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ANALYZING PLASMID SEGREGATION: EXISTENCE AND STABILITY
OF THE EIGENSOLUTION IN A NON-COMPACT CASE

EVA STADLER"? AND JOHANNES MULLER"?

ABSTRACT. We study the distribution of autonomously replicating genetic elements, so-called
plasmids, in a bacterial population. When a bacterium divides, the plasmids are segregated
between the two daughter cells. We analyze a model for a bacterial population structured
by their plasmid content. The model contains reproduction of both plasmids and bacteria,
death of bacteria, and the distribution of plasmids at cell division. The model equation is a
growth-fragmentation-death equation with an integral term containing a singular kernel. As
we are interested in the long-term distribution of the plasmids, we consider the associated
eigenproblem. Due to the singularity of the integral kernel, we do not have compactness. Thus,
standard approaches to show the existence of an eigensolution like the Theorem of Krein-Rutman
cannot be applied. We show the existence of an eigensolution using a fixed point theorem and
the Laplace transform. The long-term dynamics of the model is analyzed using the Generalized
Relative Entropy method.

1. INTRODUCTION

Plasmids are mobile genetic elements in bacteria. They replicate autonomously, and are
heritable [10]. A dividing bacterium segregates its plasmids between the two daughter cells.

Plasmids have been studied intensively due to, e.g., their role in the spread of antibiotic
resistance genes in bacterial populations [10, 3] and their importance in biotechnology where
they are used as vectors [11]. The genetic code of a protein that is to be produced can be inserted
into a plasmid which is taken up by bacteria. These bacteria then produce the recombinant
protein. There are two issues to deal with when using plasmids as vectors: the loss and the
accumulation of plasmids. Sometimes, bacteria lose plasmids which results in a plasmid-free
subpopulation and decreases the recombinant protein yield. In order to increase the yield, one
often uses so-called high-copy plasmids, i.e., plasmids that can have several hundred copies in a
single bacterium [10, 11]. However, these plasmids can accumulate in some bacteria, i.e., these
bacteria contain a very high number of plasmids. As a consequence, the high metabolic burden
renders these bacteria inactive which again decreases the yield [5]. In order to find ways to
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avoid both the loss and the accumulation of high-copy plasmids, it is of interest to study the
mechanisms that lead to plasmid loss or accumulation.

We focus on high-copy plasmids as they are commonly used in biotechnology. This type of
plasmids replicates independently of the cell division cycle, i.e., independent of the chromosomes
and throughout the cell division cycle [30, 35, 21]. The segregation mechanism of high-copy plas-
mids remains unclear. In the past, it was typically assumed that they are randomly segregated
between the two daughter cells. However, this assumption has been challenged [33, 10, 26].

There are various mathematical models for structured populations [22, 7, 23, 12], structured
cellular population dynamics [32, 14, 1], and plasmids in bacterial populations [37, 17, 28,
36]. Some models distinguish between plasmid-free and plasmid-bearing cells [37] while others
consider a bacterial population structured by the number of plasmids [17, 28]. In order to
study the spread of a specific plasmid, like a resistance or virulence plasmid, it may suffice
to distinguish plasmid-free and plasmid-bearing cells, but for biotechnological use, the plasmid
content should be considered to include also the possibility of plasmid accumulation. To study
the dynamics of a high-copy plasmid, the use of a continuous variable representing the plasmid
content is appropriate. This variable can be interpreted, e.g., as the relative plasmid number
or the level of fluorescence (plasmids can be marked with fluorescing proteins [29]). Models of
a cellular population structured by a continuous variable often assume the form of aggregation-
fragmentation or growth-fragmentation equations and have been studied extensively [8, 27].
These equations are typically analyzed using the theory of semigroups [38, 31], the Laplace
transform [20], or theory of positive operators together with compactness [20, 14].

In the present paper, we consider the model for plasmid segregation of high-copy plasmids in
a bacterial population developed in [28, 36]. The aim is to show the existence and stability of
positive solutions of the corresponding eigenvalues.

The model contains reproduction and death of bacteria, reproduction of plasmids within the
bacteria and independent of the cell division cycle, and the segregation of plasmids to the two
daughter cells at cell division. It is a growth-fragmentation-death model and a hyperbolic partial
differential equation with an integral term. The integral term contains a plasmid segregation
kernel that models how a bacterium distributes the plasmids to its two daughter cells at cell
division. The consistency conditions for this segregation kernel (see, e.g., [32]) imply that the
kernel is singular. Moreover, we assume that the plasmid reproduction rate depends on the
plasmid content of the cell and vanishes for plasmid-free cells and for cells that have reached
the maximal plasmid number per cell. This behavior is modeled, e.g., by a logistic plasmid
reproduction rate.

Usually, the existence of eigensolutions for growth-fragmentation problems is shown using
compactness and the Krein-Rutman Theorem [9, 14, 36]. However, due to the singularity in
the plasmid segregation kernel and the strictly positive cell division rate, we do not have com-
pactness. Hence, we use a different approach to show the existence of an eigensolution using
rescalings of the eigenfunction, fixed point arguments, and the Laplace transform. In order to
show the stability of the eigensolution, we use the Generalized Relative Entropy method [32, 25]
and adapt it to the case of a bounded plasmid number and a plasmid reproduction rate that
vanishes for plasmid-free bacteria and bacteria with the maximal plasmid content. This method
uses a Lyapunov functional to obtain stability results and does not require compactness.

This paper is structured as follows: firstly, we study the eigenproblem associated with the
model equation. We show the existence of an eigensolution in Section 2. Secondly, we study
the stability of the eigensolution using the Generalized Relative Entropy method in Section 3.
Finally, we discuss our findings in Section 4. Appendix A contains the proof of Theorem 2.9
which is central in the proof of the existence of an eigensolution.
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2. EXISTENCE OF AN EIGENSOLUTION

We study the following model for a bacterial population structured by its plasmid content
which was derived in [28, 36]:

du(z,t) + 0. (b(2) u(z,t)) = — (B + p) u(z,t) + B / k(z, 2 u(2' t)d7, 2.1)

b(0) u(0,t) =0 for all £ > 0, u(z,0) = up(z) for all z € [0, zo].

Here, u(z,t) denotes the density of bacteria structured by their plasmid content z at time t.
There is a maximal plasmid content zg such that z € [0, z9]. For example, z can represent the
relative plasmid number or the level of fluorescence in bacteria where plasmids are marked with
fluorescing proteins [29]. The plasmid reproduction rate is denoted by b(z), the cell division rate
by 3, and the cell death rate by p. At cell division, a mother cell with plasmid content 2’ divides
its plasmids to the two daughter cells according to the plasmid segregation kernel k(z, 2’). For
the derivation of the model, see [28, 36].

