,28,36,38,39,46,57,56,35,13,14]). Such unidirectional evolution
processes are often described by gradient systems (in PDE forms) involving the positive-part
function, s — (s)+ := s vV 0 =max{s, 0} for s e R.

In order to find out mathematical features of such gradient systems with unidirectional con-
straint, in this paper, we shall treat, as a simplest case, the evolution of u = u(x, t) governed by
the following fully nonlinear PDE,

du=(Au+f),, forxeQ, t>0, (1)

where 2 is a bounded Lipschitz domain of R” with n € N, d,u = du/dt, A stands for the
n-dimensional Laplacian and f = f(x,t) is a given function. More precisely, the main pur-
pose of this paper is to prove the uniqueness, existence, partial smoothing effect and comparison
principle of strong solutions u = u(x,t) of the initial-boundary value problem for (1) and to
reveal the asymptotic behavior of u = u(x, ) as t — oo.
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Solutions of (1) exhibit unidirectional nature, more precisely, the non-decrease of u = u(x, t)
in ¢, since the right-hand side of (1) is non-negative due to the presence of the positive part func-
tion. Such unidirectional evolutions appear in various fields of natural sciences and engineering
fields. Here let us briefly discuss a couple of complete models which arise from Damage Me-
chanics and involve the unidirectional constraint, although it may be beyond the scope of the
present paper. In [57] (see also [56]), Takaishi and Kimura proposed the following phase field
model of crack propagation which contains a unidirectional evolution equation of diffusion type:

ayw; = pdiv ((1 — u)ZVu)> in Q x (0, 00), )

y(x)

U = (sdiv(y(x)Vu) — u+ ;L|Vw|2(1 — u)) in 2 x (0, 00), 3)

+

where w = w(x, 1), u = u(x,t), u >0, y(x), and ¢ > 0 denote a scalar anti-plane displace-
ment of a two dimensional elastic plate 2 C R2, a damage variable, a shear modulus, a fracture
toughness, and a regularization parameter, respectively, and o > 0, @y > 0 are given constants.
More precisely, in view of numerical analysis, they introduced a phase parameter (or damage
variable) u = u(x, t) € [0, 1] describing the crack configuration (e.g., u & 1 and u =~ 0 mean “to-
tally cracked” and “not cracked” states, respectively). Since crack propagation is a unidirectional
phenomenon and u(x, t) is thereby supposed to be nondecreasing, the evolution of the damage
variable u is often described by means of an evolution equation with the positive-part function
such as (3). Several numerical computations for the crack propagation model stated above are
shown in [57].
The mathematical model (2) and (3) is derived as a gradient flow of the following energy:

M 2 2 1 2 u?
fg(w,u)—E (1 —u)"|Vz| dx—l—i y(x) | elVul +? dx.
Q Q

This is a kind of Ambrosio—Tortorelli regularization [6,7] of the so-called Francfort—Marigo
energy, which describes a quasi-static evolution of brittle fractures in elastic bodies based on
Griffith’s criterion (see [25] for more details). This type of regularized energy is also considered
in the context of the minimizing movement model for crack propagation [28] and the conver-
gence of the regularized minimizing movement to a quasi-static brittle fracture model as ¢ — 0
is proved there. The constant o1 in (2) is often chosen as «; = 0, which corresponds to the
quasi-static crack propagation. We refer the readers to [36,57] for the case a; > 0 (see also [20]
for a minimizing movement version). Recently, rate-independence of evolution of u has been
also taken into account (see [38—40] and references therein). To the best of authors’ knowledge,
existence of solutions to the full system (2), (3) above has not yet been fully pursued, although
some modified models have already been well studied in several directions (see, e.g., [15,16,50]).
Equation (1) can be regarded as a simplified one of (3), and the theory which will be established
in the present paper may shed new light on studies on the solvability for more complicated equa-
tions including (2), (3) with the aid of fixed point arguments. In such a point of view, it is also
meaningful to consider (1) under assumptions for f as weak as possible.

In mathematical points of view, (1) is classified as a fully nonlinear PDE, which is not fit for
energy methods in general; however, by employing a (multi-valued) inverse function of the pos-
itive part function (- )4, (1) can be formulated as a sort of doubly nonlinear evolution equations,
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du+a@u)—Au>s f ae. inQ x (0, 00), )

where « is a (multi-valued) maximal monotone function in R given by «(0) = (—o0, 0] and
a(s) = {0} for any s > 0 with the domain D(«) = [0, c0) (see Section 3 below for more details).
Equation (4) is fitter for energy methods and monotone techniques. On the other hand, in view
of the Lz-theory of evolution equations, two operators v — «(v(-)) and v — —Av (defined
for v € L?(R)) are unbounded in L2(2), and hence, it is more delicate to establish a priori
estimates for proving the existence of strong solutions, as compared with standard equations
without unidirectional constraints, e.g., the classical and nonlinear diffusion equations.

The nonlinear PDE (4) may fall within the frame of abstract doubly nonlinear evolution equa-
tions in a Hilbert space H of the form

AW@u(t)) +aPut) > f(t) inH, 0<t<T, (5)

where W and 09 denote the subdifferential operator of functionals W : H — (—o0, oo] and
®: H— (—o0, 00], respectively. In a thermodynamic approach to continuum mechanics, W and
@ are often referred to as a dissipation functional and an energy functional, respectively. To
reduce (4) into the form (5), we set u(t) := u(-, t) and particularly choose

1 1
H=L*Q), W(v)=§/|v|2dx+l[‘zo](v), q>(v)=§/|w|2dx for ve H,
Q Q

where I} . > is the indicator function over the set {v € L%(Q): v>0 ae.in ©}. Then we note
that both subdifferentials oW and 0® are unbounded in H. Let us briefly review the previous
studies on abstract doubly nonlinear evolution equations such as (5). Barbu [12] proved the
existence of solutions for (5) with two unbounded operators 0\W and d® by using the elliptic-in-
time regularization and by imposing the differentiability (in ¢) of f. This result was generalized
by Arai [8], Senba [54] and so on. In these papers, the term oW (0,u(¢)) is estimated by dif-
ferentiating the equation and by testing it with 0W(d,;u(¢)). Therefore the differentiability of
f and regularity of initial data (more precisely, f € W1(0, T; H) and ug € D(d®) in [8])
are essentially required, and moreover, some strong monotonicity condition (i.e., the so-called
dW-monotonicity) is also imposed on d®. Similar methods of establishing a priori estimates are
also used in individual studies on irreversible phase transition models (see, e.g., [17]). On the
other hand, Colli and Visintin established an alternative approach to (5) in [23], where oW is
supposed to be bounded and coercive with linear growth instead of assuming the regularity as-
sumption on f and the dW-monotonicity of d® (see also [22]). Their framework would be more
flexible in view of applications to nonlinear PDEs and has been extensively applied to various
types of doubly nonlinear problems. Moreover, their framework has been generalized in various
directions, e.g., perturbation problems, long-time behaviors (see, e.g., [1,49,48], [51, Sect. 11],
[55,53,47,52,2-5]). However, due to the unboundedness of d\W, (4) seems to be beyond the scope
of the latter approach. On the other hand, the former approach due to Barbu and Arai is appli-
cable to (4), provided that f € Wh1(0, T; L?>(2)) and ug € D(3®) C H*(R2). Aso et al. [9,10]
also treated an irreversible phase transition system in a different fashion (see also [26]); how-
ever, the regularity conditions f € W20, T; H) and ug € D(3®) are also assumed there. As
for (1) with f =0, one can also find some result in [37]. Moreover, in [29,30], some abstract
framework is developed based on the so-called Minimizing Movement and it is also applicable.
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We further refer the reader to a recent paper [45], where a waiting time effect is studied for the
one-dimensional equation on the real line.

In this paper, we present a novel approach to (1) (or equivalently (4)) by introducing a refor-
mulation of discretized equations for (1) by means of elliptic variational inequalities of obstacle
type. Moreover, by developing a regularity theory of such elliptic obstacle problems, we shall
establish new a priori estimates for (1) (or (4)) and prove “partial” smoothing effect of solutions
without assuming the differentiability (in #) of f. Such a relaxation of the regularity assumption
on f may bring some advantage to develop a perturbation theory (towards, e.g., a crack propaga-
tion model in [57]). We also stress that, to our knowledge, no smoothing effect has been proved
so far for doubly nonlinear evolution equations of type (5). Moreover, the novel discretization ar-
gument will be also applied to investigate the long-time behavior of solutions as well as to prove
a comparison theorem. In particular, we shall provide uniform (in ¢) estimates for solutions by
employing the method of a priori estimates developed in the existence part. Furthermore, some
variational inequality of obstacle type will play a crucial role in asymptotic analysis; indeed, it
will turn out that every solution will converge to the unique solution z = z(x) of a variational
inequality of obstacle type involving the initial data as an obstacle function from below under
suitable assumptions. Here it is worth mentioning that the limit z of the solution u = u(x, t) de-
pends on its initial data ug; indeed, one can construct different limits of solutions for different
initial data and they may be accumulating. On the other hand, the w-limit set of each solution is
a singleton.

1.2. Problem and main results

Let €2 be a bounded Lipschitz domain in R"” with n € N. Let I" be the boundary of €2 and let
I'p and I'y be (relatively) open subsets of I' such that

H T\ (TpUTN) =0, TpNIn=4,

where 7{"~! stands for the (n — 1)-dimensional Hausdorff measure in R”. One of these two
subsets may be empty. In such a case, the other set coincides with the whole of I'. Let v denote the
outward-pointing unit normal vector on I". Main results of the present paper are concerned with
the following initial-boundary value problem for a unidirectional evolution equation of diffusion

type,

du=(Au+f), in Q:=2x(0,00), (6)
u=0 on I'p x (0, 00), (7
u=0 on I'y x (0, 00), (3

lr—o = utg in Q, ©)

where 0, = d/0¢t, f = f(x,t) and ug = ug(x) are given functions of class LZOC([O, 00); L2(2))
and L2(Q), respectively, and d,u := Vu - v denotes the normal derivative of u. Moreover, (-)+
stands for the positive part function, i.e., (s)+ :=s VvV 0 for s € R. If I'p (resp., I'n) is empty, the
corresponding boundary condition (7) (resp., (8)) is ignored.
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Remark 1.1. By change of variable, another unidirectional diffusion equation,

du=—(Au+f)_ in Q, (10)

where (s)_ := (—s) A0 > 0 for s € R, is reduced to (6). Indeed, set v := —u and g := — f. Then
(10) is transformed to

—0/v = —( — Av — g)_ = —(Av + g)+,
whence v solves (6) with f replaced by g.

