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Abstract. The task of determining the geometry of a cone-beam CT scanner

with flat panel detector and circular/spiral source trajectory is considered.
Accomplishing this task implies analyzing projections of a set of points referred

to as calibrating set or calibrating phantom. We take advantage of the fact

that observed coordinates of a point’s projection are rational functions of the
point’s location. Unknown coefficients of these functions can be recovered

exactly from six projections of the point. Location of the source as well as

position and orientation of the detector are determined in the scanner reference
frame, which is constituted by rotation axis and central plane of the scanner.

Two different projections of a calibrating set are enough to solve the task if

the source trajectory is a circle. In applications where a shift of an object
transversally to the central plane is required, two additional projections have

to be collected in order to identify the direction of the shift. The developed
formalism becomes especially simple when the detector is aligned with the

rotation axis. In this case four projections of a single calibrating point rotated

successfully about the rotation axis are sufficient. The error analysis carried
out in the paper shows that the magnitude of deviation from the true values

is of the order of the magnitude of measurement errors.

1. Introduction

In the computer tomography data are collected in form of integrals of a quantity
of interest, e.g. the attenuation coefficient, measured over rays crossing an inves-
tigated object. In the practice, correct associating the collected data with rays
is crucial for the quality of the reconstruction and is possible only if a scanner’s
geometry is known. As scanner’s geometry one refers to a set of system parameters
describing a spatial configuration of the scanner’s essential components which are a
source focus, a detector and a rotation stage designed for rotating an object under
study.

Relative to the rotation stage a cone beam CT scanner, regarded as a mechanical
system, has nine degrees of freedom, three for the source location, three for the
detector position, and three for the angular orientation of the detector. For a
scanner with circular source trajectory and constant distance between the source
and the detector the number of degrees of freedom is reduced by two. Accordingly,
there are seven kinematically independent system parameters which have to be
estimated.

Depending on the type of the scanner a process of estimating the system pa-
rameters, referred usually to as geometric calibration, has to be carried out every
time before the investigation of the patient, or once over certain period of time.
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2 O TISCHENKO1, N SAEID NEZHAD2 AND C HOESCHEN2

Various methods allowing one to determine the scanner geometry have been pro-
posed in the literature. Depending on certain criteria they may undergo different
classifications. In terms of the background formalism used for the calibration they
can be classified as analytic ([2], [4], [6], [12], [13], [18], [19], [21]) and optimization
([1], [3], [5], [7]-[10], [15], [17], [22]) methods. The methods based on pre-scans of a
marker phantom are classified as offline methods. These methods assume that the
geometry of the CT scanner is the same both during calibration and in subsequent
scans, which is a reasonable assumption for many systems. A problem with the
methods using a marker phantom is that the phantom being normally designed for
a particular acquisition trajectory is not applicable to a diversity of trajectories.
So-called online methods generally address cases in which the acquisition trajec-
tory is not reproducible, e.g. due to so-called flex of the rotation axis or patient
motion. These methods allow one to estimate geometry directly from the patient
scan. Some of them employ the data redundancy conditions [15], [16]. In [11], [20]
anticipated properties in the reconstruction via iterative optimization are enforced,
while the method proposed in [3] is based on the formalism of the consistency condi-
tions for linear integral operator. Common to these methods is that they make use
of iterative optimization algorithms which are expensive in terms of computational
complexity.

CT cone beam scanners as well as pinhole SPECT scanners with circular/spiral
source trajectory constituting an important class of scanners can be calibrated with
the methods mentioned above. However, some of them give a restricted solution
of the problem or require using a phantom that is challenging to manufacture.
In [13] a method is proposed that can be used under condition that the detector
is aligned with the rotation axis. This method requires a set of projections of a
simple phantom consisting of two points rotated successively around the rotation
axis. Similar phantom, but consisting of a single point, is used in [19]. There,
under assumption that the components of a circle projection are trigonometric
polynomials of degree ≥ 3, an orientation of the detector and a position of the
origin of the detector relative to the source are determined. However both the
source to rotation axis and the source to detector distances remain undetermined.
In [21] a more complicated phantom consisting of several points is used to determine
geometry of the scanner the detector of which is aligned with the rotation axis and
the line connecting the source and the iso-center is perpendicular to the detector
plane. In [4], using a complex calibrating phantom, one determines six system
parameters, while the source to rotation axis distance is obtained in the sense
of homogeneous coordinates. In the method proposed in [1] the iterative Powell
algorithm was used to estimate geometry of a pinhole SPECT scanner. Some
a priori knowledge of the scanner geometry, that can be measured up to some
reasonable accuracy, is necessary for this method to assure that the iterative process
converges to a correct solution. The method proposed in [5] refines the estimates
of the extrinsic parameters obtained in [1]. Both mentioned methods make use of
iterative optimization starting from multipoint phantoms, with thorough analysis
of the correlation between some misalignment parameters that may hamper the
calibration task unless some constraint is applied. Using simple formalism with
minimal requirements on phantom the method proposed in [12] can be applied for
estimating a scanner’s pose relative to the calibrating phantom. However the only
intrinsic parameters determined in [12] are the focus to detector distance and the
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A METHOD OF DETERMINING GEOMETRY OF CONE BEAM CT SCANNER 3

orthogonal projection of the source onto the detector. But the source position as
well as the detector orientation are given there in a so-called laboratory reference
frame, the center of which is a point of the phantom, and the axes are the symmetry
axes of the phantom. In other words the rays crossing the patient are assumed to
be coordinated in the laboratory frame. Indeed, it might be useful to modify the
method cited above in order to determine the focus to detector distance as well as
the position and the orientation of the detector in the scanner reference frame.