In this section, we consider the specific example of logistic plasmid reproduction rate, constant
cell division and death rate, and a special type of segregation kernel. Therefore, we make the
following assumptions on the parameters of the model which we assume to hold throughout this
section:

(A1) Plasmid reproduction is logistic, i.e., b(z) = 2—82(7:0 — z) for zg > 0, by > 0.

(A2) The cell division rate § is constant with 0 < 5 < 0.
(A3) The cell death rate p is constant with 0 < p < oco.
(A4) There is a function @ : [0,1] — R>¢ such that the plasmid segregation kernel k satisfies

2 z
k(z,2') = > @(;) xal(z, ),

for all 2’ € (0, zo], where x denotes the characteristic function and Q := {z,2’ € [0, 2] :
z < 2'}. We assume that ® € L*°([0, 1]).
Furthermore, ® satisfies the following consistency conditions:

1
/613(5) d¢=1 and ®(&) =d(1—¢) forall € €[0,1].
0

We call a plasmid segregation kernel k that satisfies Assumption (A4) scalable [28]. The con-
sistency conditions on ® imply that for all 2’ € (0, zo] and z € [0, 2]

Z/

/k:(z,z') dz=2 and k(z,2)=k( -z 7).

0
The first condition is a consequence of the fact that a cell always divides into two daughter
cells (see, e.g., [15, 24]) and the second conditions models that the second daughter receives all

plasmids the first daughter did not receive, i.e., plasmids are conserved at cell division. Moreover,
the two consistency conditions on ® also imply that
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meaning that k satisfies

Zl

/zk‘(z, 2')dz = 2 for all 2’ € (0, z).
0

This condition again models that plasmids are conserved at cell division as all daughter cells
together have as many plasmids as the mother cell had. These three conditions on k, respectively
on ®, ensure consistency of the modeling (see, e.g., [32]).

Note that assumption (A4) implies that the plasmid segregation kernel k has a pole at 0.

Due to the consistency condition fozl k(z,2")dz = 2 for all 2/ > 0, the kernel k has a pole at 0
regardless of whether it is scalable or not. However, the assumption that k is scalable has the
advantage that one can assume the function ® to be L*°([0,1]). In this way, it is possible to
separate the plasmid segregation modeled by ® and the pole in the kernel k& from one another
and simplify computations.

As we are interested in the long-time distribution of plasmids and our model equation (2.1)
is linear, we expect to find a solution growing (or decreasing) exponentially in time. Thus, we
consider the associated eigenproblem. Under Assumptions (A1) to (A4), the eigenproblem
associated with (2.1) is given by:

(()UE)), = — (B+p+ NU) + 25/ Zl (2 u) e,
J (2.2)

20
lim b(z)U(z) =0, U(z) >0 for all z € (0, zp), / U(z)dz = 1.
z—0t 0

In the special case of constant cell division and death rate, we can give the eigenvalue explicitly
(see [28, Corollary 3.3]).

Lemma 2.1. There is an integrable solution to (2.2) only if A = 5 — pu.

Remark 2.2. For constant 8 and p we know A but for non-constant § and p depending on
the plasmid content z we do not know A. In general, i.e., for non-constant g and p, it is
non-trivial to determine A. Furthermore, we do not (yet) know if there is a solution U to the
eigenproblem (2.2). We aim to show existence of an eigenfunction and ideally would like our
approach to be extendable to the case of non-constant 5 and u. Therefore, we do not use the
fact that we already know A in the following. Moreover, we hope to gain a better understanding
of the model in this way.

Remark 2.3. An eigenproblem similar to (2.2) was considered in [9, 14, 36]. In these cases, com-
pactness and the Krein-Rutman Theorem could be used to show existence of an eigensolution.
However, we do not have compactness due to the singularity of the plasmid segregation kernel
and the assumption that § > 0. In particular, with a scalable plasmid segregation kernel we see
that there is a pole at 2/ = 0. It is useful in the following to separate the plasmid segregation
(modeled by ®) and the pole of the kernel (%) Due to lack of compactness, we cannot use the
standard approach but we use a different approach to show existence of an eigensolution.

As a first step to establishing existence of an eigensolution (A, ), we rescale the eigenfunction.
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Lemma 2.4. There is a solution (A, U) with U € C*((0, 29)) to the eigenproblem (2.2) if and
only if there is a solution (\,v) with v € C1((0,2)) to

20

’U,(Z) + A+ B4+ 2 U(Z) _ 2Bz / ((I)(j&) U(Z/) dz’,

bo 2(20 — 2) bo J 2')2 (20 — 2') (2.3)
lim v(2) =0, wv(z) >0 for all z € (0, 29) /ZO vlz) dz=1
a0t = o b(z) T

Proof. If (A, U) with U € C1((0, z0)) is a solution to (2.2), then (\,v) with v(z) := b(2)U(2) €
C1((0,20)) is a solution to (2.3).

Likewise, if (A, v) is a solution to (2.3), then define U(z) := 28 U is well-defined for z € (0, zp)

as b(z) # 0 for z € (0,20), U € C1((0,20)), and (A, U) is a solution to (2.2). O
For the sake of brevity, we define
A 2
a=a(A):= ArBtu and ag = —B
bo bo

Note that if A =8 — u, then a = ag.
There is a special case, where we have an explicit solution U to the eigenproblem (2.2).

Example 2.5. In the case ®(§) = 1 for all £ € [0, 1], i.e., plasmids are segregated uniformly,
U(z) = Cz=z9—2)* L with C > 0, A\ = B—pu, and a = «y is a solution to (2.2) [28]. Therefore,
by Lemma 2.4, v(z) = b(z)U(z) = C b—g 217 (29 — 2)% is a solution to (2.3).

z

This example motivates another rescaling of the solution v to (2.3).

Lemma 2.6. If there is a solution (c, g) with g € C°((0, z0]) NC((0, 20)) to

J(:)+ Lo2) = 20 [0(5) ()72 0= ) 0l
: " (2.4)
g(z0) =1, zli%l+ g(z) =0, g(z) >0 for z € (0, 2p), /Wdz < 00,

then (\,v) with A := aby — 8 — p and v(z) := C (29 — 2)* g(2) for some C > 0 is a solution to
(2.3) with v € C1((0, 20)).

Remark 2.7. In Lemma 2.6 we do not have equivalence as there can only be a function g with
v(z) =C (20 — 2)%g(z) and g(z9) = 1 if lim v@) _ — e (0,00). This means that v behaves

~ (z0—2)>
Z_>ZO
like (29 — 2)® at 29 which we write as v(z) ~ (20 — 2)® at zp. If v does not behave like (29 — z)®
at 2o, then it holds that either g(zp) = 0 or lim g(z) = oo and thus the condition g(zg) = 1

Z—)ZO

cannot be satisfied.