Remark 1.2. In this paper we focus on homogeneous boundary conditions, since we study (1)
as a simplified equation of (3), which is an evolution equation for phase parameter, and then,
the homogeneous Neumann and Dirichlet conditions seem appropriate from a physical point of
view. From a mathematical point of view, of course, one can extend the results of the paper for
inhomogeneous ones, provided inhomogeneous boundary data can be absorbed by the external
force f(x,t) and initial data ug(x). For instance, replace (7) by u = p on I'p x (0, 00) with a
datum p : 3Q — R which can be extended to a function 5 in H>(2) satisfying 8,0 =0 on I'y.
Then set it :=u — p, g :=ug — p and f := f + Ap and reduce the problem to a homogeneous
boundary problem (6)—(9) with u, f and uo replaced by i, f and iio, respectively. Otherwise,
we may need to modify the regularity theory to be developed in §2, which is not straightforward.

Let us start with defining strong solutions of (6)—(9). To this end, we set up notation. Let
Yo € B(HY(Q), H'/2(I")) denote the trace operator defined on H'(Q) (throughout the paper,
we may omit )y if no confusion can arise). Here and henceforth, B(U, W) stands for set of all
bounded linear operators from U to W. Moreover, define

Vi={ve H(Q): yov=0 H" '-ae.onIp},
X:={ve HX(Q): w(Vv)-v=0 H" 'ae onln},

equipped with the induced norms and inner products, i.e., || - [[v = | - llg1(q) and (-, )y =
G for Vill-lix =1l -l g2y and (-, ) x = (-, ) y2(q) for X. Then V and X are closed sub-
spaces of H!(2) and H*(2), respectively; hence, they are Hilbert spaces. We denote by (-, )y
the duality pairing between V and its dual space V'. If either I'p or 'y is empty, the correspond-
ing boundary condition specified in the definition of V or X above is ignored. Furthermore, we
assume throughout the paper that C () NV is dense in V.

Remark 1.3. The density of C(2) NV in V can be checked for smooth domains as well as for
Lipschitz domains with I'p satisfying appropriate conditions (see [43, Lemma 5.3] and refer-
ences therein). On the other hand, it will be used only in the proof of Theorem 2.4 for the case
where the obstacle function v is not sufficiently smooth (see Remark 2.7). Hence, if uq lies on
H?(), the density is not necessary for the main results stated in this subsection.

We are concerned with strong solutions of (6)—(9) defined by

Definition 1.4 (Strong solution). For T > 0, a function u € C([0, T]; L?(R)) is called a strong
solution of (6)—(9) on [0, T, if the following three conditions are satisfied:
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(i) ueWh20,T; LX(Q)NL*0,T; X NV),
(i1) the equation d;u = (Au + f)4 holds a.e.in Q7 :=Q x (0, T),
(iii) the initial condition u|;—g = ug holds a.e. in 2.

A function u € C([0, 00): L*(£2)) is called a strong solution of (6)—(9) on [0, 00), if for any
T > 0, the restriction of u onto [0, T'] is a strong solution of (6)—(9) on [0, T].

Remark 1.5. One can further derive that u € C([0, T']; V) from (i) by employing a chain-rule
for convex functionals. See Lemma 3.4 below for more details.

We are now in position to state main results, whose proofs will be given in later sections. We
begin with the uniqueness of solutions.

Theorem 1.6 (Uniqueness). Let T >0, ug € V and f € L2(QT). Then the strong solution of
(6)—-(9) on [0, T] is unique.

To state our existence result, we shall introduce some assumptions for the domain €2 and the
boundary I'p, I'n. For A € R, we define a mapping A; € B(V, V') by

(Axu,v)vz/(Vu-Vv+)»uv)dx for u,veV, (1
Q

that is, Ay = —A + A in a weak formulation. It is well known that A; € Isom(V, V') holds if
A > 0 (here Isom(V, V') means the set of all bijective operators in B(V, V’)). Hence one can
define u = A;l g for g € L?(2) as the unique solution u of the elliptic problem in a weak form,

/(Vu-Vv+Auv) dx:/gvdx forall veV,
Q Q

(i.e., Aju = g in V'). Then we assume that

AT'lg e HX(Q) forall ge L*(Q). (12)

Condition (12) is often called an elliptic regularity condition and deeply related to the geometry
of the domain and boundary conditions. Indeed, it holds true for smooth domains with a single
boundary condition (i.e., 'y = ¥ or I'p = (). However, it is more delicate to consider the validity
of (12) for situations with nonsmooth domains or mixed boundary conditions. On the other hand,
in order to take account of physical backgrounds of crack growth models and their numerical
simulations, the regularity of the boundary may be at most Lipschitz continuous, and mixed
boundary conditions seem to be natural as well. We shall give conditions equivalent to (12) in
Proposition 2.8 below.

Remark 1.7. Let us exhibit a couple of examples of 2, I'p and 'y for which the condition (12)
is satisfied.
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(i) f Tp NTN =@ and T is of class C'!, then (12) is satisfied (see Theorem 2.2.2.3 and
Theorem 2.2.2.5 of [33]).

(ii) Let €2 be convex. If I'p =T or I'p = @, then (12) is satisfied (see Theorem 3.2.1.2 and
Theorem 3.2.1.3 of [33]).

(iii) If n = 1 or if  is a rectangle in R? and I'p is a union of some of four edges of I, then

(12) is satisfied. Indeed, since the weak solution u = Al_l g can be extended to an open

neighborhood of Q by reflection, it follows that u = Al_l g€ HX(Q).
Our existence result reads,

Theorem 1.8 (Existence). We suppose that the condition (12) holds true. Let T > 0, ug € V and
f € L*>(Q7) be given and suppose that

Aoug € M(Q)  and  (Agug)+ € L*(Q), (13)

where M(Q) denotes the set of signed Radon measures (see also Notation in §1.3). In addition,
assume that there exists f* € L*(Q) satisfying

fOx,t) < f*(x) ae inQr. (14)
Then there exists a strong solution u = u(x, t) to the problem (6)—(9) on [0, T].
Remark 1.9 (Assumption (13)).

(i) To be precise, the first half of (13) means that there exists u € M() such that

(Aouo,w)vz/wdu forall we VNC(Q).

Q

The second half of (13) means that the positive part 4 of w is absolutely continuous (with
respect to Lebesgue measure) with an L2() density function. On the other hand, the nega-
tive part 4 of y may have a singular part. According to Theorem 1.8, such a singularity of
the negative part disappears by the evolution of solutions. In such a point of view, a smooth-
ing effect partially occurs.

(i) Ifug e VN H*(Q) and (0yup)y =0 "~ '-a.e. on 'y, then (13) holds. Indeed, Aguq can be
identified with 1 € M(Q2) defined by

/wdu = —/wAuodx + /(8,,140)11) dH"™' forall we C(Q).
Q Q 'y
Hence 4 is characterized by

/wd,quz/w(Auo),dx+/(3vuo)+wd’;‘—l”_1

o) Q 'y
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for all w € C(Q) satisfying w > 0. Thus for up € V.N H?(RQ), (13) is equivalent to
(dyu0)+|ry = 0 (namely, the singular part of p vanishes). Moreover, the density function
of 4 is (Aug)—.

Remark 1.10 (Assumptions on f). Condition (14) is weaker than f € L*°(Q7) or f €
WL, T; L2(Q)) (cf. [8]). Indeed, if f € WH1(0,T; L2(RQ)), then f*(x) := f(x,0) +
fOT |0; f (x,t)| dt belongs to L%() and satisfies (14). On the other hand, (14) is stronger than
fri=fVv0eL®0,T;L*R)). In fact, (14) yields fy € L>(0, T; L*>(S2)). However, even if
fr € L0, T; L*(2)), (14) might not hold true. One may easily find a counterexample, e.g.,
fx,)=lx—117%,2=0,1),T=1and0 <o < 1/2.

The following theorem is concerned with a comparison principle for strong solutions of

(6)—(9):

Theorem 1.11 (Comparison principle). Let T > 0 and suppose that (12) is satisfied. For each
i=1,2letuye XNVand f' € L%(Q7) be such that there exists f* € L*(2) satisfying

oV f2(x,0) < f*x) aein Or.

Fori=1,2, let u' =u'(x,1) be the unique strong solution of (6)-(9) with ug = ué) and f = f!
on [0, T]. Ifu(l) < u% ae inQand f' < f? a.e. in Qr, thenu' <u? a.e. in Q7.

The comparison theorem stated above will be used to identify the limit of each solution u =
u(x,t) ast — oo.

Theorem 1.12 (Convergence of solutions ast — 00). Let ug € X NV and assume that (12) holds
and that

(HD) " '(Ip) > 0;
(H2) there exists a function fo € L*(2) such that f — fso belongs to L*(0, co; L?(R2));
(H3) f e L0, 00; L*()), and (14) is satisfied.

Then the unique solution u = u(x,t) of (6)—(9) on [0, 00) converges to a function z = z(x) €
X NV strongly in 'V as t — 0o. Moreover, the limit 7 satisfies

z>ug and —Az> fy ae. inS.

In addition, if f(x,t) < feo(x) for a.e. (x,t) € Q, then the limit z coincides with the unique
solution 7 € X N'V of the following variational inequality:
7€ Ko(ug) :={veV:v>ug ae. in 2},

(VD(uo, foo) /VZ-V(U—Z)dx z/foo(v—Z)dx forall v e Ko(uo).
Q

Q
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Remark 1.13. Assumption (H1) is essentially required to ensure the convergence of the solu-
tion u = u(x,t) as t — oco. Indeed, suppose that I'p =@ (i.e., 'y =I') and set ug(x) = 1 and
f(x,1) = 1. The unique strong solution of (6)—(9) is given by
u(x,t)y=1+1t for (x,t) e Q,
and then, u(x, r) is divergent to oo at each x € Q2 as t — 0.
1.3. Outline of the paper and notation
In this subsection, we shall explain an idea of proving existence of solution and also give an

outline of the present paper. In order to prove Theorem 1.8, we shall exploit a backward-Euler
scheme for (4),

Uk — Ug—1 Uk — Uk—1
+ot<

) —Aug> fi inL*(Q), ureXnV (15)
Tk Tk

for k=1, ..., m through a minimization problem of the functional
1 5 1 2 U1
Jy):=— [ [v|"dx+ = [ |Vv|"dx —{— + fx,v for veV
27 2 T v
Q Q

subject to a constraint
veK(')‘ ={veV:v>ur_| ae. in Q}.

Here we stress that the discretized equation (15) is posed in L?(2), and it is a stronger form
of the Euler—Lagrange equation for Ji, which is posed in V*. Indeed, we shall prove existence
of an L? solution (or strong solution) for (4), which also solves (1) by pointwise equivalence
between two equations. Therefore we shall construct solutions to (15) in the strong form rather
than the weak one. However, to this end, we need to verify further regularity of uy for (15), e.g.,
uy € H?(), which is a classical fact for linear uniform elliptic problems but not obvious for
(15) with such severe nonlinearity. Moreover, (4) (or (15)) involves two unbounded operators in
Lz(Q), that is, @ and the Laplacian. In order to construct L? solutions, we need to control one
of them. Indeed, it is possible if one carries out an energy technique by differentiating equation
in time. However, we shall here avoid this strategy in order to relax the assumption on f. To
overcome such difficulties, we shall rewrite the equation (15) as an elliptic variational inequality
of obstacle type,

Uk — U1
Tk

— Aug < fr, up>up_1 in 2,

(M — Aug — fk> (ug — ug—1) =0 in £,
Tk

through the minimization problem and develop a regularity theory for solutions of the obsta-
cle problem. It is already done in L? spaces for p > n/2 (see, e.g., [37], [34]), however, to the
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authors’ knowledge, there is no literature with an explicit description for p <n/2, which is essen-
tially required in our analysis. Furthermore, we shall also derive the so-called Lewy—Stampacchia
inequality, which corresponds to elliptic estimates for linear uniform elliptic equations, and it en-
ables us to control unbounded operators. The discretization scheme proposed here along with the
regularity theory also play an important role to prove a comparison principle, which is more
difficult to prove directly for (1) and (4), and to investigate long-time behaviors of solutions, in
particular, revealing convergence of solutions and limiting equation.