In this paper we propose an analytic method of the calibration of a cone beam
CT scanner with a circular/spiral acquisition trajectory. Though developed inde-
pendently, the formalism laid in the background of the method is similar to that one
used in [12]. In contrast in the proposed paper the values of all system parameters
are given in the scanner reference frame. Two projections of a simple calibrating
phantom have to be acquired to determine the scanner geometry completely. The
developed in sections 3 and 4 formalism of the method can be directly applied to
the case where the rotation axis is parallel to the detector plane. As was shown
in sections 5, in this case only four projections of a single calibrating point are
sufficient. Section 6 provides with error bounds for the most system parameters,
and gives an idea of how the geometry of the calibrating setup may affect accu-
racy of the calibration. It was shown that the method is robust with respect to
measurements errors and small deviations from presumably perfect phantom geom-
etry and location of the phantom relative to scanner. Finally, performance of the
method was evaluated for the accuracy of the parameter estimates. The results of
the evaluation are presented in section 7.

2. Notations and Problem statement

CT scanner designed for collecting cone-beam projections is considered. The
scanner is combined of x-ray source and flat panel detector, both fixed in space.
Between the source and the detector there is a precision rotation stage provided for
rotating the object under study. Schematic arrangement of the scanner is shown
in figure 3. In this figure axis Oz is the rotation axis; Oxy is central plane, i.e. the
plane that contains the source and is perpendicular to the rotation axis; l is line of
the intersection of the central plane and the detector plane. Reference frame Oxyz
is referred in the following to as scanner reference frame. This frame, as well as all
other reference frames introduced below, is assumed to be orthogonal. There are
different choices to direct axes x and y. We direct them perpendicularly and parallel
to line l respectively (see Fig. 3). The detector is supplied with its own reference
frame to which we refer as observation reference frame. The axes of this frame,
which we denote as u, v, are assumed to be parallel to the rows and columns of the
matrix of the detector respectively. The orientation of the detector in the scanner
reference frame can be described by two angles, angle β between the detector plane
and the rotation axis, and angle γ between the u-axis of the observation reference
frame and line l. Denote with B and G matrices of basic rotations

B =

cosβ 0 − sinβ
0 1 0

sinβ 0 cosβ

 , G =

1 0 0
0 cos γ sin γ
0 − sin γ cos γ

 , (1)
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4 O TISCHENKO1, N SAEID NEZHAD2 AND C HOESCHEN2

and let Oξηζ be the reference frame such that the components of a point in frames
Oxyz and Oξηζ relate to each other via transformationξη

ζ

 = GB

xy
z

 . (2)

From the definitions of angles β and γ it follows that the ξ-axis is perpendicular
to the detector plane, while axes η and ζ are parallel to axes u and v respectively.
In the following we refer to Oξηζ as detector reference frame. For a point (u, v) of
the detector plane, relation ξη

ζ

 = R+

0
u
v

 (3)

is valid, where ξ, η, ζ are the components of the point in frame Oξηζ, and vector R
points from origin O to the reference point of the detector, which may be chosen
arbitrarily. Finally, the location of the source focus is denoted as F . Due to
the definition, according to which F ∈ Oxy, in the scanner reference frame F =
(Fx, Fy, 0).

For a point p 6= F there is a ray starting in source F and passing through this
point. The point in which the ray intersects the detector plane is referred to as
x-ray projection of p. Denote with D the source to detector distance, and with P
the orthogonal projection of F onto the detector plane. Then

D = Fξ −Rξ, Pu = Fη −Rη, Pv = Fζ −Rζ , (4)

where Pu,Pv are the components of P in the observation reference frame, and
Fi, Ri, i ∈ {ξ, η, ζ}, are the components of vectors F,R in reference frame Oξηζ.
The x-ray projection of point p = (ξ, η, ζ) is given by equation0

u
v

 =

D
Pu
Pv

+

ξ − Fξη − Fη
ζ − Fζ

 τ(p), (5)

where

τ(p) =
D

Fξ − ξ
> 1. (6)

The parameters of set

Ω := {β, γ, Fx, Fy, D,Pu,Pv} (7)

completely describe the geometry of the scanner in the scanner reference frame,
that is, any other system parameter can be expressed through parameters of set Ω.
In particular components of vector R can be expressed through parameters of Ω
with the help of (4). Three more parameters must be determined if a shift of the
object under study transversally to the central plane is provided. These are the
components of vector e directed along the shift.

Determining the parameters of set Ω implies measuring projections of a set of
calibrating points such that

(1) projections of the points of the set can be observed in the observation
reference frame,

(2) for any two points p1,p2 of the set the components of vector ∆p = p2−p1

are known in some well defined reference frame.
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A METHOD OF DETERMINING GEOMETRY OF CONE BEAM CT SCANNER 5

In other words the notion of a calibrating set implies existence of the reference frame
that can be used for the description of the mutual arrangement of the calibrating
points. We refer to this frame as calibrating reference frame.

—

Figure 1. Arrangement of the scanner. Oxyz is the scanner ref-
erence frame; Oz is the rotation axis, and Oxy is the central plane
of the scanner. Line l is the line of the intersection of the cen-
tral plane and the detector plane coordinated with u, v; axes Ox
and Oy are perpendicular and parallel to line l respectively. Axis
Oξ is normal to the detector plane; Oη is parallel to u-axis of the
detector, and Oζ is parallel to v-axis; F is the focus of the source.

3. Determining unknown parameters

Let p0 be some fixed point, and let Ot0s0h0 be a reference frame in which the
components ∆t,∆s,∆h of vector ∆p = p − p0 are known for any point p. In the
following this frame is called calibrating reference frame; point p0 is called initial
point. Representation ξη

ζ

 =

ξ0η0
ζ0

+ Θ0

∆t
∆s
∆h

 , (8)

is valid, where (ξ0, η0, ζ0) and (ξ, η, ζ) are the components of p0 and p in Oξηζ, and

Θ0 = GBA0 =

θ0ξ,t θ0ξ,s θ0ξ,h
θ0η,t θ0η,s θ0η,h
θ0ζ,t θ0ζ,s θ0ζ,h

 (9)

is a matrix of transformation from Ot0s0h0 to Oξηζ; matrix

A0 =

αx,t αx,s αx,h
αy,t αy,s αy,h
αz,t αz,s αz,h

 (10)

is a matrix of transformation from Ot0s0h0 to Oxyz; matrices B and G are defined
in (1). Let θ0