In Lemma 2.4, we had equivalence because we can simply rescale the solution U to (2.2) to
obtain a solution v to (2.3) and vice versa. However, in Lemma 2.6, we do not just rescale but
we assume that the solution v satisfies v(z) ~ (z9 — 2)® at zp, i.e., v behaves like (29 — z)® near
20, and then obtain a solution g to (2.4). If the function v does not satisfy this assumption,

5
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then it is not possible to find a solution g to (2.4) that satisfies g(z9) = 1 and therefore we do
not have equivalence.
By Example 2.5 we know that at least for ® =1, v(z) ~ (20 — 2)* at 2.

Proof of Lemma 2.6. Define v(z) := (20 — 2)“¢(z). As g is a solution to (2.4),

V(2) = g'(2) (20 — 2)* + g(2) a (20 — 2)*71 (1)

20

— (=2 (=gl + 02 [o(5) )7 o) gl @

(zo—z)az z!
— Oi v(2)
20 z
_an R
 z(z—2) (2) + a0 0/(2’) (zo—z’)d '

z

Therefore, v is a solution to the PDE in (2.3). It is straightforward to check that v satisfies all
conditions in (2.3), therefore (\,v) with A = aby — 8 — p is a solution to (2.3). O

Before we consider the full equation (2.4), we focus on the integro-differential equation for g
in (2.4) together with g(z9) = 1, i.e., we omit (for now) the conditions lim+ g9(z) =0,9(2) >0
z—0

for all z € (0, z9), and the integral condition:

20

76+ o) = 0 [0(5) ()72 0= ) ()

9(z0) = 1.

In the following lemma we show existence of a solution g to (2.5). We will use this lemma later
in the proof of existence of a solution to the eigenproblem (2.2).

Lemma 2.8. For every a > 0 there exists a unique solution g € C°((0, 20]) NC*((0, 20)) to (2.5).

Proof. The proof uses a fixed point argument and is analogous to the proof of [36, Lemma 10]. O

The proof of Lemma 2.8 gives a method to iteratively construct a solution to (2.5). This
solution can then be rescaled to obtain a solution for the eigenproblem (2.2) (see Figure 1 and
[36]).

Note that Lemma 2.8 gives existence of a solution for every a > 0, i.e., for A > — (8 + p). We
expect that there is a unique A > — (8 + p) and therefore a unique a > 0 for which the function
g(z) satisfies the previously omitted conditions lim+ g(z) =0 and g(z) > 0.

z—0

If « <0, then A < —(5+ p) < 0 and the bacterial population goes extinct. We are interested
in finding a non-trivial asymptotic solution, therefore we consider in the following only the case
a>0.

Now, we add again the conditions to equation (2.5) that we have omitted in the previous
lemma and give necessary and sufficient conditions on the parameters of the model for existence
and uniqueness of a solution to (2.4).
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Theorem 2.9. There is a unique solution g € C°((0, z0]) N C* ((0,20)) to (2.4) with g(z) > 0
for z € (0, z] if and only if

1
a=aqg, and ag < —=——,
(0)

- 1
where ®(s) := [ u® P(u) du.
0
The proof of Theorem 2.9 can be found in Appendix A. So far, we have shown existence and
uniqueness of a solution g to (2.4) but we are interested in a solution to the eigenproblem (2.2).
Therefore, we rescale the solution g to obtain an eigensolution U and the following result.

N -1
Theorem 2.10. If o = ag and oy < — (@’(O)) or equivalently if

23 1
A=f3-— and — < —=——,
F-u R0
then there exists a solution U € C1((0, z9)) to (2.2) with U(z) > 0 for all z € (0, zp).
Moreover, U is the unique solution to (2.2) with U(z) ~ (20 — 2)*~ ! at 2.

Proof. Theorem 2.10 follows directly from Theorem 2.9 using Remark 2.7 and Lemmas 2.4 and
2.6. U

We have shown existence of a solution U to (2.2) and that U(2) ~ (20 —2)*! at z9. Thus, we
know the behavior of the eigensolution at zy (if it exists) and we obtain the following corollary
that agrees with the known behavior of eigensolutions at zy (see [28, Corollary 4.19]).

Corollary 2.11. Let the assumptions of Theorem 2.10 hold and ®(s) = fol u® ®(u) du as in
Theorem 2.9, then the eigensolution U to (2.2) satisfies:
(a) If '(0) < —1, then a < 1, i.e., 2B < by, and lim U(z) = oco.
z—rzy
(b) If ®'(0) > —1 and o = 1, i.e., 23 = by, then there exists a constant C € (0,00) such
that lim U(z) = C.

Z—)ZO

- - ~1
(¢c) If®'(0) > -landl < a < — <<I>’(O)) , i.e., in particular 23 > by, then lim U(z) = 0.

Z‘)ZO

- ~1
Example 2.12. The condition o < — (CD’ (0)) in Theorem 2.9, Theorem 2.10, and Corol-
lary 2.11 gives for different ® the following conditions on a:
(a) For ®(¢) =1 for all £ € [0,1], ®(0) = —1, hence o < 1.
Note that in this case we know that the explicit solution is given by U(z) = C 2% (29 —
2)®~! (see Example 2.5). This solution is integrable over [0, 2] if and only if o € (0, 1)
which agrees with the assumption that @ > 0 and the condition that o < — <<i>’ (0)) =
1.
(b) For ®(¢) =6& (1 —¢), ®(0) = —2, hence a < .
Therefore, depending on the parameters 8 and by, the eigensolution can satisfy either
lim U(z) =0, lim U(z) = C € (0,00), or lim U(z) = oo (see Figure 1).

z—rzy z—zg z—zg
7
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(c) For ®(¢) = 120¢ (3 —€)* (1~ €), &(0) = —3L, hence a < ¥.
Thus, lim U(z) = .

z2—rzy
104 — 5 =045/h H

8- — B =10.50/h
— B =0.55/h
\il/ 6_ /Q 1_
S 4] //-é S

2— \\ Jl

0— [ | — 77{77777777 7| ! 0_| T — !

0.0 0.2 0.4 0.6 0.8 1.0 0.90 0.95 1.0
z z

Figure 1. Numerically constructed eigenfunctions for ®(§) = 6&(1 — &), p =
0.1/h, b(z) = 2(1 — 2)/h, and different 3, viz. 8 = 0.45/h (black), 0.5/h (blue),
and 0.55/h (orange). The different cell division rates lead to different behavior of
the eigenfunction U(z) at the maximal plasmid number zy = 1. The eigenfunction
was numerically constructed using the software R [34] as described in [36, Section
5].