The organization of the rest of the paper is as follows. Section 2 is devoted to developing the
regularity theory as well as a comparison theorem for variational inequalities of obstacle type. In
Section 3, we discuss a rigorous reduction of (1) to the evolution equation (4) of doubly nonlinear
type in L?(€2) and prove the uniqueness of solutions for the initial-boundary value problem. In
Section 4, we carry out the backward-Euler time-discretization (15) of (4) and construct a strong
solution of (1) by establishing a new a priori estimate based on the regularity theory developed in
Section 2. A comparison theorem for (1) is also proved. The long-time behavior of solutions will
be investigated in Section 5. In the last section, we shall discuss other equivalent formulations of
solutions for (1).

Notation. For each normed space N, we denote by N’ the dual space of N with duality pairing
(g,v)n = n/{g,v)n = g(v) for v € N and g € N'. For Banach spaces U and W, the set of all
bounded linear operators from U to W is denoted by B(U, W). Moreover, the set of all linear
topological isomorphisms from U to W is denoted by Isom(U, W), that is, A € Isom(U, V)
means that A is bijective from U to W, A € B(U, W) and A~! € B(W, U). Furthermore, Hk
stands for the k-dimensional Hausdorff measure in R” fork =1,2,...,n. We alsowrite a Vb =
max{a, b} and a A b = min{a, b} for a, b € R. Moreover, (a)+ :=a Vv 0 and (a)_ :=(—a) VO
for a € R. Hereafter, C denotes a non-negative constant independent of the elements of the
corresponding space and set and may vary from line to line.

For any bounded domain 2 C R*, M () denotes the set of signed Radon measures (i.e., finite
Borel measures) on . We recall that M (Q) is identified with the dual space C(Q) of C(Q) :=
{f:Q — R: fiscontinuous} with the norm ||f||c<§) = sup, g | f(x)]. More precisely, by

Riesz’s representation theorem, for every £ € C ()’ there exists a unique 1 € M (L) such that

(é,f)c@):/fdu for feC(Q).
Q

By the Hahn—Jordan decomposition, every u € M () is uniquely decomposed into two positive
Radon measures denoted by p+ € M(S) such that p and p_ are mutually singular (or singu-
lar, orthogonal, that is, there exist two Borel sets A, B C Qsuchthat ANB =@, AUB = Q and
Ut(A)=pn_(B)=0)and u = pu4 — u_. Furthermore, for 1 < p < oo, any g € LP(2) can be
identified with the absolutely continuous (with respect to Lebesgue measure) u, € M(R) given
by

ug(B):/gdx for Borel sets B C Q
B

(hence g is a density function of u,), which can be also identified with &, € C ()’ in the follow-
ing sense:
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<$g7f>c@=/fdug=/fgdx for f e C(Q).
Q Q

For € M(Q) and g € LP(2), we write  + g instead of u + Mg € M(Q), if no confusion
may arise. Hence L” () C M(Q) ~ C(RQ)’. Conversely, for . € M(), we write i € L (),
provided that p is absolutely continuous (with respect to Lebesgue measure) with a density
function g € L”(R), i.e., u(B) = [, g dx for Borel sets B C Q.

2. Regularity theory for variational inequalities of obstacle type

In this section, based on the approach of Gustafsson [34], we revisit a regularity theory for
variational inequalities of obstacle type. In classical literature on variational inequalities of obsta-
cle type, the W27 (2)-regularity of solutions is often obtained by using a penalization technique
(see,e.g., [37, Chap. 4], [27]). On the other hand, Gustafsson [34] gave a simpler alternative proof
by introducing an auxiliary variational inequality and by proving the coincidence of solutions for
both problems. Let us also remark that, in previous results, it is assumed that W2P(Q) C C(Q)
(namely, p > n/2) in order to utilize the classical maximum principle for linear elliptic equations.

We shall establish a W7 (2)-regularity result for variational inequalities of obstacle type
equipped with a mixed boundary condition by properly modifying the argument of Gustafs-
son [34]. It is noteworthy that we do not assume that W2P(Q) C C(Q), ie., p >n/2, as we
employ Stampacchia’s truncation technique instead of the classical maximum principle. Indeed,
we essentially need to apply the theory for p = 2, and moreover, it is also meaningful as an
independent interest to explicitly describe a regularity theory in any L? framework.

2.1. Main results of this section

Foro >0,let A:= A, € B(V, V') be defined as in (11) (or (16) below). Define a symmetric
bilinear form a(-,-) : V x V — R associated with A by

a(u,v) = (Au,v)y = /(Vu -Vv+4+ouv)dx for u,veV. (16)
Q

Throughout this section, we assume that

o>0 if H'" ' Tp)=0, (17)
which also means that #"~!(I'p) > 0 if ¢ = 0. Under the condition (17), (by the Poincaré in-
equality for the case that o = 0), a(-, -) turns out to be coercive on V x V. Hence A is invertible,

and A~! belongs to B(V’, V). Let f € V' and ¥ € V and define a closed convex subset Ko of
V by

Ko:={veV:v>1yae. in Q}. (18)

We also define a functional J on V by
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J() = %a(v,v)—(f,v)v for veV. (19)
In this section, we shall discuss regularity of minimizers for the problem,
Minimize J (v) subject to v € K. 20)
As we shall show in §2.2, problem (20) is equivalent to the following variational inequality,
ue kKo, aw,v—u)>(f,v—u)y forallve Ky 21

(see Theorems 2.3 and 2.4, which also provide other formulations equivalent to (20) and (21)).
To this end, we sequentially introduce a couple of assumptions with some related remarks below.

(I): Let p € R satisfy

2n
n+2

l<p<oo, p=> (22)

Since the Holder conjugate ¢ := p/(p — 1) of p satisfies ¢ <2* :=2n/(n —2) if n > 3,
and 2 is a Lipschitz domain, by Sobolev’s embedding theorem, the continuous embed-
dings V < L9($2) and LP () = (L9(S2)) — V' hold true. We also note that W27 () is
continuously embedded in H Q) by (22).

(II): As for f and v, we suppose that

felP(Q), veV. (23)
In addition, let us also assume that

Ay e M(Q) and (AY) 4 € LP(Q). 24)

Then Ay — f is identified with some p € M(L) such that
(AY — foo)v =/<pdu=/<pdu+ —/<pdu— =/</>(A1// — f+dx —/<pdu— (25)

Q Q Q Q Q

forallp e VNC (). Here, by Lemma A.l in Appendix, @4 is absolutely continuous
(with respect to Lebesgue measure) and has an L? (£2) density function (simply denoted by

(AY¥ — f)4). See also Remark A.3 for concrete examples of ¥ satisfying (24).
(IIT): Let us also introduce the following assumption:

ATlg e WPP(@) forall g LP(Q), 20

(here we note that (12) is a special case of (26) with p = 2). Condition (26) can be regarded
as an elliptic regularity of weak solutions for the elliptic boundary value problem,

—Au+u=f inQ, wu=0onlp, du=0 only,
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and it holds true in many cases, e.g., smooth domains with 'y = @ or I'p = @ (see,
e.g., [32]). However, the validity of (26) is more delicate, if 2 is not smooth or mixed
boundary conditions are imposed. So we here explicitly assume it.

To take account of boundary conditions, we define a subspace of W27 (2) by

XP — {v c WZ,P(Q): VO(VU) =0 H"il-a.e. on FN}

We are now in position to state main result of this section. The following theorem will be used
for proving Theorem 1.8 in Section 4.

Theorem 2.1 (Regularity of solutions for variational inequalities of obstacle type). Assume that

(17), (22), (23), (24) and (26) are satisfied. Problem (20) (equivalently, (21)) admits a unique
solution u € V. Moreover, it holds that

ueXPNKy, f<Au<fVf ae inS. (27)
Here the inequality above is the so-called Lewy—Stampacchia inequality (see [42]).
We next give a comparison theorem for variational inequalities of obstacle type.
Theorem 2.2 (Comparison principle for variational inequalities of obstacle type). We suppose

that (17) and (22) are satisfied. For i = 1,2, let (f;, ¥;) satisfy (23) and (24) and set Ké ={ve
V:v>vjae in Q). Let u; € V be the unique solution of the variational inequality:

U; GK(S, a(ui,v—1u;) > {fi,v—u;i)y forall veKé (28)
fori=1,2.If fi < fr and Y1 <y a.e. in Q, then u; <us a.e. in Q.

This theorem will be used to prove Theorem 1.11, a comparison theorem for the evolutionary
problem (6), with the aid of a discretization argument.

2.2. Proof of Theorem 2.1
Let us further set up notation. Define
Ki:={veV:Av> finV'}.

Here the inequality Av > f in V' means that (Av — f, ¢)y > 0 for all ¢ € V satisfying ¢ > 0
a.e. in 2. Moreover, define J : V — R by

J() = %a(v, v) = (f,v)y for vev,

where f := Ay € V', In what follows, we shall give several equivalent forms to (20) and (21),
and they will provide additional information of solutions to (20) and (21).
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Proposition 2.3. Suppose (17) and let f € V' and v € V. Then the following five conditions for
u € 'V are equivalent to each other:

(@) ue Ko, J(w) <J) forall v e Ky,
() ue Ko, alu,v—u) > (f,v—u)y forall ve Ky,
(C) MGKOOKL <Au_fau,\_l//)v=0;

(d) ueKkj, ca(u,v—Au) > (f,v—u)y forallv € Kj,
) uekKy, J(w) <JWw)forallveKj.

Moreover, there exists a unique element u € V satisfying all the conditions.

Proof. Since J is a coercive, continuous, strictly convex functional on the closed convex set Ko,
J admits a unique minimizer u over K. Hence u satisfies (a).

We shall prove the equivalence of the conditions (a)—(e). It is well known (see, e.g., [37]) that
(a) < (b) and (d) < (e). So, let us here start with showing that (b) = (c). The condition (b) is
equivalently rewritten by

uekKyg, (Au—f,v—u)y >0 forallve Kj. 29)

For any ¢ € V with ¢ > 0 a.e. in €, substituting v = u + ¢ € Ko to (29), we have
(Au — f, @)y =0, which yields that u € K;. On the other hand, substitute v = ¢ € Ko and
v=2u — Y € Ko to (29). Then one can obtain (Au — f,u — )y = 0. Hence (c) holds.