ξ ,θ
0
η,θ

0
ζ denote the rows of matrix Θ0. After substitution of (8) into
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6 O TISCHENKO1, N SAEID NEZHAD2 AND C HOESCHEN2

(5) it becomes possible to represent the observed components of the projection of
p in form

u =
u0 + 〈a0,∆p〉
1 + 〈c0,∆p〉

, v =
v0 + 〈b0,∆p〉
1 + 〈c0,∆p〉

. (11)

Here 〈·, ·〉 is the dot product of 3-vectors; u0, v0 are the observed components of the
projection of p0; unknown vectors a0, b0, c0 are represented by

c0 = −τ0
D
θ0
ξ , a0 = τ0θ

0
η + Puc0, b0 = τ0θ

0
ζ + Pvc0, (12)

with

τ0 = τ(p0) = D/(Fξ − ξ0). (13)

As one can see in (11), the projections of a point p are expressed as rational func-
tions of known variables ∆t,∆s,∆h. Unknown coefficients a0, b0 and c0 of these
functions can be determined from few samples of these functions uniquely. A set
of the sampling points allowing to accomplish this is referred to in the following as
calibrating set, or calibrating phantom. In section 4 we consider a simple calibrat-
ing set consisting of six points located in the vertices of the octahedron. So far the
vectors a0, b0, c0 are assumed to be known.

Using orthogonality of matrix Θ0, one finds that

D =
‖a0 × c0‖
‖c0‖2

=
‖b0 × c0‖
‖c0‖2

(14)

Pu =
〈a0, c0〉
‖c0‖2

, Pv =
〈b0, c0〉
‖c0‖2

(15)

where ‖c‖ =
√
〈c, c〉, and × means the cross product. Hence, the focus to detector

distance D and the components Pu,Pv of the orthogonal projection of the focus
can be determined from one projection of the calibrating set.

For determining angles β, γ as well as location F of the source in the scanner
reference system, one additional projection is necessary. Rotate the calibrating set
about the rotation axis at angle π, and denote the rotated calibrating frame as
Ot1s1h1. Let Θ1 be a matrix of transformation from Ot1s1h1 to Oξηζ. It is clear
that

Θ1 = GBA1 =

θ1ξ,t θ1ξ,s θ1ξ,h
θ1η,t θ1η,s θ1η,h
θ1ζ,t θ1ζ,s θ1ζ,h

 (16)

where

A1 =

−αx,t −αx,s −αx,h
−αy,t −αy,s −αy,h
αz,t αz,s αz,h

 , (17)

with αi,j defined in (10), is a matrix of transformation from Ot1s1h1 to Oxyz.
Denote the location, the initial point moves to after the rotation, as p1, and let
τ1 = τ(p1). Denote with a1, b1 and c1 the vectors obtained by analogy with the
vectors a0, b0 and c0 respectively. One can express the rows of matrices Θk, k = 0, 1,
through vectors ak, bk and ck, and find that for any i ∈ {t, s, h}

θ0ξ,i + θ1ξ,i = −2αz,i sinβ =: ωξ,i, (18)

θ0η,i + θ1η,i = 2αz,i sin γ cosβ =: ωη,i/D, (19)

θ0ζ,i + θ1ζ,i = 2αz,i cos γ cosβ =: ωζ,i/D. (20)
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A METHOD OF DETERMINING GEOMETRY OF CONE BEAM CT SCANNER 7

Therefore

tan γ =
ωη,i
ωζ,i

, (21)

and

tanβ = −ωξ,i
ωζ,i

D cos γ. (22)

Both (21) and (22) must hold for any i. However, for some i both of them may
happen to be numerically unstable, e.g. if αz,i is close to zero. Therefore the
subscript reliable in terms of numerical stability of formulas (21) and (22) has to
be chosen. This should always exist. In the following we assume that angles β, γ
as well as the angle between axes z and h substantially differ from ±π/2. Then
term ωζ,h substantially differs from zero, which guarantees numerical stability of
the above formulas when i = h. Under this assumption

tan γ =
(a0h − Puc0h)/‖c0‖+ (a1h − Puc1h)/‖c1‖
(b0h − Pvc0h)/‖c0‖+ (b1h − Pvc1h)/‖c1‖

, (23)

and

tanβ =
c0h/‖c0‖+ c1h/‖c1‖

(b0h − Pvc0h)/‖c0‖+ (b1h − Pvc1h)/‖c1‖
D cos γ. (24)

In order to derive expressions for Fx and Fy one can set p = p0 in (5) and rewrite
it in the scanner reference frame Oxyz. One obtainsFx − x0

Fy − y0
Fz − z0

 =
1

τ0
(GB)T

 D
Pu − u0

Pv − v0

 . (25)

Similarly, setting p = p1 in (5) and recalling that p1 = (−x0,−y0, z0), one can
obtain equation Fx + x0

Fy + y0
Fz − z0

 =
1

τ1
(GB)T

 D
Pu − u1

Pv − v1

 . (26)

Accounting for condition Fz = 0 from (25) and (26) one derives representationx0

y0
z0

 =
1

2

(τ−1
1 − τ−1

0

)
D secβ

U0/τ0 − U1/τ1
2Rz/τ0

 . (27)

and (
Fx
Fy

)
=

(
x0 + τ−1

0 Rx
− 1

2
(τ−1

0 U0 + τ−1
1 U1)

)
(28)

where Rz = V0 cosβ +D sinβ,Rx = −V0 sinβ +D cosβ and for k = 0, 1(
Uk
Vk

)
=

(
cos γ − sin γ
sin γ cos γ

)(
uk − Pu
vk − Pv

)
. (29)

Representation (27) can be used for identifying the direction of a shift of an object
under study, e.g. a patient, transversally to the central plane in applications where
such a shift is required. Indeed, the direction of the shift can be identified as the
direction of the line connecting points p0 and p0,s, where p0,s is the location of the
initial point in the scanner reference frame after the shift.
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8 O TISCHENKO1, N SAEID NEZHAD2 AND C HOESCHEN2

4. Calibrating Set

As calibrating set we consider the vertices of the octahedron. This set is advan-
tageous both in terms of its simple geometry and in terms of the simplicity of the
expressions obtained for coefficients a, b, c when the points of the set are treated
as sampling points of rational functions defined by (11). Also in the case when the
detector is aligned with the rotation axis, as to be regarded in the next section,
considering this set significantly simplifies solution of the problem.