We have shown that if A = 8 — p and % < = (i’(O)) 1, then a solution to the eigenprob-
lem (2.2) exits and given examples for the second condition for different plasmid segregation
kernels. We now try to interpret the second condition.

The reproduction of bacteria (modeled by the constant cell division rate [3) may not be too
fast compared to the reproduction of plasmids (modeled by b(z) = Z—g z (20 — z)) as we expect
otherwise that bacteria lose the plasmid in the long-run. If the plasmid is lost, then the density
u(z,t) converges to a delta distribution at z = 0 and we cannot find a continuously differentiable
eigenfunction. Thus, % should be bounded.

For the interpretation of the second part of the condition, note that by the definition of ® it

holds that
1 -1

_ /(—log(x)) O(z)de |

0

_ 1
&/(0)

i.e., it is the inverse of the weighted average. The weight integrates to one and attaches a greater
weight to plasmid segregation kernels where one daughter cell is plasmid-free or receives only a
very small fraction of the mother’s plasmids. Due to symmetry of the plasmid segregation kernel
®, this means that a plasmid distribution where one daughter cell receives much more plasmids
than the other, i.e., an unequal plasmid distribution, is weighted higher than an “equal” distri-
bution of plasmids where both daughters receive approximately the same fraction of plasmids.

Therefore, — (i)’ (0)) can be interpreted as a measure of how equally the plasmids are dis-

tributed to the daughter cells. For uniform plasmid segregation we obtain the value 1, for an
unimodal distribution, i.e., a distribution where daughters are more likely to receive about half
of the mother’s plasmids, we obtain a value larger than 1, and for a bimodal distribution, i.e.,
an unequal plasmid distribution, we obtain a value smaller than 1 (see Example 2.12).

8
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It still remains to interpret the connection between the cell reproduction compared to the
plasmid reproduction and the plasmid distribution. If the plasmid distribution is unequal, then
there are more daughter cells with only few plasmids and plasmid reproduction needs to be large
compared to cell reproduction in order for the plasmid not to be lost. In other words, we need
% to be small. If, however, plasmid distribution is equal, then there are fewer daughters with
few plasmids (compared to an unequal plasmid distribution). In this case, the condition on the
connection between cell reproduction and plasmid reproduction can be relaxed a bit.

This is one possible interpretation of the condition on the parameters. We note that with this
interpretation we have not accounted for the possibility of plasmid accumulation. If plasmids
reproduce much faster than bacteria, then we would expect that the density u(z,t) converges to
a delta distribution at z = zy and we cannot find an eigenfunction U € C*((0, zp)). However, we
have no condition saying that % needs to be bounded below for an eigensolution to exist.

In a sense, this suggests that in our model plasmids will not accumulate in the population and
there is no convergence to a delta distribution at zg. This may be due to the fact that we show
existence of an eigensolution U(z) ~ (29 — 2)®~! at 2o, i.e., an eigensolution with a prescribed
behavior at zg. It may also be due to the assumptions of the model. By Assumptions (A1)
to (A4), the plasmid reproduction rate is small in a neighborhood of zy regardless of whether
bo is small or large, but the cell division and death rates are the same for all bacteria. If a
plasmid-free bacterium divides, then its daughters are also plasmid-free but if a bacterium with
zo plasmids divides, then at most one of its daughters also contains zy plasmids. For this reason
we expect that in our model plasmid-free bacteria grow faster than bacteria with zg plasmids,
i.e., if plasmid-free bacteria do not outgrow plasmid-carrying bacteria, then also bacteria with
zo plasmids do not outgrow plasmid-bearing bacteria with fewer than zy plasmids. Thus, under
these assumptions, we expect that it suffices to control the behavior of the bacteria at z = 0.

3. STABILITY OF THE EIGENSOLUTION WITH THE GENERALIZED RELATIVE ENTROPY
METHOD

We now aim to show the stability of the eigensolution to (2.2) using the Generalized Relative
Entropy (GRE) method [25, 32]. That is to say, we construct a Lyapunov functional for solutions
in order to determine the long-time asymptotics.

In this section, we consider a more general version of the model equation (2.1) with a general
plasmid reproduction rate b(z) that is not necessarily logistic, both cell division and cell death
rate may depend on the plasmid content of the bacterium, and a general plasmid segregation
kernel k£ that does not need to be scalable in the sense of (A4). The model equation is then
given by:

Opu(z,t) + 0, (b(z) u(z, t)) = —(ﬁ(z) + u(z)) u(z,t) + /ﬁ(z') k(z,2")u(,t) d?, (3.1)

b(0) u(0,t) =0 for all t > 0, u(z,0) = up(z) for all z € [0, zp].

We assume that the parameters of the model satisfy:

(A5) There is a zg > 0 such that b(0) = b(z0) = 0, b(z) > 0 for all z € (0, z0), and b € C*([0, z)).
(A6) B €CO([0,20]) and 0 < B < B(z) < B for all z € [, z).
(A7) 1€ CO([0,20]) and 0 < p < pu(z) < @ for all 2 € [, z).

9
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(A8) k is measurable, supp(k) C Q := {z,2/ € [0,20] : z <2'}, kK > 0, k is symmetric in the
sense that k(z,2') = k(2 — z,2/) for all (z,2') € Q, [ k(z,2)dz = 2 for all 2’ € (0, 2],
and fozl 2k(z,2')dz = 2’ for all 2’ € (0, z).

These conditions are regularity and positivity respectively non-negativity conditions on b, 3,
u, and k. Furthermore, we have consistency conditions on the plasmid segregation kernel k
(see, e.g., [32]). These conditions model that a cell always divides into two daughter cells (first
integral condition on k) and that plasmids are not lost at cell division, i.e., the second daughter
receives all plasmids the first daughter has not received (symmetry condition) and the daughters
have as many plasmids as the mother (second integral condition on k).

We consider eigensolutions (A, U, V), where (A, U) is a solution to the eigenproblem associated
with (3.1),

T ORUE) = ~(BG) + u) + NU() + [ B e UE) a2

: " (3.2)
Zlir(r){r b(z)U(z) =0, U(z) >0 forall z € (0, z), /L{(z) dz=1
0
and (A, ¥) is a solution to the dual eigenproblem

d r / / /

~4(z) ¥ = = (B(2) + () + ) W) + 5(2) [ K ) B d
0 (3.3)

20

B(z) > 0 for all = € (0, 20), /\I/(z)Z/{(z) dz = 1.
0

So far, we know that there is an eigensolution (A, #) to (3.2) with A = 8 — p and U(z) > 0
for all z € (0,29) in the case that S and p are constant, b is logistic, and k is scalable (see
Section 2). For the eigensolution (A, ¥) to the dual eigenproblem (3.3) we have the following
existence result.