To prove the inverse relation, (c) = (b), let u satisfy (c¢). For any v € K¢, we see that

a,v—u)—(fiv—u)yy =(Au— fiv—9)yv — (Au— fiu —¥)y.

Since the first term of the right-hand side is nonnegative (by u € K1 and v € K() and the second
term vanishes (by the equation of (c)), the condition (b) follows.

We shall prove the equivalence between (c) and (d) in a similar fashion to the above. Firstly,
suppose that u satisfies (c). For any v € K1, one finds that

a,v—u)— (f,v—u)y = (Av— Au,u)y — (Av — Au, ¥)y
={Av—fiu—y)y —(Au— fiu—y)y.

Here we used the fact that (Aw, z)y = (Az, w)y for all w, z € V. Noting that the right-hand side
is non-negative by (c) and the fact that u € K¢y and v € K1, one can get (d). To check the inverse
relation, we also rewrite (d) as

ueky, (Av—Au,u—y)y >0 forallveKj. 30)

For any ¢ € L3(Q) with ¢ > 0 a.e. in €, substituting v = u + A~p € K| to (30), we have
(o, u— 1Y) 2@ = 0, which along with the arbitrariness of ¢ > 0 implies u € K(. Moreover, let
us also substitute v = A’lf € Ky and v =2u — A’lf € K1 in (30). Then we obtain (Au —
f,u— )y =0, whence (c) follows. Consequently, all the conditions (a)—(e) are equivalent. 0O
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Moreover, under (23) and (24), introduce a closed (in V') convex set K, given by
Kr={veV: f<Av<fv finV'}CKj.
Here note that (f — f)4 € LP(Q) (by (23), (24) and Lemma A.2) and that f Vv f := (f —

)+ -+ f € LP(2). Then by the Hahn—Banach theorem and Riesz’s representation theorem, there
uniquely exists g, € L”(£2) such that

(Av,w)vz/ngdx forall we VNLIQ).
Q

Hence we simply write
Ave L?(Q) forall veK;. (3D
The following theorem is a key of proving Theorem 2.1.

Theorem 2.4. Suppose that (17), (22), (23) and (24) are satisfied. Then each of the following
conditions (f)—(h) is equivalent to the conditions (a)—(e) of Proposition 2.3:

) uek, f(u)ff(v)forAallveKz,
(g) ue Ky aw,v—u)=>{(f,v—u)y forallve K,
(h) ue KN Ky, (Au— f)(u — ) =0a.e in Q.

To prove Theorem 2.4, we first prove a couple of lemmas, which will be also used in later
sections.

Lemma 2.5. Let w € H'(Q) and set wy(x) == (wx))4 for x € Q. Then wy € HY(Q) and
vowy) = (pow)y H' '-a.e. onT.

Proof. Set Q; := {x € Q: w(x) > 0} and recall Theorem A.l. of [37] to observe that wy €
HY(Q) and

(32)

w a.e.in Q4, Vw ae.in Qy,
Wy = . Vw, = .
0 ae inQ\Qy, 0 ae.in Q\ Q4.

Set W := C(Q) N H'(Q). Since W is dense in H'(Q), there exists a sequence {w,} in W such
that w, — w strongly in H'(2) as n — oco. Noting that

l(wn)+ —willp2) < lwp —wliz2) —>0 as n— oo, (33)
we observe that (w,)4 — w strongly in L2(£2). Applying (32) to w,, we also have

2 2 2 2 2 2
||(wn)+||Hl(Q) = ”(wn)-‘r”LZ(Q) + ||V(wn)+||L2(Q) =< ”wn”LZ(Q) + ”an”LZ(Q) = ”wn”Hl(Q)
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Since {w,} is bounded in H 1(Q), so is {(wy,)+}. Hence, one can extract a (non-relabeled) subse-
quence of {n} such that (w,)+ — w4 weakly in H L) Again from (32), we have

1)+ 151y = 1)+ 172y + (VW) +, Vwi) 2
= w72, + (Vws, V) 2ig) = lwillfq)-
which together with the uniform convexity of H'!(Q) also implies that (w,); — w, strongly
in H'(Q). Since yy € B(H'(Q), H'/>(T")), we particularly deduce that yow, — yow and

Yo(wp)+ — yow strongly in L2(T"). As in (33), one can verify that (yown)+ — (yYow)+ strongly
in LZ(F). On the other hand, since w,, € C(£2), it is clear that

vo(wn)+ = (Yown)+ H" '-ae.onT. (34)
Passing to the limit as n — oo in (34), we conclude that yow4+ = (Yow)+ H'lae.on. O
Lemma 2.6. [f v, v, € V, thenvi Vv e Vand vi Avp e V.
Proof. Applying Lemma 2.5 to w = +=(v; — v2), we find that (v; — vy)4+ and (v — v1)+ belong
to V. Hence we obtain vy V vy € V and v; A vy € V, since vy V v2 = vz + (v1 — v2)+ and
viAv=v2— (v — V). O

Let us move on to a proof of Theorem 2.4.

Proof of Theorem 2.4. It is obvious that (f) < (g). As in Proposition 2.3, one can uniquely
choose u € K, which satisfies (f) and (g). Next, we shall prove the equivalence between (a)—(e)
and (f), (g). Let u1 be the unique element of V satisfying (a)—(e) and let u, be the unique element

of V satisfying (f) and (g). We claim that u; = u>. Indeed, note that Auy € LP(2) by u € K»
(see (31)). Set w :=uy — ¥ € V. Since u, satisfies (g), it follows that

0 <aluz, v—uz) — (f,v—uz)y = (Aus — AY, v —ua)y

= (Av — Aup, w)y forall ve K. 35)
We set a measurable set
N:={xeQ: wkx) <0}

Moreover, define g € LP(R2) (see (31)) by

g(x)::{(fvf>(x) %f x €N,
Aur(x) if xeQ\N.

Then by definition one can observe that A~'g € K». Hence substituting v = A~ g to (35), we
have
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0<(g— Auz, why =/((fvf) —Au2>wdx-

N

Since (f Vv f) — Aupy >0 and w < 0 a.e. in N, one can derive the relation Auy = f Vv f a.e.
in N. Hence

(Auz—fo,va=/(Auz—foA)wfdx=/(Auz—fvf)w7dx=0, (36)
Q N

which will be used later.
Recalling that

—w inN, —Vw ae.in N,
w_eV, w_= Vw_ =

0 inQ\N, 0 ae. in Q\ N
(by Lemma 2.6 and Theorem A.1. of [37]), we observe that

0<a(w_,w_)=—a(w,w_) = (Aw, —w_)y = (Auz — f, —w_)y
—(Aus— v fomw v+ (Vv = fomwyy D v = fomwlyy =1 (37)

We claim that 7 < 0. Indeed, taking a smooth approximation w® € VN C (5) such that w® >0
and w® — w_ weakly in V as ¢ — 0 (by density assumption), we find that

PNV F Fomwt )y = ((F = Det f = fo—wfhy @—/widu_ <0.

Q

Thus letting ¢ — 0, we obtain / < 0, and hence, we deduce by (37) that a(w_, w_) = 0, which
along with the coercivity of a(:, -) implies that w_ =0 (i.e., w > 0) a.e. in Q. Therefore u,
belongs to K.

Substitute v = A~ f € K> to the condition (35). Then we obtain

(Aug — fiua — )y <0. (38)

Moreover, noting that Auy — f > 0 (by u> € K») and uy — ¥ > 0 (by us € Kp), we derive
(Aur — f,uz — )y = 0 by (38). Hence, u = u, satisfies the condition (c). By uniqueness, we
obtain u#1 = u». Thus we have proved that all the conditions (a)—(g) are equivalent.

Finally, we note that (h) immediately implies (c), since K> C K. Conversely, let u satisfy (c).
Then u belongs to K3 by (f), and hence, Au € L?(£2) (see (31)) and

0=<Au—f,u—w>v:/(Au—f>(u—w>dx.
Q

Thus we obtain (Au — f)(u — ) =0 a.e. in €2, since Au > f and u > i a.e. in Q2. Therefore
(h) holds. O
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Remark 2.7. In the proof of Theorem 2.4, we used the density of C(Q) NV in V only for
choosing an approximate sequence w® of w_. If f = Ay lies on L?(€2), one can derive the
same conclusion (i.e., I < 0) without taking an approximate sequence. Hence the density is not
necessary for the case.

Thanks to Theorem 2.4, for each solution u of the variational inequality (21) of obstacle type,
we have obtained an additional information, # € K»>. In order to prove Theorem 2.1, we shall
more explicitly clarify the feature of the additional information. To this end, let us start with
giving equivalent conditions to the assumption (26).

Proposition 2.8. Under the assumption (22), for A > 0, the operator A,|xrny restricted onto
XP NV is injective and bounded linear from XP NV into LP (), and it coincides with the
operator —A + A, where A means the Laplace operator from D(A) = XP NV into L? (), that
is, the Laplacian equipped with the Dirichlet and Neumann boundary conditions on I'p and '\,
respectively, in a strong form.

Moreover, the following conditions for Q2 and I'p, I'n are equivalent to each other:

(i) there exists A > O such that A;lg e W2P(Q) forall g € LP(R);
(ii) for any A > 0, it holds that A;lg € W2P(Q) forall g € LP();
(iii) there exists A > 0 such that A;lg € X? for all g € L? (), and (—A + 1) € Isom(X? N
V,LP());
@iv) for any X > 0, it holds that A;lg € XP forall g € LP(RQ), and (—A + 1) € Isom(X? N
V,LP(Q2)).

Proof. Denote B;, := A, |xrny for A > 0. Then, for u € X” NV, we observe by Green’s formula,
which is valid for Lipschitz domains, that

(B;Lu,v)vz/(VwVv—}—)»uv) dx:/(—Au+)\u)vdx for all veVﬂW]’q(Q),
Q Q

which implies that Byu = —Au + u and B;, € B(X? NV, LP(R)), since V N W14(Q) is dense
in L9(€2). Thus we obtain B) = (—A + A). Moreover, B, is injective, since so is A,

As for the equivalence of (i)—(iv), we shall show (i) = (i) = (iii) = (iv) = (ii). It is clear
that (i) = (i) (and also (iv) = (iii)). We show (i) = (iii). Assume (i), let g € L”(2) and set
u:=A;'ge W2P(Q)NV.Forallve VN WhHi(Q), we have

/gvdx:(A;Lu,v)v=/(Vu~Vv+Auv) dx:/((’ivu)vd?-['“1 —i—/(—Au—i—)\u)vdx,
Q Q I'n Q

which implies that u € X? and —Au(x) + Au(x) = g(x) for a.e. x € Q. Hence u = B;lg.
Therefore, B; is surjective from X” NV into L?(2). By the open mapping theorem, we ob-
tain (—A + A) = By € Isom(X?” NV, LP(RQ)).