Let the distance between the opposite vertices of the octahedron be 2∆. Then
there exists an orthogonal reference frame Otsh in which

p±t − p0 = (±∆, 0, 0), p±s − p0 = (0,±∆, 0), p±h − p0 = (0, 0,±∆), (30)

where p±t,p±s,p±h and p0 are locations of the vertices and of the center of the
octahedron respectively. Clearly, the projection of the center of the octahedron
can be identified as the intersection of the lines connecting the projections of the
opposite vertices. So in fact this calibrating set consists of six points.

Let (u±i, v±i) be observed components of the projection of calibrating point p±i,
i ∈ {t, s, h}. Rewrite (11) in form

〈a− uc,∆p〉 = u− u0, 〈b− vc,∆p〉 = v − v0 (31)

where for the sake of simplicity of notations superscript 0 of elements a, b, c has been
omitted. Substituting (30) into the above equations yields two pairs of equations
relative to unknowns ai, ci and bi, ci:

±∆(ai − u±ici) = u±i − u0 (32)

and

±∆(bi − v±ici) = v±i − v0 (33)

respectively. Provided that ui 6= u−i or vi 6= v−i, which would mean that points pi
and p−i do not lie on the same ray, equations (32) and (33) have unique solution

ci = Ci/∆, ai = Ai/∆, bi = Bi/∆, (34)

where

Ci = m−i −mi (35)

and

Ai = m−iui −miu−i, Bi = m−ivi −miv−i (36)

with

mi =
ui − u0

ui − u−i
=

vi − v0
vi − v−i

, m−i =
u0 − u−i
ui − u−i

=
v0 − v−i
vi − v−i

. (37)

Evidently expressions (14)-(15) and (23)-(24) can be rewritten in terms of Ai, Bi, Ci
which means that parameters D,P , β and γ can be determined without knowledge
of value ∆. But, as it follows from (28), in order to determine the location of the
focus in the scanner reference frame the value of ∆ must be known.
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A METHOD OF DETERMINING GEOMETRY OF CONE BEAM CT SCANNER 9

5. Case β = 0

If the rotation axis is parallel to the detector plane, i.e. if β = 0, the values of
all necessary system parameters can be obtained from projections of a single point
acquired at different source positions, or equivalently, collected after successively
rotating the point around the rotation axis.

To be more specific consider set {pk ∈ R3, k = 0, 1, 2, 3} such that in the scanner
reference frame Oxyz

pk = (∆ cosαk,∆ sinαk, z0), αk = α0 + kπ/2, z0 6= 0. (38)

So defined calibrating set is similar to the calibrating set considered in section 4
with the difference that it consists of four points only, located in the vertices of the
square, which can be considered as vertices of the octahedron the vertical symmetry
axis of which coincides with the rotation axis. In the following frame Otsh axes Ot
and Os of which are parallel to the diagonals of the square, and axis Oh coincides
with the rotation axis, is considered as calibrating frame, and the center of the
square, located in point (0, 0, z0), as initial point of the calibrating set. In spite
of the fact that projections of four vertices only can be observed, nevertheless one
can take advantage of the formalism developed in section 3. Let α0 be the angle
between the x-axis and the t-axis. Then the matrix of transformation from Otsh
to the detector reference frame Oξηζ is a matrix of two successive rotations, the
rotation at an angle α0 about h-axis and the rotation at an angle γ about the
x-axis. That is,

Θ =

 cosα0 sinα0 0
− cos γ sinα0 cos γ cosα0 sin γ
sin γ sinα0 − sin γ cosα0 cos γ

 (39)

According to (12), define vectors c = −τ0D−1θξ,a = τ0θη + Puc, b = τ0θζ +
Pvc, where θξ,θη and θζ are the first, the second and the third row of matrix Θ
respectively. Components ci, ai, bi of these vectors can be derived for i = t, s using
approach described in section 4 (see (35)-(36)), and ch = 0. Since ‖c‖ = τ0/D and
for all γ ∈ (−π/2, π/2)

atcs − asct =
τ 2
0

D
cos γ, bsct − btcs =

τ 2
0

D
sin γ, (40)

for missing coefficients ah, bh one obtains

ah =
bsct − btcs
‖c‖

, bh =
atcs − asct
‖c‖

. (41)

Thus, if β = 0 the coefficients of the rational functions (11) can be determined from
four projections of a point rotated successively at angle π/2 around the rotation
axis. In order to use formulas derived in section 3 one has to set ch = 0, a0h = a1h =
ah, b0h = b1h = bh and τ1 = τ0. Then formula (23) takes view

tan γ =
ah
bh

=
bsct − btcs
atcs − asct

, (42)

while formulas (14)-(15) take view

D = ‖c‖−1
√
a2h + b2h, (Pu,Pv) = (atct + ascs, btct + bscs)‖c‖−2, (43)

Correspondingly, formulas (27),(28) become

z0 = −V0(a
2
h + b2h)−1/2, (Fx, Fy) = (‖c‖−1,−U0(a

2
h + b2h)−1/2), (44)
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10 O TISCHENKO1, N SAEID NEZHAD2 AND C HOESCHEN2

where (
U0

V0

)
=

(
cos γ − sin γ
sin γ cos γ

)(
u0 − Pu
v0 − Pv

)
. (45)

If projections of pk defined in (38) are not available the same formulas can be used
after re-sampling that can be done as follows. The projection of circle S := {p(α) ∈
R3, α ∈ [0, 2π)} with p(α) = (∆ cos(α0 + α),∆ sin(α0 + α), z0) can be represented
as

u(α) =
a1 cosα+ a2 sinα+ a3
1 + c1 cosα+ c2 sinα

, v(α) =
b1 cosα+ b2 sinα+ b3
1 + c1 cosα+ c2 sinα

. (46)

Unknown coefficients of the above functions can be recovered uniquely from five
projections of p(α) ∈ S acquired at α = 0 and four other known values of α.
Thereafter functions (46) can be evaluated analytically for any value of α, in par-
ticular for αk = kπ/2, k = 1, 2, 3.