Lemma 3.1. Let 5 and p be constant and (X, U) be a solution to (3.2), then ¥ =1 is a solution
to the dual eigenproblem (3.3).

Proof. The proof is a straightforward computation using A = §— u and the consistency condition

/

[k(z,2)dz = 2. O
0

Since we aim to show the stability of the eigensolution U, we assume that there exists an
eigensolution (A, U, ¥) throughout this section:

(A9) There is an eigensolution (A, U, ¥) such that (A, U) is a solution to (3.2) with A € R and
U(z) >0 for all z € (0,z9) and (A, ¥) is a solution to (3.3).

In the case of logistic plasmid reproduction b, constant § and p, and scalable plasmid segrega-
tion kernel k, we know Assumption (A9) holds. In the general setting, i.e., under Assumptions
(A5) to (A8), we do not know that it holds. Nonetheless, we consider the general case here.

10
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We scale the solution to (3.1) by defining %(z,t) := e M wu(z,t). Then, the function @ is a
solution to

oyu(z,t) + 0, (b(z)ﬂ(z,t)) = —(5(2) + p(z) + )\)ﬁ(z,t) —i—/ﬁ(z’)k(z, a2 t)d? (3.4)

b(0)u(0,t) =0 for all ¢t > 0, (z,0) = up(z) for all z € [0, 2o].

The idea behind the GRE method is to obtain a Lyapunov functional for solutions to (3.4) in
order to determine the long-time asymptotics. The following theorem is the first step towards a
Lyapunov functional.

Theorem 3.2. Let u(z,t) be a solution to (3.4) and (X, U, V) be an eigensolution as in (A9).
For every absolutely continuous function H : R — R, it holds that

u(z,t)

o, [W(Z)U(Z)H< o ﬂ 1o, [b(z)@(z)U(z)H(azsi;i))]

u(z,t)
U(z)

_ 0/0 B! Y k(2 2') U(2) U() [H(“L({‘Z;;)) - H<“L({‘z;,§)>

() 50

+ /ZO/J’(Z) k(2 2) U () U(2) H<
0

The proof of Theorem 3.2 consists of lengthy but straightforward computations, it can be
found in Appendix B.

Theorem 3.2 is the central theorem of this section, the following lemmas are basically con-
sequences of the equation in Theorem 3.2. If we choose the function H in Theorem 3.2 to be
convex, then the next lemma shows that we have a Lyapunov functional for a solution @ to (3.4).

Lemma 3.3. Let H : R — R>( be a conver and absolutely continuous function, u(z,t) a
solution to (3.4), (A, U, ¥) an eigensolution as in (A9), and let there be a C > 0 such that
luo(2)| < CU(2) for all z € [0, 29]. Then, the map defined by

20

£ Ho (i) U) ::/\P(z)U(z)H(a(z’t)> dz
0

U(z)

satisfies

%H\p(mu) = 0/ O/ B() k(z,2) U(2) U2 [H (ﬁﬁ) - (iﬁj)

() s S o

The proof of Lemma 3.3 can be found in Appendix B. We can use Lemma 3.3 to obtain a
priori estimates for solutions to (3.4).

Lemma 3.4. Under the assumptions of Lemma 3.3, we have
11
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20 20
(i) Conservation of mass: [ a(z,t) f z)dz =:m for all t > 0.
0
z <

0
20

(11) Contraction principle: f |a(z,t)] (2 f w(z,0)| ¥(z) dz for all t > 0.

Proof. The proof uses the formula for 4Hy (@) in Lemma 3.3.
(i) We choose H(h) = hy, where ()4 denotes the positive part, then

T T R E )

—0.

Therefore, Hy (| U) is constant in time and My (a|U) = [;° U(z)a(z,t) dz.
(ii) With H(h) = |h|, we obtain from Lemma 3.3 that

d
— <
dt?—[\y = / |t (z z)dz <0.

Thus, the contraction principle follows.

In the next lemma, we show further a priori estimates for solutions to (3.4).

Lemma 3.5. Under the conditions of Lemma 3.3, ¥ > 0, and the following conditions on the
eigenfunction U and the initial condition ug of a solution 4 to (3.4):

d
7 (b(2)U(2)) € L*((0,20),¥(2)dz)  and 7 ((b(2) ug(2)) € L'((0, 20), ¥(2) dz),
it holds that
(i) |u(z,t)| < CU(2) for a.e. z € [0, z] and for allt >0,
(i) f0|8ta(z, t)| ¥(z)dz < Ci(ug) for allt > 0, where C1(ug) is a constant depending on ug,
0

and
(i) j\az (b(=) . 1)) | () dz < Calug) for all t > 0.

Proof. This proof follows that of [32, Theorem 4.5].

(i) We choose H(h) = (|h| — C)+, where (-); denotes the positive part. Therefore, by
Lemma 3.3,

d d 7 (2, )|
g’qu(u\U) dt/\ll(z)l/{(z)< Ue) —C’)+dz

d [ )
== 0 U(2) (|a(z,t)] — CZ/l(z))+dz <0.

12
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Hence,

o
IN

U(2) (|a(z,t)] — C’Z/l(z))+dz < /\I/(z)( |a(z,0)| — CZ/[(Z))+dZ =0
0 0

and because ¥ > 0 a.e., we have (|a(z,t)| — CU(Z))+ = 0 for a.e. z. Therefore,
li(z,t)| < CU(z) for a.e. z € [0, zo] and for every t > 0.
(ii) Recall that @ is a solution to

ou(z,t) + 0. (b(2) Uz, 1)) = —(B(2) + u(z) + A) @z, t) /,8 Ya(2',t) d2’

By differentiation in time ¢, we obtain that ¢(z,t) := dyu(z,t) also satisfies this equation.
Therefore, we can apply the contraction principle from Lemma 3.4 to the solution ¢ to

conclude
20 Z0
/ 4( )| ¥ (2) dz < / 14(2,0)| ¥ (2) dz
0 0

By the definition of ¢ we have
q(z,0) = dyu(z,0)

= —0.(b(2)uo(2)) — (B(2) + p(z) + Nuo(z / B(z ug(2') dz.