We next show (iii) = (iv). Under the condition (iii), it holds that B) € Isom(X? NV, L?(2)),
in particular, By : X? NV — LP(R) is a Fredholm operator of index zero (see, e.g., [19]). For
arbitrary p > 0, we find that B, = By + (u — A) is a Fredholm operator of index zero from
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XP NV to LP(R2) as well, since X” NV is compactly embedded in L”(£2). Since B, is injective
(i.e., dimker(B,) = 0), we infer that B,, is surjective, and hence B, also belongs to Isom(X? N
V, L?(2)). Furthermore, for any g € L”(2) and j1 > 0, the element u = (—A 4 )" 'g = Bglg
belongs to X” N V. Hence B,u =g, i.e.,, A u = g, which implies A;lg =u € XP. Thus (iv)
follows.

It is obvious that (iv) implies (ii) by the definition of X”. Thus we have shown that all the
conditions (i)—(iv) are equivalent to each other. O

Then we can prove

Proposition 2.9. Assume that (17), (22), (23), (24) and (26) holds. Then

KrCXP NV CW>P(Q).

Proof. Let v € K,. Then Av € L?(Q2) (see (31)). In case o > 0, the conclusion follows from
Proposition 2.8 immediately. In case o = 0 (then H"~'(I'p) > 0 by (17)), By = Ag|xrny can be
regarded as a sum of the Fredholm operator B : X” NV — L”(€2) and a compact operator —1 :
XPNV — LP(2); u+— —u, and hence, By has the same index as Bj. Since the index of By is
zero and By is injective, namely, dim Ker By = 0 (by (17)), we deduce that By : XNV — LP(Q)
is surjective. Hence there exists # € X” NV such that Boi = Av € LP(2). By (17) and Bou =
Aoii = Aii, we conclude that v =it € XP NV C W>P(Q). Thus K, C XP NV C W>P(Q). O

Remark 2.10. Under (26), the assumptions for ¥ in (23) along with Ay € LP(L2) is equivalent

to ¥y € XP N V.Indeed, let ¢ € V satisfy Ay € LP(2). Then as in the proof of Proposition 2.9,
one can check that i € w2p (£2). Moreover, by Green’s formula, we find that

/(Aw)vdxz(Al/r,v)vz/VIﬂ-Vvdx—l—a/wvdx
Q Q

Q
= / (=AY +oy)vdx + /(amvdﬂ"—l

Q I'n
forall v e VN Wh4 (). Thus by the arbitrariness of v, we obtain 9,y =0 Hlae. on 'y,
whence follows ¢ € XP.

We are now ready to prove Theorem 2.1.

Proof of Theorem 2.1. Existence and uniqueness of solutions are due to Proposition 2.3. By
Theorem 2.4, the unique element u € V satisfying (a)—(h) belongs to K». Hence, by Proposi-
tion 2.9, one has u € X? N V. Thus the inequalities of (27) follow from the definition of K,. O

2.3. Proof of Theorem 2.2

To prove Theorem 2.2, we prove the following lemma needed later.
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Lemma 2.11. We suppose that (17), (22), (23) and (24) are satisfied. Let u € V be the unique
solution of (a)—(h). Then it holds that u < w a.e. in Q for all w € Ko N K satisfying Aw €
LP(R2).

Proof. We set N :={x € Q: w(x) <u(x)} and v:=u A w. Since w € Kp, by Lemma 2.6 and
(32), v satisfies

u a.e. inQ\N,
w ae.in N,

Vv =

Vu ae.inQ\N,
ve Ky, v= .
Vw ae.inN.

Substituting v into the variational inequality (b) of Proposition 2.3, we have

0<(Au— fiv—u)y =/(Au — f)(w—u)dx.

N

Since Au — f >0and w —u <0 a.e.in N, it follows that Au = f a.e. in N. Here we note that

0 ae.in Q\ N,

v—ueV, v—u= ]
w—u<0 ae. inN,

V(o ) 0 ae.in Q\ N,
—u) =
V(w—u) ae.inN.

From the fact that u — v = (u — w)4+ and Aw € L?(2), we obtain

O<au—v,u—v)=alu—w,u—v)=(Alu —w),u —v)y

:/(Au—Aw)(u—w)dx:/(f—Aw)(u—w)dx.
N N

Since Aw > f (by w € K1) and 4 > w a.e. in N, we conclude that a(u — v, u — v) =0, whence
u=v(henceu <w)ae.in 2. O

The lemma above will also play a crucial role for identifying the limit of each solution
u=u(x,t) for (6)-(9) as t — oo in the proof of Theorem 1.12. We are now ready to prove
Theorem 2.2.

Proof of Theorem 2.2. By assumption, we find that K2 C K} and K? C K|, where K{ := {v €
V:Av> f; in v’} for j =1, 2. Moreover, u; belongs to both Ké and K]I, and Au, € LP(R2)
as well. By Lemma 2.11, we conclude that u; <uj a.e.in 2. O

3. Reduction to an evolution equation and the uniqueness of solution

In this section, we first reduce the problem (6)—(9) to the Cauchy problem for a nonlinear
evolution equation in L2(2) with the aid of convex analysis. Then we shall prove Theorem 1.6
on the uniqueness of solution.

Let us begin with reformulating (1) as a parabolic inclusion with a multivalued nonlinear
operator acting on the time derivative of u(x, 7). Let « : R — 2R be given by
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o ifs>0,
=1 o0l ifs=0 (39

with the domain D(«) = [0, 00). Then s 4 «(s) is the (multi-valued) inverse mapping of the
function (s)4, and it can be also represented by

a(s) =01 .>0(s) for s >0,
where I| . 0] denotes the indicator function over the set [s > 0] := {s € R: s > 0} and d means

the subdifferential in the sense of convex analysis (see, e.g., [18] and also (41) below with
H =R). Then (6) can be reformulated as a doubly nonlinear-type PDE,

du+a@u)>Au+ f in Q. (40)

We next reduce the PDE (40) to an evolution equation. To this end, define a functional ¢ :
L*(Q) — [0, o0] by

$(0) = %fQ|Vv|2dx ifveV,
T 400 ifve L2(Q)\V
with the effective domain D(¢) :={v € L2(Q): ¢ (v) < 400} = V. Then we observe that:

Lemma 3.1. The functional ¢ is convex and lower semicontinuous in L*>(Q2). In particular, if
(12) is satisfied, then the subdifferential operator 3¢ of ¢ (in L*()) is characterized as

DO@®)=XNV, dpw)=—Av forveXnYV,
where A stands for the Laplace operator from D(A) = X NV into L*(2) as in Proposition 2.8.

Here let us recall the definition of the subdifferential operator d¢ : H — H of a proper, lower
semicontinuous and convex functional ¢ defined on a Hilbert space H,

dpw):={&eH: p(v) —p) > (¢,v—u)y forallve D(p)} for u e D(p), 41

where (-, )y stands for the inner product in H and D(¢) :={w € H: ¢(w) < 400}, with do-
main D(9¢) :={w € D(p): dp(w) # @}. It is well known that d¢ is a (possibly multivalued)
maximal monotone operator in H (see, e.g., [18] for more details).

Proof of Lemma 3.1. We note that the restriction ¢ := ¢|y of ¢ onto V is Fréchet differen-
tiable and the derivative ¢y, of ¢ satisfies

(Pow), 2)v =/Vu -Vzdx forall zeV. (42)
Q

Now, let u € D(d¢) and £ € 3¢ (1) C L*(S2). From the definition of subdifferentials, we find that
d¢ (1) C d¢o(u) = {¢y(u)} for all u € D(3¢) C D(¢) = V. Here dy ¢ : V — V' stands for the
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subdifferential operator of the functional ¢ and it coincides with the gradient operator ¢ : V —
V' of ¢o. Hence & = ¢, (u), i.e., 3¢ (u) = {¢y(u)} and ¢{(u) € L%(2); here and henceforth, we
simply write d¢ (1) = ¢, (u). It follows that

Aju=u+¢)u)=u+&ecL*(Q).

Moreover, by (12) along with Proposition 2.8, we deduce that u = Afl (u+&) € XNV and that
u+& = Au = —Au+u. Therefore we deduce that d¢ (1) = qb(’)(u) =—Auand D(d¢p) C XNV.
On the other hand, it is clear that X NV C D(d¢), and hence, D(d¢p) =X NV. 0O

Therefore the initial-boundary value problem for (40) equipped with (7)—(9) can be rewritten
as the Cauchy problem for an evolution equation in L%() of u(t) :=u(,t),

Oru(t) + 0l . >01(0u(r)) + 3¢ u(t)) > f(t) in LY(Q), 0<t<T, u(0)=uo, (43)

where f(¢) := f(-,t) and 1} . >0] denotes the subdifferential operator in L?(2) of the functional
It .01 : L*(2) — [0, 00] defined by

0 ifv>0 a.e.in Q,

] for v e L*(Q).
o0  otherwise

I .>0)(v) =

We note that 91 . >0j(v) = a(v(-)) forv e L%(Q), where «(-) is a multivalued function given by
(39), and D31} .>0)) ={v € L3(Q): v>0a.e.in Q} (see, e.g., [18]).

Here and henceforth, for simplicity, we use the same notation /| . > for the indicator function
over [0, +00) defined on R as well as for that over the set {v € L2(Q): v >0 a.e. in Q} defined
on L2(2), unless any confusion may arise. Moreover, the subdifferential operators of the both
indicator functions are also denoted by 91} . >().

Strong solutions of (43) are defined as follows:

Definition 3.2 (Strong solution of (43)). For given f € L?(Q7) and ug € L*(R), a function
ueC(0,T]; LZ(SZ)) is called a strong solution of (43) on [0, T], if the following conditions are
satisfied:

e ucWh2(0,T; LA(Q) N L0, T; XNV);
e It holds that

ru(t) + 011 . >01(0:u(t)) + 3¢ (u(t)) > f(¢) in L*(Q) forae.te(0,T); (44)
e 1u(0) =uo,
where the functionals I} . >0 and ¢ on LZ(Q) are defined as above.

Proposition 3.3 (Equivalence of solutions). The notion of strong solutions for (43) is equivalent
to that for (6)—(9) defined by Definition 1.4.
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Proof. Since «(s) is the inverse mapping of s — (s)4, one observes that (1) is equivalent to
(40) at each (x, ) € Q. Moreover, due to Lemma 3.1, for each strong solution u of (43), u(x, t)
satisfies (40) a.e. in  x (0, T'). Conversely, let u be a strong solution of (6)—(9) in the sense of
Definition 1.4. Then from the regularity condition (ii) of Definition 1.4, the right-hand-side of
the inclusion

a(0;u) > Au+ f — oiu
belongs to L?(Q) for a.e. t € (0, T). Moreover, recalling that
ol .>0(v) ={&() € L*(Q): £(x) € a(v(x)) forae. x € Q}
(see above), the evolution equation (44) holds in L%(Q) forae.r€(0,T). O

We next provide a chain-rule for the function 7 — ¢ (u(¢)), which is derived from a standard
theory on subdifferential calculus and which will be used frequently to derive energy estimates
in later sections.