6. Influence of measurement errors

In section 3 it was shown that all system parameters can be expressed as functions
of vectors ak, bk, ck, k = 0, 1, defined in (12). In turn, triple (ak, bk, ck) is derived
from the k-th projection of the calibrating set. Discrepancy from the presumably
perfect calibrating set as well as measurement error cause the derived values to
deviate from the values of interest. In this section expressions that relate the errors
of important geometric parameters to deviations δak, δbk, δck are presented. The
bounds of these errors are obtained. Finally, dependence of deviations δak, δbk, δck

on measurement errors is studied, which should give an idea of how the geometry
of the calibrating setup can influence the magnitude of errors.

Let δaki , δb
k
i , δc

k
i , where i = t, s, h, be the components of the corresponding de-

viations in Otsh. Without loss of generality in this section the reference point of
detector is assumed to be an orthogonal projection of the source. The following
inequalities hold with high degree of accuracy (see appendix A):

L|δD|/D ≤ χk‖δAk‖+ κk‖δCk‖, (47)

L|δPu|/D ≤ χk‖δAk‖+ κk‖δCk‖, (48)

L|δPv|/D ≤ χk‖δBk‖+ κk‖δCk‖, (49)

where Lf is a linear part of the Taylor expansion of f in powers of ‖δAk‖, ‖δCk‖,
and

χk =
1

τk∆
, κk =

D

τk∆
. (50)

Let λk = ‖Ck‖‖Ck + δCk‖−1, k = 0, 1, and let ε = λ0 − λ1, ν = λ0 + λ1

For the errors of angles γ and β the following bounds are valid :

| tan(δγ)| ≤ |ε|αy,h + δr

2αz,h cosβ
, | tan(δβ)| ≤ |ε|αx,h + δR

ναz,h
(51)

where αi,h is cosine of the angle between axes i ∈ {x, y, z} and h, and δr, δR are
small values such that δr → 0 and δR→ 0 when max{‖δAk‖, ‖δBk‖, ‖δCk‖} → 0
(see appendix B). In particular, if β = 0, then |δγ| ≤ arcsin(δr0), where δr0 =
τ−1
0 (δa2h + δb2h)1/2 (see section 5 for definitions of ah and bh).

Since |ε| ≤ κ0‖δC0‖ + κ1‖δC1‖, the bounds of both δPu/D, δPv/D, δD/D and
δγ, δβ are proportional to the magnitudes of χk‖δAk‖, χk‖δBk‖ and κk‖δCk‖. As
it follows from (50), constants χk and κk depend on the size ∆ of the calibrating set
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A METHOD OF DETERMINING GEOMETRY OF CONE BEAM CT SCANNER 11

and its location expressed by the scaling factor τk. Hence, they can be controlled.
Norms ‖δAk‖, ‖δBk‖ and ‖δCk‖, as well, depend not alone on the measurements
errors but also on the size and location of the calibrating set in the scanner reference
frame. One can find (see appendix C) that

κk‖δCk‖ ≤ 4
√

3

τk

D

`

δm
∆
, (52)

χk‖δAk‖ ≤ (2ρu + 1)
√

3

τk

δm
∆
, (53)

χk‖δBk‖ ≤ (2ρv + 1)
√

3

τk

δm
∆
, (54)

where δm is a maximal absolute error of measurements, and

` = min{max{ui − u−i, vi − v−i}, i ∈ {t, s, h}}. (55)

Values of ρu and ρv defined by

ρu =
ui + u−i + δui + δu−i
ui − u−i + δui − δu−i

, (56)

ρv =
vi + v−i + δvi + δv−i
vi − v−i + δvi − δv−i

. (57)

are very close to the values of fractions (ui+u−i)/(ui−u−i) and (vi+v−i)/(vi−v−i)
respectively. Recall that in this section the orthogonal projection of the focus onto
the detector is an origin of the detector. Therefore one can guarantee that, by fairly
small misalignments and norm ‖p0‖, |ρu| ≤ 1/2 and |ρv| ≤ 1/2.

7. Simulation and Results

We have simulated a situation in which the x-ray source and the detector are
fixed in space and the calibrating set is put on the rotation table located between
them. The setup used in the simulation was designed as follows. First, the scanner
reference frame Oxyz was defined as the one with the z-axis being rotation axis.
The detector was assumed to be displaced from the ideal position in which the
x-axis is perpendicular to the detector plane, intersects the detector in its center,
and the rows of the detector are parallel to the y-axis. The displacement of the
detector consists of two successive steps: 1) parallel carry in which the reference
point of the detector is moved to location R = (Rx, Ry, Rz); 2) rotation at angles
β and γ about the u-axis and the w-axis respectively, where the w-axis is normal
to the detector. Finally the source focus was placed into location F = (Fx, Fy, 0).
The true values of the focus to detector distance D and the components Pu,Pv of
the orthogonal projection of the focus can be calculated using (4).