Next, we use the assumption on ug to estimate the right hand side and the fact that U
is a solution to (3.2) to obtain

(101 <[ £ (42) wa(2) | 1869 + ) + N €U / B(:") bz, ) CU )
< [ 0 w()| +2 156:) + ute) + M CU) +C \i(bww(z»' -
Therefore,
/|qu|\I/ dz< H ))‘+C‘jz(b( )Ll(z))H U(z)dz

+ 2C(ﬁ+u+ IAl) < Ci(ug) < o0,

where C1(up) > 0 is some constant depending on the initial condition ug. In the last
step we have used that by assumption it holds that d%(b(z)uo(z)) and d%(b(z)l/{(z)) €
LY((0,20), ¥(2) dz). Overall, we have

/|8tzl(z,t)| U(z)dz = / lq(z,t)| ¥(2) dz < / lg(2z,0)| ¥ (z) dz < Ci(ug).
0 0 0

13
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(iii) Since u is a solution to (3.4), we have that

8. (b(=)i(z 1) = —Byii(z, 1) — (B(=) + u(z) + A) (=, ) /5 V(2 1) 2.

We take the absolute value, multiply with ¥, and integrate over z from 0 to zg and
obtain with (i) and (ii) similar to the above calculation
Z

[

d(b(z)&(z,t))‘\lf(z) dzgflatﬁ(z,t)\lll(z) dz+20(B+ 7+ )

This finishes the proof. O

Finally, we can now show the main theorem of this section on convergence of the solution to
the eigensolution U.

Theorem 3.6. If the conditions of Lemma 3.5 hold and there exists a continuously differentiable
function T : [0, zg] — [0,00) such that I'(I) = [0, z9] for some interval I = [0,a] C [0, zo],
{(2,1(2)), z€ I} C supp k(z,2'), and b(2)T'(2) #b([(2)) for a.e. z €1 (3.5)
[O,ZU] X [O,ZU]

20
hold, then solutions to (3.1) tend to a steady state as with m := [uo(z) ¥(z) dz it holds that
0
tli)m / ’u(z,t) e M- mZ/l(z)‘ b(z) ¥(z)dz =0.

Remark 3.7. Condition (3.5) in Theorem 3.6 is a non-degeneracy condition on the support of
the plasmid segregation kernel k. It holds, for example, for logistic plasmid reproduction and a
scalable kernel, where ® : [0,1] — R>( satisfies:

there are constants 0 < 01 < d2 < 1 and ¢ > 0 such that ®(x) > ¢ for all = € [01, d2]
(see [25, Remark 4.4]) because then there is some a > 1 such that I'(z) = az satisfies I'([0, 22]) =
[0, 2], the graph of T'(z) for z € I = [0, 2] is a subset of the support of k, and I'(z) = a >
a(zo=az) _ W) g a]] 2 € T

20—% b(z)

Proof. This proof is based on the proofs of [32, Theorem 4.7] and [25, Theorems 3.2, 4.3] that
we extend to the case of logistic plasmid reproduction b(z), i.e., a logistic drift velocity. The
proof consists of four steps. In the first and second step, we show convergence results. In Step 3,
we show that the limit obtained in Step 2 can be written as m b(z) U(z). Finally, we combine
Steps 1 to 3 to finish the proof.

Step 1: Convergence of b(z) Un(z,1)
If u(z,t) is a solution to (3.1), then (z,t) := u(z,t) e~ is a solution to (3.4). We introduce

the sequence i (2, t) := (2, t 4 tn) where (tn)nen is a sequence with ¢, > 0 and ¢, —— co.
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We define v, (z,t) := b(z) Un(z,t) for every n € N. Then, v,(z,t) is a solution to

040(2,t) + b(2)0,0(2,t) = —(B(2) + u(z) + N)o(z, )

0(0,t) =0 for all t > 0,

+w@/maua&

(2, t)
b(z")

dz, (3.6)

0(z,0) = b(2) u(z,0) for all z € (0, zp),

where the initial condition is replaced by v,(z,0) = b(z) @, (z,0). By Lemma 3.5, it holds that

[0n(2,8)] = [b(2) tn (2, 8)] < [[bll o [@(2, 8+ E0)| < bl CU(2)

forallt >0 and alln € N,

20

20

20

/\Bt@n(z,t)lll(z) dz—/\at(b(z) i (2, 8)) | U (2) d= < Hb|]oo/|8tﬁn(z,t)\\ll(z) dz

0

0

0

20
=wu/wm@uwmw@wgwucmm<m,
0

and

20

/\azﬁn(z,t)llll(z) dz:/‘ﬁz(b(z) in(2,8))| U(2) dz
0

0
20

_ / 10, (b(2) @z, t + £)) | ¥ (2) dz < Ca(ug) < oo.

0

This means that we have bounded variation regularity of the solution @, to (3.6) which gives
local strong compactness of families of solutions to (3.6) (see [32, p. 91]). Therefore, there is a
subsequence that we still denote by v, such that for all T > 0

strongly in L' ((0, 20) x [0,T7).

Then, h(z,t) is a solution to the integro-differential equation in (3.6), and it holds that |h(z,t)| <
CU(z) for some C' > 0 due to [0,(2,t)| < [|b]|, CU(z) for all t > 0 and n € N.

Step 2: Convergence of Hg (g V)(t) and Dg (9| V)(t)
With v(z,t) = b(2) u(z, ), V(z) = b(2) U(z), B(z) = L&)

=, and 0(z,t) = b(z) u(z,t) we can show

b(z)

exactly as before (see Theorem 3.2 and Lemma 3.3) that

d -
SHG IV =

d

dt

0/@(2) V(2) H(

15

0(z, 1)
V(z)

) dz = —Dg (0| V)(t) <0,



13

14
15
16

17
18

19
20

21

%3

24

3

27
28

5

31

3

34

3

37

3

where

DalVI) = [ [ 4 86 ke b v [ (T ) - (7))
0 0

0(z,t)\ [0(z,t)  0(2,¢)
H' d L — d dz dz.

(55 55 - Vel e
Thus, for every solution g to (3.6) and every non-negative, convex, and a.e. differentiable

function H, the function Hg(g|V)(t) is non-increasing and bounded below by 0 (as T, v,
and H are non-negative). Therefore, Hg(g| V)(t) converges to some L > 0 for ¢ — oo and

Dy (g1 V)(1) = i Hg (9] V)(1) = 0.