Lemma 3.4. We suppose that u € Wl’z(O, T; LZ(Q)) N L2(O, T; XN V). Then we have:

(i) the function

f o $u(t) = %/IVu(t,x)lzdx
Q

belongs to w0, T):
(i) fora.e.t € (0, T), it holds that

1d

d
o \Vu|?dx = P (0) = @ @), () 20) = —/BtuAudx,
Q Q

where (-, ')LZ(Q) denotes the inner product of LZ(Q);
(iii) u € C([0,T]; V).

Proof. Thanks to Lemma 3.3 of [18], the assertions (i) and (ii) follow immediately. Concerning
(iii), since u belongs to L°*°(0, T; V) and C([0, T]; L3(Q)), by exploiting Lemma 8.1 of [44],
one finds that u is continuous on [0, 7] with respect to the weak topology of V. On the other
hand, # > |lu(?)||v is continuous on [0, T'] by (i). Therefore from the uniform convexity of || - ||y,
we deduce that ¢ — u(¢) is continuous on [0, T'] with respect to the strong topology of V. O

Before proceeding to a proof of Theorem 1.6, let us note that
lag —bi|> <lay —bil|la—b|=(ay —by)(@—b) forall a,beR, (45)

since the function s — s4+ = s V 0 is nondecreasing and non-expansive, that is, |ay — by| <
|a — b|. Now, we are ready to prove Theorem 1.6.
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Proof of Theorem 1.6. For each i = 1,2, let u; be a strong solution of (6)—(9) with ug =
up;€Vand f=f; e L2(0, T; LZ(Q)) and set u = u1 — up. Then due to Lemma 3.4, we have

1d
Ea/Wulzdx:—/B,uAudx
Q Q

= —/[(Am + 1)+ — (Auz + f2)+]

Q
x [(Auy + f1) — (Auz + f2) — fi+ fo] dx

@5 1 2
= =5 [ At fi)y = (Auz + fo) |7 dx
Q

1
+§/|f1—f2|2dx forae.t € (0,7),
Q

which implies that
2 d 2 2
|0ru1 — d;un| dx—i—a [Vuy —Vus|“dx < [ |fi — f2|"dx forae.t € (0, 7).
Q Q Q

Integrate both sides with respect to ¢ to obtain

T
/ 1811 (6) = Bu2 (D172 g, dt + sup [[Vur(6) = Via (01172 g
t€l0,T]
0
T
<2 | IVuo,1 = Vuoalljs g, + / LA1() = (D72, |- (46)
0

In particular, if ug,; = uo,2 and f1 = fo, then u; coincides with u3 a.e. in Q. Consequently, the
solution of (6)—(9) is unique. O

Corollary 3.5 (Continuous dependence of solutions on data). For each T > 0andi =1, 2, let u;
be the strong solution of (6)—(9) on [0, T] with ug =up; € V and f = f; € L2(Qr). Then (46)
holds true.

4. Existence of solutions and comparison principle

In this section, we shall prove Theorem 1.8 on the existence of solutions for (6)—(9). Let T > 0
be fixed. We denote by t a division {fg, t1, ..., t,,} of the interval [0, T'] given by

O=ty<h<...<ty=T, T =t —tx_1 for k=1,...,m, |r|:=kmax Tk

,,,,,
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We shall construct uy € X NV (for k =1,2,...,m), which is an approximation of u(#;) for a
solution u of (1) by the backward-Euler scheme

DRl (Aug+ i), ae.in €, (47)
Tk

where f; € L*>(R) is given by

179
1
=—/f(~,S)dS-
Tk
th—1

For given ug € V, we shall inductively define uy € V for k = 1,2, ..., m as a (global) minimizer
of the functional

1 1 Uk—1
Je(v) :=E/|v|2dx+§/|Vv|2dx—< :
Q Q

v> for veV 48)
1%

subject to
UEK{; ={veV:v>ur_| ae.in Q}. 49)
Remark 4.1 (Derivation of the discretized problems). The minimization problems with con-

straints stated above can be also derived from a discretization of the evolution equation (43),
which is equivalent to (6) (see Section 3). A natural time-discretization of (43) may be given as

Ujp — Uj— Up — Uj—
L N <M) —Augs fi inV/ (50)
Tk Tk

(here 9y stands for the subdifferential of the functional | .~q) restricted onto V'), which is an
Euler-Lagrange equation for the functional

uk 1 Uk—1
Er(v) := |v| dx + I . >0 |Vv| dx T—k+fk,v for ve V.
1%

Indeed, since Ej is coercive, lower semicontinuous and convex in V, Ej admits a global mini-
mizer uy over V, and moreover, uy solves (50) in V'. Here we note that the minimization of Ej
over V is equivalent to that of J; over K(])‘ from the fact that

V— Ug— 0 if v>up_1 ae.in €,
I =01 (#) =12y (V)= { = for v e L*(Q).
Tk oo  otherwise
Applying the regularity theory established in Section 2, one can actually obtain the unique
minimizer uy of Jy over K (’)‘ for each k. More precisely, we obtain the following theorem, where
we set
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U — Ug—1
8= — Aug — fi. (51

Lemma 4.2 (Existence and regularity of minimizers). Suppose that (12) is satisfied and that
up €V, Aouge M(Q), (Aoug), € L*(). (52)

Foreachk =1,2, ..., m, there exists a unique element uy € K(])‘ which minimizes (48) subject to
(49). Moreover, for each k = 1,2, ..., m, the minimizer uy belongs to X and fulfills (47), that is,

U —up—1 >0 ae in Q, (53)
gr>0 ae in Q, 54)
(8k» ik —ug—1)v =0. (55)
Furthermore, one has
(gk, v —ug)y =0 forall veKé‘, (56)
(8 + f — Aottk—1,v —ug)y =0 forall veKF, (57)

where the set K{‘ is given by

K{‘ ZZ{UGV: m+on—fk20in V’}.
Tk
Moreover, it holds that
0<gr < (Aour—1— fr)L ae inQ foreach k=1,...,m. (58)

Proof. Denote by A the Laplace operator from X NV into LZ(Q) (see Section 3). Then Aqw =
—Aw for w € X NV, since d,w = 0 on I"y. Here and henceforth, if no confusion may arise, we
also simply write —Aug instead of Agug € V’, although up may not belong to X. Let us start
withk=1.Seto =1/t >0 (i.e., Au:= Asu =u/tx — Au), f = fr + uk—1/t% € Lz(Q) and
Y = up_1. Here by (52) and Lemma A.1, we find that (Aug — f)4+ = (Aouo — f1)+ € LZ(Q).
Then f and ¢ satisfy (23) and (24) by (52). One can write K(’)‘ = Kpand Jy(v) =J(v) forveV
with K¢ and J (v) defined by (18) and (19) along with (16). Hence, one can apply Proposition 2.3
and Theorem 2.4 to the minimization problem of J; over K(])C . Then the minimizer u; € K(])‘ of Ji
over K (])‘ uniquely exists, and furthermore, (54)—(57) follow immediately from the fact uy € K {‘,
(b), (¢) and (d) of Proposition 2.3, respectively. Moreover, by virtue of (12) and Theorem 2.1, one
can deduce that u; € X. Repeating the argument above for k =2, 3, ..., m, we can inductively
obtain uy € K(])‘ N X satisfying (54)—(57) foreach k =2, 3, ..., m.
Finally, by Theorem 2.1, we can assure that

Uk—1 Uy Uk—1 Ug—1
fr + <——Aup <\ fx+—— )V — Aug—q fora.e. x € Q,
Tk Tk Tk Tk
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which is equivalent to (58). Here we also remark that the right-hand-side above belongs to L2()
by (52) and Lemma A.1. O

Proof of Theorem 1.8. Let us define the piecewise linear interpolant u, € W1’°°(0, T;V)yn
VYl’oo(rl, T; X) of {ur} and the piecewise constant interpolants u, € L°°(0,T; X N V) and
f: €L®0,T; LZ(Q)) of {uy} and { fi}, respectively, by

t—ty—
u:(t) :=up_1+ k ](uk—ukq) for tetr_1,%] and k=1,...,m,
u(t) :=ug, f,(t) = fr for t € (tx_1, 1] and k=1,...,m.
By summing up (55) for k =1, ..., £ with an arbitrary natural number £ < m, we have
¢ 2
U — Uj— 1 1
Y| +—/|VW|2dx——/|VMO|2dX
=l Tk LZ(Q) 2Q 2Q
Up — Ug—] | o | o ug — ug—1 ||
<) u (fk, 7_) <Y wlfiliag +5 Y | ———— ,

(59)

which implies

t T
- = 2
/ 181z ()1 72 ds + IV (D117 g < IVuol 72 g + / | Fe@)|| 2 ds  forall #€0,T],
0 0

Hence, we obtain
19211720 721202y + Sup Vi (D117, + Sup IVur (0175
=C (”V“O”iz(m +| fx ”iZ(O,T;LZ(Q))> : (60)
Now, let us take a limit as m — oo such that |7| — 0 and note that
fr = f strongly in L*(0, T; L*(Q)). (61)
In particular, { £} is bounded in L2(0, T; L*(R2)). Indeed, one can verify that

I fell2o.7: 2 < W20, 7:12(0))-

From the uniform estimate (60), one can take a function u € Wl'z(O, T; LZ(Q)) NL*®0,T;V)
(in particular, u € C([0, T']; LZ(Q)) as well) such that, up to a (non-relabeled) subsequence,
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Up = u weakly in W2(0, T; L2(2)), (62)
weakly star in L*°(0, T; V), (63)

strongly in C ([0, T]; L*()), (64)

Uy = U weakly starin L°°(0, T; V), (65)
u(T) — u(T) weakly in V. (66)

Here, the weak and weak star convergence of u, and #; immediately follow from the uniform
estimate (60). Moreover, we also note that u, and i, possess a common limit function. Indeed,
by a simple calculation, we observe that

luk — uk—1ll2(q)

_ tr —t
lur(t) — (Ol 2 = N

Ug — U1
LX)

Tk

(59)
< Clt|'? forall 1€ (tr_1,t], k=1,2,....m,

which yields that

sup lur(t) — itz ()l 2y < Clz|"* — 0.
tel0,7T]

Thus u, and u, (weakly) converge to a common limit function. Furthermore, since V is com-
pactly embedded in L?(2), due to Ascoli’s compactness lemma along with (60), we obtain the
strong convergence (64). Since u (1) = u,, is bounded in V by (59), one can also derive (66)
from (64). We further observe that u(0) = ug.