Calibrating point was modeled as an apex of a conic body. We have preferred
this approach to the conventional one, where a point is modeled as a ball’s center,
since this is easier to process numerically. Unlike an elliptical shadow of the ball,
the shadow of a cone is the area bounded by two straight lines. The projection
of the ball’s center is generally neither in the center of its elliptical shadow nor
in its focus. In order to identify it the gray value distribution within the ball’s
shadow must be analyzed. In contrast, localization of the projection of the cone
apex comes down to detecting strong and clear boundaries of the cone’s shadow.
Detecting a boundary of the cone’s shadow is done in two steps, 1) detecting edge
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12 O TISCHENKO1, N SAEID NEZHAD2 AND C HOESCHEN2

pixels {(up, vp), p = 1, ..., N} in the image I of the cone, and 2) constructing straight
line u cosφ+v sinφ = t that has the best fit to the set of detected edge pixels. Very
accurate estimates of parameters φ, t are

tanφ0 =

(
N∑
p=1

(up − u)2

)1/2( N∑
p=1

(vp − v)2

)−1/2

sgn(φ), (58)

t0 = u cosφ0 + v sinφ0, (59)

where u, v are mean values of sets {up} and {vp} respectively. Additionally, in order
to increase accuracy, edge profiles corresponding to different φ ∈ [φ0 − δφ, φ0 + δφ]
with small δφ may be analyzed. The profile corresponding to a given φ is the
function g = g(s), where s = u cosφ + v sinφ and g(s) = I(u, v), that is, this is
constituted by the grey values within the image region that contains the edge of
the cone shadow. So, instead of φ0 the value of φ may be chosen that corresponds
to the steepest profile. At the same time one may replace value t0 by value t =
arg max

s
|g′s(s)|. For this paper, we settled for values φ0, t0 using (59) and (58) since

these are nearly optimal. Nevertheless, the additional refinement described above
could improve accuracy.

Hence, in order to identify the projection of the apex, both edges of the cone’s
shadow have to be detected as straight lines given by equations u cosφi + v sinφi =
ti, i = 1, 2. The projection of the cone apex is the solution of these equations.

The same cone was successively shifted into the predefined positions and its x-ray
images were simulated each time using GEANT4 program. Thus, in order to get
one complete projection of the calibrating set consisting of six points, as discussed in
section 4, six images of the cone located in different positions have been simulated.
Apparently, in the practice such an approach could be realized by means of a 3D
translation stage. Then the axes of this stage would define calibrating frame Otsh.
The simulated calibrating frame was defined as the one obtained from frame Oxyz
by means of two successive rotations at angles α1 and α2 about the h-axis and
t-axis respectively.

The tables below show the true values of the considered geometric parameters
used for the simulation and the residuum values which are the difference between
the calculated value and the true value of parameter. The size of the detector’s cell
was set to 0.1 mm, and parameter ∆ = 40 mm.

Table 1. True values and residuum for parameters D, P and F

D Pu Pv Fx Fy

True value (mm) 150.425 0.079 -13.198 101 1
Residuum (mm) -0.003 0.016 0.106 0.013 7.0e-04

Table 2. True values and residuum for angles β and γ

β γ

True value -5° 4°

Residuum 0.005° 0.008°
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A METHOD OF DETERMINING GEOMETRY OF CONE BEAM CT SCANNER 13

Table 3. True values and residuum for vector R

Rx Ry Rz

True value (mm) -50 1 0
Residuum (mm) 0.003 0.004 0.113

In order to visually highlight the effect of the geometric calibration performed, we
add two images: 1) reconstructed from the data generated for the case of misaligned
geometry, and 2) reconstructed from the data one would collect after the scanner’s
adjustment appropriately to the values listed in the tables above.

—

Figure 2. Central slice of the image reconstructed with FDK al-
gorithm from the data of the Shepp-Logan phantom generated for
the case of misaligned geometry.

8. Discussion and Conclusion

In this paper we have proposed a method of determining the geometry of a CT
scanner designed for collecting cone-beam projections over circular source trajec-
tory. The rotations axis of the scanner is assumed to be fixed. Therefore in the
practice this method is suitable for the arrangement in which an object under study
is rotated by means of a precision rotation stage placed between the source and the
detector. For such a scanner it makes sense to consider the scanner reference frame
Oxyz which is constituted by rotation axis Oz and central plane Oxy. All ex-
pressions derived in the paper represent the desired geometrical parameters in this
reference frame. Besides source to detector distance D, other parameters describing
the geometry of the scanner are location F of the source, its orthogonal projection
P onto the detector, and position of the detector. There are different options to
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14 O TISCHENKO1, N SAEID NEZHAD2 AND C HOESCHEN2

—

Figure 3. Central slice of the image reconstructed from the data
one would collect after the scanner’s adjustment appropriately to
the values listed in the tables above.

direct axes x and y. In this paper the x-axis is directed perpendicularly to the line
of intersection of the detector plane and the central plane (see Fig.3 in section 2).
In such an arrangement the location of the source is described with two components
Fx, Fy; the position of the detector is described with two Euler angles β and γ and
three components of vector R pointing to the reference point of the detector . If
the x-axis is directed to the source, the location of the source is described by the
source to origin distance ‖F ‖ only, while the orientation of the detector is described
with three Euler angles α, β, γ. Both options are equivalent in terms of the number
of degrees of freedom. Clearly, ‖F ‖ =

√
F 2
x + F 2

y and tanα = Fy/Fx.
The proposed method implies using calibrating phantom or in other words the

set of calibrating points the relative positions of which are known in the orthogonal
reference frame referred to in the paper as calibrating reference frame. This set can
be treated as the set of sampling points of rational functions u = u(p − p0), v =
v(p−p0), where u, v are the observed components of the projection of point p, and
p0 is a point of the calibrating set called in the paper initial point. The unknown
coefficients of these rational functions can be recovered uniquely from projections
of the calibrating points (see section 3). Any calibrating set with sufficiently big
number of points being in general position is suitable if the mutual arrangement
of the points is known. Specifically in this paper the calibrating set consisting of
six points located in the vertices of the octahedron was used. The center of the
octahedron was considered as initial point p0 of the calibrating set. This set is
preferable because of its simplicity both geometrically and in terms of simplicity
of the math induced by this set. Also, the formalism developed for this set can be
transferred directly to the situation where the detector is aligned with the rotation
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A METHOD OF DETERMINING GEOMETRY OF CONE BEAM CT SCANNER 15

axis, i.e. when β = 0. As studied in section 5, when β = 0, four projections of a
single point rotated successfully at angle π/2 about the rotation axis are enough to
solve the problem.