Step 3: Solutions g to (3.6) with fo 3 (9| V)(t) dt = 0 satisfy g(z,t) = mb(2)U()
Next, we characterize solutions g to the 1ntegro—differential equation in (3.6) that also satisfy
the following equation: [;° Dy (g| V)(t)dt = 0. With the choice H(s) = s? (for the remainder of
this proof we always make th1s choice for H) and the definition of Dg (g| V)(t), we obtain that

:/ V)i

7 / / b b e [ 220 L]

Recall that 8> 0, ¥ > 0, U > 0, b(z) > 0 for all 2 € (0,z), thus V > 0 and ¥ > 0 in (0, 29),

and for all 2, 2’ € (0, z) it holds that 5} > 0. Therefore, for a.e. t > 0 and (z,2') € supp(k)

it holds that

9(z,t) _ g(z',t)
Y = e (3.7)

If we define ¢ (z,t) := ]E‘(Z t)), then for a.e. t >0, z € I C 0, 2]
B(2,1) = B(T(2), ).
As in the proof of Theorem 3.2, it is straightforward to show that for a.e. ¢ > 0 and z € (0, zp)
Dp(z,1) + b(2) Dap(z,1) = O, (3.8)

where we use (3.7) and the same rescaling as before.
We aim to show that 1 (z,t) is constant and therefore use that

(0) (2,1) = (Or) (T(2),t) and  (0:9) (2,t) = T'(2) (9:4) (T(2), 1).

Hence, for a.e. t >0 and z €

(01))(T(2),1) + b(2) T'(2) (9:4)(F(2),t) =0

and
(0p)(I'(2),t) + b(L'(2)) (0:4)(I'(2),t) = 0.
Overall, it holds that
(I(2) b(2) — b(T'(2))) (@)(T(2), 1) = 0,

16
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As by assumption b(2)I'(z) # b(['(z)) for a.e. z € I, it holds for a.e. t > 0 and z € I that

(0:4)(I'(2),t) = 0.

Since I is a continuously differentiable function it has the Luzin N-property which means that
it maps sets of measure zero to sets of measure zero (see, e.g., [6, Definition 3.6.8]). Therefore,
(0.9)(z,t) = 0 for a.e. z € (0,z0) and ® is constant for a.e. z € (0, z9). Equation (3.8) implies
that ¢ is also constant for a.e. ¢ > 0.

By definition of ¢ it follows that there is some constant ¢ > 0 such that a solution g to (3.6)
with [ Dy (g| V)(t) dt = 0 satisfies g(z,t) = ¢V(2) = cb(z)U(z) for a.e. t >0 and z € (0, z).
Mulmplymg g(z,t) = ¢V(z) with ¥(z), integrating over z, and once again rescaling yields

19

20

24

25

Therefore, every solution g to (3.6) with fo

mb(z)U(z) for a.e. t >0 and z € (0, zp).
Step 4: Conclusion

Finally, we combine Steps 1, 2, and 3. Consider the sequence ¥,(z,t) from Step 1 and define

the function f: N x Ry — R,

By Step 1, it holds for every T > 0 that li_)m f(n,T) = [

n € N it holds that lim f(n,T) =
T—o0

—Dy (T V)(1),

[

(0| V)(t

= My (0. V)(0)

f(n,T) =

o3

Dy (B V) (t) dt

T
[Pavi a
0

T

o

= Jim My (7] V)1

17

K
—
N
N—
ISH
N
Il

o

Ne)

—~

5\2
~

SN—
=1

—~
N

S~—
IS8
N

= Hy(0a| V)(0)

(gl V)(t) dt = 0 satisfies g(z,t) = mV(z) =

Dg (k| V)(t) dt < oo and for every

=: g(n) < oo, since with %’Hq,(f)ﬂ V)(t) =

— L < o0,
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for every solution o, to (3.6) by Step 2. Furthermore, it holds that

T o0
lim sup |f(n,T) — g(n)| = lim sup / 3 (On| V)(t / (On| V)(t
T—00 peN T—00 neN
0
T oo
= lim sup /25@(17|V)(t+tn) dt—/ﬁ\f,(f;]V)(tnLtn) dt
0 0
T+tn [e%¢}
— Jim sup / Dy, (5] V)(8) dt—/@@(@V)(t) dt
tn tn
= Tll_r)réoilelg / Dy (0| V)(t) dt| = Tlgréo / Dy (0| V)(t) dt = 0.
T+tn T+ inf t,

Therefore, f(n,T) 1o, g(n) uniformly on N and by the Moore-Osgood Theorem (see, e.g.,
[18, p. 100]) it holds that 1i_>rn Tlim f(n,T) = Tlim li_)m f(n,T),ie
n—oo0 1 —o0o —00 N—00

/ (5] V)( / (b V)(
0 0
On the other hand, it also holds that

/15 (5| V) (2 / (3 V) (¢ + t) dt = /D 3 V)(8) dt "2 0.
0 0

tn

Since the limit is unique we have that h is a solution to the integro-differential equation in (3.6)
and it satisfies [;* Dy (h|V)(t) dt = 0. Then, due to Step 3, it follows that h(z,t) = mb(z) U(z)
a.e. and therefore

b(z)u(z,t) =0(z,t) —— 1mo0, mb(z)U(z) in LY((0, z), ¥(z)dz)
or equivalently
@(z,t) 22 mU(z) in L'((0, 20), b(z) U(2) dz).

This finishes the proof. O

Overall, we have shown that the eigensolution U is asymptotically stable if there is a solution
to the eigenproblem (3.2) and the dual eigenproblem (3.3) satisfying Assumption (A9) and
the assumptions in Theorem 3.6 on the initial condition ug, the eigenfunction U, the dual
eigenfunction ¥, and the support of k are satisfied. In particular, we have thus shown that the

corresponding eigenvalue is a simple eigenvalue and the eigensolution is the unique solution to
the eigenproblem.

‘ 2
Corollary 3.8. Assume that Assumptions (A1) to (A4) hold, N = B — p, and b—f <

- -1
— (@’(0)) . Let k satisfy the non-degeneracy condition in Theorem 3.6, and let the initial
18
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condition ug satisfy for some C' > 0

diz(b(z) up(z)) € L'((0,20)) and |up(z)| < CU(z) for all z € [0, 2).

Then, there exists a positive and asymptotically stable eigensolution U for the eigenproblem (3.2).

Proof. By Theorem 2.10, there is an eigenfunction &/ > 0 and by Lemma 3.1 there is a dual
eigenfunction ¥ = 1. Tt holds that ¥ > 0 and since U € L'((0, z9)) and U is a solution to (3.2),

d
L) U)) € L0, ) = L0, ), W(=) d).
Hence, the corollary is a direct consequence of Theorems 2.10 and 3.6. O

Thus, we have stability for our special case and also in a more general case as long as there
is an eigensolution in the sense of (A9) and the conditions in Theorem 3.6 are satisfied.

4. CONCLUSION

In this paper, we considered the eigenproblem associated with a model for plasmid segregation
of high-copy plasmids in a bacterial population. First, we have shown existence of an eigenso-
lution. Due to lack of compactness standard approaches such the Krein-Rutman Theorem were
not applicable. Instead, we used rescalings, a fixed point argument, and the Laplace transform
to show existence of an eigensolution.