We next estimate A, in L0, T: LZ(Q)) by using (58) and the assumption (14). We first
rewrite (58) as

Ug — Ug—1 Up — Uj—1 Up — Uj—1 )
—+ fi-Auyy < |———+ fr ) V| ——— —Aujp_1 ) ae.inQ
Tk Tk Tk

(67)
fork=2,3,...,m. Since (ux —ur—1)/t >0 ae.in Q by u € K(’)‘, we observe by (14) that
(The right-hand side of (67)) < fx V (—=Aug_1) < f*V (—Aui_1) ae.in Q,
which also iteratively implies that

—Aup < f*V (—Aug—1)
< V(v (—Aug-))

= f*V(=Aug_o) <---< f*V(=Auy) ae.inQ

fork=2,3,...,m. Here by Lemma A.l we find that
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up —uo

(58)
ffVv(=Aup) < f*\/{(—Auo—f1)+— +f1}

7]
< fPVA(=Aug - f+ + fi}

< f*VA(=Auo)+ + (= f1)+ + f1}
= f*VA{(=Aug)+ + (f1)+}

< (=Aup)+ + (4.

Thus we obtain

Mk T Wil + fi < —Aug < (—Aug)y + (fH4  ae. inQ,
Tk

which together with (52) yields that

2
U — Uk—1

Akl ) =2 <”(_A“0)+”iz(sz> 1172 + H -

LX)

fork=1,2,...,m. Hence we deduce that

T
/ A7 ()12 g 01 < €T (172, +1)
0

T T
= 2
+C / e ()12, dt + C / |72 dr<C (©68)
0 0

by using (60) and (61).
Exploiting Proposition 2.8 with (12), we see that (I — A) € Isom(X NV, L?(2)), which
together with (68) gives

T T
/ litz ()5 dt < C / (||Aﬁf<r>||iz(m - ||ﬁf<r>||iz(m) dr <C.
0 0

Therefore we have, up to a (non-relabeled)subsequence,
Uy —> U weakly in L2(0,T;X),
Aii; — Au weakly in L>(0, T; L*(2)),

which particularly implies u(t) € D(A) = X NV for a.e. t € (0, T). Therefore the piecewise
constant interpolant g, of {g;} defined by

_ (51) Uk — Uj—]
& (t):i=gr = R — Aug — fi  for t € (-1, 1]
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converges to

hu—Au—f=:g (69)
weakly in L>(0, T; L*(R)).

It remains to prove that u solves (6) for a.e. (x,7) € Q7. To this end, we recall the evolution
equation (43) equivalent to (6). Then it suffices to check that

du>0 ae.in Qr and —g(t) €dl.>0(0;u(t)) forae.r€(0,7T).

To this end, we employ the so-called Minty’s trick for maximal monotone operators, since
31} . >0) is maximal monotone in L>(<2).

Proposition 4.3 (Demiclosedness of maximal monotone operators (see, e.g., [18,21,11])). Let
A: H — H be a (possibly multivalued) maximal monotone operator defined on a Hilbert space
H equipped with a inner product (-, -)y. Let [un, &,] be in the graph of A such that u, — u
weakly in H and &, — & weakly in H. Suppose that

limsup(§,, upn)n < (&, u)y.

n—+00

Then [u, &] belongs to the graph of A, and moreover, it holds that
n

EToo(gm u)g =&, upy.

Note that (ux — ux—1)/7x = 0 a.e. in 2. For an arbitrary w € D(I[.>0) = {v € LZ(Q):
v >0 a.e. in Q}, substitute v = wty + ug_1 € K(])‘ to (56). Then we see that

(56) U — Ug—1
0= (=gk, v—ur)v =1 <—gk, w——) ,
Tk L2(RQ)

which together with the arbitrariness of w € D (I} .>q)) and the definition of I[ . >¢; implies that

U — Ug—1 . _
—gk €01 . >0 (T) , e, —gi(t) €l .>0) (Oru-(1)).

Moreover, for k = 1,2, ..., m, we find by (51) that

(con o) o I
) Tk LZ(Q) - ’ LZ(Q) s

L2() Tk Tk
which leads us to get

2
Uk — Uk—1

Tk
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T T
/ (=e (1), By (1)) 2y df < — / oy (D122 df = (e (T)) + ¢ (1)
0 0

T
+ / (fe(0), B (1)) 12 g -
0

Taking a limsup as |t| — 0 in both sides, exploiting the weak lower semicontinuity of norms and
the functional ¢ (-), and recalling Lemma 3.4, we conclude that

T T
lim sup / (= (), Bpuc (1)) gy dt < — / ()12, ) dt = $@(T)) + ¢ (1)
0 0

|T]—0

T
+ / (f (), Ba(0) 2y
0

T
0

©

T
/ (—g(0), Bu (1)) 12y dr. (70)
0

Consequently, by virtue of the (weak) closedness of maximal monotone operators (see Propo-
sition 4.3 above), it follows that d;u(t) € D(91.>0)), i.e., du(t) > 0 a.e. in 2, and —g(t) €
011 .>01(0,u(?)) for a.e. t € (0, T). Therefore u solves (43), and hence, u is a strong solution of
(6)—(9). Thus Theorem 1.8 has been proved. O

Remark 4.4. To prove that u is a strong solution of (6)—(9), it is possible to show the conditions
(V1)—(V6) of Theorem 6.1, instead of the last argument of the proof of Theorem 1.8. Actually,
(V2) and (V3) directly follow from (53) and (54) by taking limit of |t| — 0, respectively. The
condition (V4) follows from the estimate (70), since the left-hand side of (70) is zero and the
right-hand side is non-positive.

Due to Theorem 1.6, the limit of {u} and {u} is unique, whence they converge along the full
sequence.

Corollary 4.5. Sequences {u;} and {u.} converge to the unique solution u of (6)-(9) as
|'L'| — O+.

We next prove Theorem 1.11.

Proof of Theorem 1.11. Let u' and u? be strong solutions of (6)~(9) with ug = uf) and f = f!
fori =1, 2, respectively. By the uniqueness of solutions (see Theorem 1.6) and the construction
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of solutions discussed so far, one can take discretized solutions {uf{} for i =1, 2 such that the
piecewise linear interpolant uit of {uf{} converges to u' strongly in C ([0, T']; L?(Q)) as |t] — 0,
and they solve the variational inequalities
ub e Ko(uh_):={veV:v>ul_| ae.inQ},
ak(uf{, v — u};) > / (f,z + u}‘(_l/tk> (v — u};)dx forall v e Ko(u};_l),
Q

where ay (-, -) stands for the bilinear form given by

1

ak(u,v)z/Vu-Vvdx~|——/uvdx for u,veVv.

T
Q Q

By iteratively applying the comparison theorem for elliptic variational inequalities (see Theo-

rem 2.2), from the fact that f1 < f2 a.e.in Qr and u(l) < u% a.e. in 2, one can deduce that

1 2

up <ujy ae.in Qr forall k=1,2,...,m,

which also implies u%(t) < u% (t) a.e.in Q2 forall ¢ € (0, T'). Then passing to the limit as || — 0,
we conclude that u! < u? a.e. in Or. O

5. Long-time behavior of solutions

This section is devoted to proving Theorem 1.12. Let us begin with deriving a uniform esti-
mate for u(¢) for t > 0. To do so, recall the construction of the unique solution u = u(x, t) of
(6)—(9) performed in the proof of Theorem 1.8 and particularly note that

Uk — Uk—1 .
Uy >up—1 and gr:=———Aup— fr>0 ae.in Q. 71)
Tk

It follows that

U — Uk—1 .
hy =g+ fx=———— — Augp > —Auy  ae.in Q. (72)
Tk

We also recall the estimate (58), which gives
Je <hy < (—Aup_1) Vv fr ae.inQ. (73)
Therefore by (H3) we find that
73)  (73)
fo < he < (—Auk—1) V fi
(752) hi—1 Vv f*

< (hg—2 vV [V f*

(73)
=hp oV ff<---<hi Vv f* < (=Aup) Vv f* ae.inQ,
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which together with the assumption that ug € X NV gives

il 2y < I1Auoll 2y + 1L f 20y + I fiell 2@
< Auoll 2y + 1 Nl 2) + 1 Lo 0,00: 202 (74)

Here we used the fact that || fill ;2(q) < |1l Loo(0,00: 12 (2)) TOr all k. Moreover, set
he(t) := 0u (t) — Aiig (1) = hy  for 1 € (tx—1, te].

Recalling the convergence of approximate solutions obtained in the proof of Theorem 1.8, we
observe that

he — du— Au=:h weakly in L>(0, T; L*()).

On the other hand, since {i_zr} is bounded in L*®(0, T; L%(2)) by (74), we assure, up to a (non-
relabeled) subsequence, that

he — h  weakly star in L*®(0, T; L*(2))

as |t| = 0. Moreover, from the lower semicontinuity of the L*-norm in the weak star topology,
we have, by (74),

”h ”LDC((),T;LZ(Q)) = h‘g(l)lf ||]/_l‘[ ” L®(0,T;L2(R)) <l Aug ||L2(Q) + | f* l L2(Q) +1 f ||L°°((),OO;L2(Q))
for each T > 0. Since the bound is independent of 7" > 0, one can derive that

1721l oo 0,00: 2(22)) = N1AUON L2y + I1f ¥ 202y + I1f | 200 0,00:22(2))- (75)

Note that (§,v)2(q) =0 forall v e L2(2) with v>0ae.in Q and £ € 91[ .>01(v). Thus
testing (43) by d;u(t), we have

1d
10Ol F2q) + 5 3 1VHO N2,
= (f (), 0u(t)) 12(q)
d
= (F (D) = foor 3 2@y + - (foos 4D 2@
L ) 1 ) d
= E” tu(t)||L2(Q) + E”f(t) - fOO”LZ(Q) + a(fOOv M(t))LZ(Q)~

Define an energy functional E on V by

1
E@) = IV0lg2iq) = (foor 12y for veV.

Then one has
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1 ) d 1 )
E”atu(t)”LZ(Q) + EE(M(I)) = E”f(t) - fOO”LZ(Q) for a.e. IZO,

which implies the non-increase of the function

t
1
t E(M(f))_E/Hf(f)_foo”%z(g)df for 72 0.
0

Moreover, by using the Poincaré inequality (due to (H1)), we have

1
EW) = 1IV0lg2q) = Cll follfag, forall veV.

Thus integrating (76) over (0, s) and using (H2) and (77) we obtain

o0
/ |8 (1175 g, dt < C.
0

sup [Vu() 2@ = C,
=0

which also yields

sup [Au(@)|ly < C.

t>0

Moreover, by virtue of (75), we have

81200 0,00:22(2)) = Al Loo(0,00:22(2)) F N 200,00, 22(020) =M

for some constant M. Here we used the fact that g(¢) = h(t) — f(¢).

35

(76)

7

(78)

(79)

(80)

81)

Let I C (0, c0) be the set of all ¢+ > 0 for which (43) holds true and ||g(t)||Lz(Q) is bounded
by M asin (81). Then the set (0, c0) \ I has zero Lebesgue measure. Recalling by (78) and (H2)

that
o
/ (10220 + 1 ) = fooll3agy ) i < 00,
0

one can take a sequence s, € [n,n + 1] N I such that

oru(s,) — 0 strongly in LZ(Q),
f(sp) = foo strongly in L?(£2)

asn — oQ.