When none of geometric parameters is known, then two projections of a calibrat-
ing phantom are sufficient for the complete solution of the problem. If the scanner
includes a shift of an object under study transversally to the central plane, then
additionally the direction of the shift should be determined. As it was shown in
the end of section 3 two more projections of the calibrating phantom are required
to determine this direction.

In section 3 it was shown that parameter D, vectors P and F − p0, as well as
matrix Θ expressing the transformation from the calibrating reference frame to the
detector reference frame, can be determined from one projection of a calibrating
phantom. It may be worth noting that these parameters provide full description
of an individual pose of the scanner in the calibrating reference frame. Therefore
the knowledge of these parameters is enough in applications where the source tra-
jectory is uncertain, or such a concept as rotation axis does not make sense, or
the magnitude of the so called flex of the rotation axis is substantial. Indeed, the
only well defined reference frame, that is fixed in space, in such applications is the
calibrating reference frame. The calibration of such scanning systems must be done
individually for each cone-beam projection, or equivalently, for each individual pose
of the scanner. In other words, each current pose of the scanner in the calibrating
reference frame must be calculated during the patient scan.

In the focus of this paper there is a static micro CT scanner that has to be
calibrated once or once over certain period of time. Under static micro CT scanner
we mean a non-mobile device with a micro source focus and a high resolution
large area detector, both fixed in space. It makes sense for such a scanner to
know the geometrical parameter in the scanner reference frame, and the value of
these parameters should be known as accurately as possible, ideally with accuracy
specified by the resolution of the detector.

We have found that the error bounds of the calculated values is of the same
order as δ/∆, where δ is the measurement error, and ∆ characterizes the size of
the calibrating phantom. Namely, if ε is inaccuracy of the obtained value then ε ≈
aδ/∆, where a is a constant that is inversely proportional to the scaling parameter
τ0, defined in Eq.13 on page 6, and proportional to the value of D/` where `
characterizes the size of the projection of the phantom. As was shown in section
6, the magnitude of constant a also depends on location of the phantom in the
scanner reference frame. Among all possible locations there are advantageous ones
which are characterized both by small norm ‖p0‖ and small distance between the
initial point and line FP connecting the focus and its orthogonal projection onto
the detector plane. In section 6 there explicit expressions have been obtained that
can be used for determining the magnitude of the inaccuracy depending on input
error δ. Under assumption that the observation reference frame is orthogonal,
parameter δ can be considered as a sum of measurement error and the error caused
by imperfectness of the calibrating phantom.

The method is assumed to be used for estimating geometric parameters of static
micro CT scanner with circular source trajectory. Since small inaccuracies in ray
coordination can lead to artefacts, noticable in reconstructed images on the cor-
responding scale, the geometry of such a scanner must be known with accuracy

Page 15 of 20 AUTHOR SUBMITTED MANUSCRIPT - BPEX-101540.R2

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60



16 O TISCHENKO1, N SAEID NEZHAD2 AND C HOESCHEN2

specified by the resolution of its detector. The study shows that appropriately
arranging the calibrating setup the proposed method can be a practical tool for
accomplishing this task.

Appendix A

If the reference point of detector is an orthogonal projection of the source, then
Pu = Pv = 0, and vectors ak, bk, ck, where k ∈ {0, 1}, are mutually orthogonal.
From (14) it follows that

D + δD =
‖(ak + δak)× (ck + δck)‖

‖ck + δck‖2
. (60)

Under assumption that δck and δak are independent from each other, inequality

‖ak‖ − ‖δak‖
‖ck‖+ ‖δck‖

≤ D + δD ≤ ‖a
k‖+ ‖δak‖

‖ck‖ − ‖δck‖
(61)

defines the range of values D + ∆D for constant ‖δck‖ and ‖δak‖. After recalling
that ak = Ak/∆ (see (36) for definition of Ak) and noting that D = ‖ak‖/‖ck‖
last inequality can be rewritten in form

|δD|
D
≤ χk‖δAk‖+ κk‖δCk‖

1− κk‖δCk‖
, (62)

Expanding the right part of the last expression in powers of ‖δAk‖, ‖δCk‖ and
leaving only linear terms yields (47). From (15) it follows that

δPu =
〈ak, δck〉+ 〈δak, ck + δck〉

‖ck + δck‖2
, (63)

Expanding the right part of this expression in powers of ‖δAk‖, ‖δCk‖ and leaving
linear terms one obtains inequalitiy (48). Similarly one obtains inequality (49).

Appendix B

In order to find an error δγ rewrite (21) in form

tan(γ + δγ) =
ωη,h + δωη,h
ωζ,h + δωζ,h

. (64)

One can find that

ωi,h + δωi,h = D(λ0θ
0
i,h + λ1θ

1
i,h + δωi), i = η, ζ (65)

with λk = ‖ck + δck‖−1‖ck‖, and(
δωη
δωζ

)
=

1

∆

1∑
k=0

λk
τk

(
δAkh − (Ck

h + δCk
h)δPu

δBk
h − (Ck

h + δCk
h)δPv

)
(66)

Recalling that (θkξ,h, θ
k
η,h, θ

k
ζ,h)T is the third column of matrix Θk = GBAk, and

substituting equations (21) and (64) into formula

tan(δγ) =
tan(γ + δγ)− tan γ

1 + tan(γ + δγ) tan γ
(67)

yields

tan(δγ) =
εαy,h + δωη cos γ − δωζ sin γ

ν1 + δωη sin γ + δωζ cos γ
, (68)
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A METHOD OF DETERMINING GEOMETRY OF CONE BEAM CT SCANNER 17

where we have introduced values

ε = λ0 − λ1, ν = λ0 + λ1, ν1 = ναz,h cosβ + εαx,h sinβ. (69)

To obtain the bounds of δγ rewrite (68) in form

tan(δγ) =
εαy,h + δr cos(ϕ+ γ)

ν1 + δr sin(ϕ+ γ)
, (70)

where tanϕ = δωζ/δωη, δr = (δω2
η + δω2

ζ)
1/2, and find extrema of the expression on

the right hand side of (70) regarded as a function of ϕ. One can check that with
accuracy up to the linear terms of the expansion in powers of ε and δr

max
ϕ
| tan(δγ)| ≈ |ε|αy,h + δr

2αz,h cosβ
, (71)

In the special case, considered in section 5, one has to set λ0 = λ1, αz,h = 1.
Then (70) takes view

tan(δγ) =
δr0 sin(ϕ0 − γ)

1 + δr0 cos(ϕ0 − γ)
, (72)

with tanϕ0 = δah/δbh and δr0 = τ−1
0 (δa2h + δb2h)1/2. In this case maxϕ0 | tan(δγ)| =

tan arcsin(δr0). Therefore

|δγ| ≤ arcsin(δr0). (73)

In order to estimate error δβ rewrite (22) in form tanβ = −ωξ,hD(ω2
η,h +

ω2
ζ,h)−1/2. Then

tan(β + δβ) = − (ωξ,h + δωξ,h)(D + δD)√
(ωη,h + δωη,h)2 + (ωζ,h + δωζ,h)2

. (74)

Values ωη,h + δωη,h and ωζ,h + δωζ,h are defined in (65) and (66), and

ωξ,h + δωξ,h = λ0θ
0
ξ,h + λ1θ

1
ξ,h −Dδωξ, (75)

where δωξ = λ0τ
−1
0 δc0h + λ1τ

−1
1 δc1h. One can check that

tan(β + δβ) =
−ν2 +Dδωξ

ν1 + δωη sin γ + δωζ cos γ
µ (76)

where ν2 = −ναz,h sinβ + εαx,h cosβ and µ = (1 +D−1δD) cos(δγ). Applying
formula similar to (67) yields

tan(δβ) =
−εαx,h + ε1 cosβ − (δωη sin γ + δωζ cos γ) sinβ

ναz,h + ε1 sinβ + (δωη sin γ + δωζ cos γ) cosβ
(77)

with ε1 = (1 − µ)ν2 + µDδωξ. The bounds of error δβ can be obtained in a way
similar to that used for obtaining the bounds of δγ, i.e. one rewrites (77) in form

tan(δβ) =
−εαx,h + δR sin(ϑ− β)

ναz,h + δR cos(ϑ− β)
(78)

where

tanϑ =
µDδωξ + ν1(1− µ)

δωη sin γ + δωζ cos γ
, (79)

δR =
√

(µDδωξ + ν1(1− µ))2 + (δωη sin γ + δωζ cos γ)2, (80)
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and finds the extrema of the expression on the right hand side of (78) considered
as function of ϑ. One can check that approximation

max
ϑ
| tan(δβ)| ≈ |ε|αx,h + δR

ναz,h

(
1− |ε|αx,h

ναz,h

δR

ναz,h

)−1

(81)

is valid with accuracy up to the second order terms of the expansion in powers of
small values ε/ν and δR/ν.

Appendix C

Assume that the calibrating set considered in section 4 has been used for the
determination of coefficients a, b, c, where superscripts 0 and 1 have been omitted
for simplicity of notations. Using (35)-(36) one obtains

δCi = δm−i − δmi, (82)

δAi = (m−i + δm−i)(ui + δui)− (mi + δmi)(u−i + δu−i)−Ai, (83)

δBi = (m−i + δm−i)(vi + δvi)− (mi + δmi)(v−i + δv−i)−Bi (84)

where i ∈ {t, s, h}, and δmi can be estimated either with the help of formula

δmi =
m−iδui +miδu−i − δu0

ui − u−i + δui − δu−i
(85)

or

δmi =
m−iδvi +miδv−i − δv0
vi − v−i + δvi − δv−i

(86)

depending on which option is selected for the calculation of coefficient mi (see (37)).
Let ui ≥ u−i and vi ≥ v−i. Then under assumption that calibrating points pi,p−i
do not lie on the same ray, both mi and m−i are positive, and

mi +m−i = 1. (87)

Provided that option (85) is selected

|δmi| ≤
|m−iδui +miδu−i|+ |δu0|
ui − u−i + δui − δu−i

. (88)

Therefore

|δmi| ≤
2δm

`− 2δm
(89)

where δm is the maximal absolute error of measurements, and

` = min{max{ui − u−i, vi − v−i}, i ∈ {t, s, h}}. (90)

It can be checked that

δm−i = −δmi. (91)

Therefore

|δCi| = 2|δmi| (92)

(see (82)). Accounting for equation (88), one obtains inequality

|δCi| ≤ 4δm/` (93)

that holds with high accuracy when value δm/` is small.
In order to estimate the bounds of error δA rewrite (83) in form

δAi = (ui + u−i + δui + δu−i)δm−i +m−iδui −miδu−i, (94)

Page 18 of 20AUTHOR SUBMITTED MANUSCRIPT - BPEX-101540.R2

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60



A METHOD OF DETERMINING GEOMETRY OF CONE BEAM CT SCANNER 19

where equality (91) has been taken into account. Therefore for absolute value of
δAi inequality

|δAi| ≤ |ui + u−i + δui + δu−i||δmi|+m−i|δui|+mi|δu−i| ≤
≤ |ui + u−i + δui + δu−i||δmi|+ δm ≤ (2ρu + 1)δm (95)

is valid, where

ρu =
ui + u−i + δui + δu−i
ui − u−i + δui − δu−i

. (96)

The same considerations are valid also for discrepancy δBi. Hence, for the norms
‖δA‖, ‖δB‖ one obtains bounds

‖δA‖ ≤ (2ρu + 1)
√

3δm, ‖δB‖ ≤ (2ρv + 1)
√

3δm. (97)

Therefore

χk‖δAk‖ ≤ (2ρu + 1)
√

3

τk

δm
∆
, χk‖δBk‖ ≤ (2ρv + 1)

√
3

τk

δm
∆

(98)

The norm ‖δC‖ is bounded by

‖δC‖ ≤ 4
√

3δm/`. (99)

Correspondingly

κk‖δCk‖ ≤ 4
√

3

τk

D

`

δm
∆
. (100)
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