(82)
(83)

Moreover, by using the preceding uniform (in ¢) estimates and the compact embedding V —

L2(2), we deduce, up to a (non-relabeled) subsequence, that
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u(s,) — z weakly in V, (84)
strongly in L3 (), (85)

—Au(s,) - —Az weaklyin V', (86)
—g(t) > & weakly in L%(R) (87)

with some z € V and &€ € L?(€2). From the demiclosedness of dl;.>0) in L?(2) and the fact that
—g(t) € a1 . >0)(0;u(t)) fora.e. t € (0, 00), it follows that & € 91} . »0)(0), thatis, § <0 a.e.in
by 91| .>01(0) = (—o0, 0]. Moreover, by (43) and (83), we get £ — Az = f, which leads us to
foo + Az =& <0 a.e. in Q. Furthermore, by (12) along with Proposition 2.8, the limit z belongs
to X, since z — Az =z — & + foo € LZ(RQ).

Therefore we derive that

IIVu(sn)Iliz(Q) = (—Aulsp), u(sn)) 12
= (=0ru(sn), u(sn)) 12(q) + (&(sn), u(sn)) p2(q) + (f (sn), u(sn)) 12
— (=& + foor D2y = (=2, D2 = V2l ]2 -

From the uniform convexity of V, it holds that
u(s,) =z stronglyin V. (88)
We shall next verify the convergence of the solution u(#) to the same limit z as t — oo, that is,

u(t,) — z for any sequence t, — oo and the limit z is independent of the choice of the sequence
(tn). Subtracting the stationary equation

Al .>01(0) — Az > foo
from the evolution equation (43), we see that
pu(t) + 911 .01 (Bu(®)) — ;. 20(0) — A (u(®) —2) 3 f(1) = feo-
Test it by 0,u(¢) to get
1 ) 1d 5 1 5
SN2 0+ 5 T IV@O) = D2y = S1FO) = foollfz -

Integrate both sides over (s,,, ) for T > s,. Then it follows from (88) that

T=>58p

o
1 2 1 2 1 2
5 sup ”V(M(T) - Z)”LZ(Q) =< EHV(”(Sn) - Z)”LZ(Q) + E / ”f(t) - fOO||L2(Q) dr
Sn

ey

Thus u(t) converges to the limit z strongly in V as t — oco. This completes the proof of the first
half of the assertion.
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We next prove the second half of the assertion. In addition, assume that f(x,?) < foo(x) for
a.e. x € Q and let 7 € X NV be the unique solution of the variational inequality (VI)(ug, foo)-
Then by Proposition 2.3 and Theorem 2.4 for A = A, with ¢ = 0, 7 satisfies —AZ > fo
a.e. in €2, and moreover, we deduce that U(x, ) := zZ(x) becomes a strong solution of (6) by
observing that

dU =0 and AU(x,t) + f(x,1) < AZ(x) + foo(x) <0 a.e.in Q.

Hence by the comparison principle for the evolutionary problem (6) (see Theorem 1.11), we
assure that u(x, 1) < z(x) for a.e. (x,1) € Q. Letting t — oo and recalling (85), we obtain

z(x) <z(x) fora.e. x e Q.

On the other hand, since z belongs to X NV and satisfies z > ug and —Az > foo in V/,
applying the comparison theorem for variational inequalities of obstacle type (see Lemma 2.11)
to (VI)(ug, foo), we assure that 7 < z a.e. in 2. Consequently, we conclude that z =7 a.e. in Q.
Thus we have proved the second half of the assertion of Theorem 1.12. O

6. Other equivalent formulations

In this section, we discuss other formulations of solutions for (6)—(9) equivalent to those
defined by Definition 1.4. Let us start with a complementarity form of strong solutions.

Theorem 6.1. Let f € L2(Q7) and ug € L*(Q). Then u is a strong solution of the problem
(6)-(9) on [0, T, if and only if the following six conditions are satisfied:

(V1) ue Wh2(0, T; L2(Q)) N L%(0, T; X N V),
(V2) ou >0a.e. in Qr,

(V3) oyu — Au— f>0a.e. in Qr,

(V4) (6iu — Au— f)ou=0a.e. in Qr,

(V5) u(0,-) =uop.

Proof. If u satisfies (V1) (or (i) of Definition 1.4), one can define the following measurable
subsets of Q7

Qo :={(x,1) € Or: du # (Au+ )4},
01 :={(x,1) € Or: diu = (Au+ f)4 > 0},
0o :={(x,t) € Or: du = (Au+ f)4 =0},

which are disjoint and satisfy Q7 = Qo U Q1 U Q».
Let u satisfy (i)—(iii) of Definition 1.4. Conditions (V1) and (V5) follow immediately. From
(i1) of Definition 1.4, it follows that

H'(Qp) =0,

and moreover, by definition,
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ou>0, dhu—Au— f=0 ae.inQq,
oou=0, u—Au—f>0 ae.in Qs.
Hence (V2), (V3) and (V4) follows. Consequently, every strong solution u of (6)—(9) in the sense
of Definition 1.4 satisfies all the conditions (V1)—(V5).
Conversely, let u satisfy (V1)-(V5). Conditions (i) and (iii) of Definition 1.4 follow from

(V1) and (V5). Let us next show that " +! (Qo) =0, which is equivalent to the condition (ii) of
Definition 1.4. Define

O* ={(x,t) € Qr: du>0 and du — Au— f >0 at (x,1)}.

Then it holds that H"*1(Q7 \ Q*) =0 by (V2) and (V3).
We claim that

du>0, du—Au—f>0 ateach (x,1)€ QoN QO*. (89)

Indeed, by the definitions of Q¢ and Q*, u satisfies the following conditions at each (x, ) €

QoN QO*:

ou # (Au+ f)y, (90)
du >0, ©n
dqu—Au— f>0. (92)

If 9,u = 0 at some (xg, t9) € Qo N QO*, then Au+ f > 0 at (xo, tp) by (90) and it contradicts (92).
Hence, we obtain d;u > 0 at each point of Q¢ N Q* by (91). Similarly, if d,u — Au — f =0 at
some (xg, o) € Qo N QF, then 0 < d,u = Au+ f = (Au+ f)4+ at (xg, yo), which contradicts
(90). Thus, we obtain d;u — Au — f > 0in Qg N Q* by (92).

Since Q7 = Qo U Q1 U Q, is a disjoint union and H"~1(Q7 \ 0*) =0, we have

o‘Vé‘)//(atu —Au—f) a,udxdz=//(a,u — Au— f)dudxds
or (o)

= // (0;u — Au — f)o;udxdr.
QoNO*

By (89), we obtain H"+1(Q¢ N Q*) = 0; otherwise the last integral is positive. Hence we con-
clude that

H™(Qo) = H" T (Qo N Q%) +H'T (00 \ 0F) =0.

This completes the proof. O
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Finally, let us discuss a possible formulation of (6) in the sense of viscosity solutions. Set

F(x,t,Y):=—(rY + f(x, z))Jr for xeQ, 1€ (0,T), Y eRY, (93)
where R denotes the set of all symmetric n x n real matrices. Then (1) is also written as

du(x,1) + F(x,1, D*u(x,1)) =0,

where D%u(x, 1) € Rg’yﬁ’ is the Hessian matrix of u. Since F is degenerate elliptic, one may apply
the theory of viscosity solutions to prove the existence and uniqueness of viscosity solutions of
(93) under suitable assumptions for f(x, ) and the boundary condition. However, to the authors’
knowledge, no result on such a viscosity approach to (6) has been obtained except for [58] (see
also [45] for the case f = 0). Moreover, the relation between the notion of viscosity solutions
and that of strong solutions for (6) is widely open. For further details of the theory of viscosity

solutions, we refer the reader to [24], [41], [31] and references therein.
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Appendix A. Some auxiliary facts

Let us start with the following:
Lemma A.l. Let 1 < p <00, u € M(Q) and ¢ € LP(). It holds that jv, € LP () if and only
if (u+¢)4 € LP(2). Moreover, |(n + &)+liLr@) < lt+llLr@) + ¢+ 1Lr (). An analogous
conclusion also holds for the negative part.

To prove this lemma, we claim that:
Lemma A.2. Let 1 € M(Q) and 1 < p < o0o. If there exists f € LP () such that

0<u(B) < /fdx for any Borel set B C Q.
B

then w is absolutely continuous (with respect to Lebesgue measure) with an LP density function.

Proof. For any Borel set w C © whose Lebesgue measure is zero, we find u(w) = 0 by assump-
tion. Hence p is absolutely continuous (with respect to Lebesgue measure), and therefore, there
exists g, € L' () such that
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OSM(B):/gMdXS/de
B

B

for any Borel set B C Q. Thus we obtain 0 < gu < f, which implies g, € L”(2) by f €
LP(R2). O

Proof for Lemma A.1. Let ¢ € L”(€2). Assume that x4 has an L?(2) density function g. De-
note by B the set of all Borel sets in R”. We then observe that

0= (1 +)+(B) = sup (u+¢)(B)
b

B'CB

= sup u(B’)+/cdx
B'eB B

B'CB

< sup u(B/)+/c+dx
B'eB B

=,u+(B)+/§+dx=/(g+§+)dx
B B

for any Borel set B C Q. Therefore by Lemma A.2, (i + ¢)4 turns out to be absolutely con-
tinuous (with respect to Lebesgue measure) with an L? density function 4. Moreover, from
the arbitrariness of B, one has 0 < h < g + {4 ae. in Q, which also yields ||k rq) <
lgller@) + 1E+llLr(q). Conversely, assume that (i + ¢)4 € LP(2). Then

0 < puy(B):= sup u(B')
B'CB
B'eB

B'CB
B'eB

= sup M(B’)Jr/{dx—/cdx s(u+c)+<3)+/;:dx
B’ B’ B

for any Borel set B C Q. Thus s, is absolutely continuous (with respect to Lebesgue measure)
and has an L? density function. O

Finally, let us give a couple of concrete examples of i satisfying (24).

Remark A.3.

Q) If y € W>H(Q), (—AY)4 € LP(Q) and (3,%)4 =0 H" '-ae. on 'y, then (24) follows
immediately.

(ii) Let us give another example of ¥ satisfying (23) and (24): Let D be a smooth bounded
domain of R* ! andset Q=D x (—1,1),Tp =D x {—1} and 'y =92\ I'p. Moreover,
set
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1 2 /
Yx)=lxul—1—alx,+1)—>b Z(x,, -1 =1 for x=(x",x,) € D x (—1,1)
for arbitrary a > 1 and b € R. Then for any ¢ € V (in particular, ¢(x’, —1) = 0),

b
<A1/f—f,¢>v:—Z/so(x/,mdx/—(a—1)/¢(x/, l)dx/+/(01/f—f+§)<pdx,
D Q

D

Hence, denote Ay — f by u € M(Q). Thenduy = (o — f + %)J,_ dx, which is absolutely
continuous (with respect to Lebesgue measure) and

b
dp— =2dH" " [ pxoy+(a@ — DAH" ™ [ pxqy+ <Glﬂ -+ 5) dx.
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