The conditions on the parameters for existence of an eigensolution coincide with a known
Threshold Theorem for the long-term distribution of plasmids (see [28, Corollary 4.19]). More-
over, we gave a possible biological interpretation of the conditions on the parameters: the bacte-
ria may not reproduce too fast compared to the plasmids, i.e., the quotient of the reproduction
rate of bacteria and plasmids is bounded. The bound is given by a measure of how “equally”
plasmids are distributed to the two daughter cells. If bacteria distribute their plasmids equally
to both daughter cells, then this bound is higher than if plasmids are distributed unequally
meaning if one daughter cell receives a larger fraction of plasmids than the other.

In order to investigate the stability of the eigensolution, we used the Generalized Relative
Entropy method which does not require compactness. We adapted the method to the case of
vanishing transport term at zero and the maximal plasmid content zg. Thereby, we obtained
the stability of the eigensolution under general assumptions on the parameters of the model and
if an appropriate eigensolution exists.

Acknowledgments We thank Daniel Matthes for discussions. ES thanks the German Research
Foundation (DFG) priority program SPP1617 “Phenotypic heterogeneity and sociobiology of
bacterial populations” (DFG MU 2339/2-2) for funding.

APPENDIX A. PROOF OF THEOREM 2.9

In this section, we show the existence of a solution g to (2.4), i.e., we show Theorem 2.9.
In the proof of Theorem 2.9 we use the following notation (see for example [2]).

Definition A.1. The convolution of two L'-functions f, g : [0,00) — R is defined by

(f *g) ( /tf g(t — 1) dr.
0
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For n € N, we define the n-fold convolution of f with g by
(f ™2 9) (@) = (£ ¢ (£ xg)) (1), where (£9) (1) := g(0).

We prove Theorem 2.9 in steps. Firstly, we derive the conditions on the parameters given
existence of the solution g to (2.4). By rescaling the solution g, we obtain a function ¢ that
satisfies an equation containing n-fold convolutions. This equation can be simplified with the
Laplace transform as the Laplace transform of a convolution is the product of the Laplace
transforms. Then, the boundedness of the Laplace transform yields a first condition on the
parameters. The remaining conditions follow from positivity and boundedness of the Laplace
transform.

Secondly, we show that the conditions on the parameters imply the existence of the unique
solution g to (2.4). By Lemma 2.8, we know that there is a unique solution g to the integro-
differential equation in (2.4). It thus remains to show that g satisfies the integrability condition
in (2.4) and is a positive function. To this end, we use the assumptions on the parameters, the
same rescaling as in the first part of the proof, and the Laplace transform to obtain an iteration
formula for the Laplace transform of g. This iteration formula can be used to extend the Laplace
transform. Finally, we show that the integral condition on g holds using the uniqueness (a.e.) of
the inverse Laplace transform. The positivity condition on g follows via a proof by contradiction.

We now start by assuming that there is a solution ¢ to (2.4) and showing that the rescaled
solution ¢ satisfies an equation containing n-fold convolutions.

Proposition A.2. If there is a solution g € C° ((0, 20]) NCL ((0, 20)) to (2.4), then the function
q:R>9 = R>q defined by

q(t) = (1—e™")" g(z0e™)
satisfies q(0) = 0, tli}m q(t) = 0, q(t) > 0 for all t > 0, and q € C°([0,00)) N C((0,00)).
Moreover, there exist M > 0 and a > 0 such that q(t) < Me (1 - e_t)a for allt > 0, and
with ®(t) := ®(e?) et the following equation holds for every n € N:
= OV s
aqlt) = (1=e) Y (2) (9 (¢(5))

(07

k=0 (A1)
+(1—e) (%)ﬂ+1 (ti)*““rl) x (f_qu)s»(t).

Proof. We rescale g to derive the equation for gq.
Assume there is a solution g to (2.4) and let g(zge™") = e* h(t) or equivalently g(z) =
() h( - log(%)). Then h satisfies

h(0)=1, lim e h(t)=0, h(t)>0forallt>0 hecC’0,00))NC(0,)),
7’ (20 — 2)® 2~ h(—log(2/ )

o) dz < 0o.

0
The integrability condition on g in (2.4) is

20

(0=2"9() , [ ety e - o
/ o 0/(0 2157 g(2) dz < o

z(z0— 2

20
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The integrand is integrable in a neighborhood of zero if and only if ! there exist ¢ > 0, C' > 0,
and a > 0 such that for all 0 < z < ¢ it holds that

g(z) < Cz°.
Therefore, with the transformation to h and since h € C°([0, 00)) it holds for h that
there exist M > 0, a > 0 such that h(t) < Me™ @+ for all £ > 0.
With &(t) := ®(e?) e~ and the transform o = —log(z’/2), we obtain
K (t) = (e"g(z0e™))" = —ae™g(z0e™") + e g/ (20¢ ") (—20¢ ")

(a+1)t | &

at
—9
zpe

= —ae g(ze™t) — ze”

(z0e™")

+% / <I><Zoe_t> () (20 — 2)*g(2') d2’

_ —a(eta_o 5 /(i)(t — o) h(o) %(e” 1) do
0
Therefore,
(b — 1 W (1) = —O;O/ci(t — o) h(o) % (7 —1)* do
0

We now use n-fold convolutions and the notation from Definition A.1 to rewrite the equation
for h as

«

(ef — 1) W (t) = -2 <<I>*1 x <h(s) % (e° — 1)“)) (t).

11t holds that Js Y9(2)dz < oo for all € € (0,20). Let & € (0,min{zp,1}), C > 0, and assume that for all a > 0

it holds that g(z) > Cz® on (0,¢), then g(z) > lim+ Cz® = Csgn(z), where sgn denotes the sign function, i.e.,
a—0
sgn(z) =1 for z > 0, sgn(0) = 0, and sgn(z) = —1 for z < 0. Therefore, [ L g(z) dz > C [ L dz = oo which is
a contradiction to the integrability of 1 g(z). Hence, there exist @ > 0 and C > 0 such that g(z) < C'2“ for all
z € (0,¢).
21
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Thus, we obtain

h(t) (e =1 = (e~ 1) h()
d t a Qo [ =
= e ) h(tma“( L

Proceeding recursively, we obtain for every n € N

h(t) %(et 1) = zn: (%)k <<i>*k . <;; [(e* — 1) h(s)]>> (t)

k=0

A AR

Therefore,

ah(t) (e —1)" = (1—e)> (%)k (é*k % (js [(ef —1)* h(s)]>> (t)

n
k=

+ (1 - eft) (ﬁ

(0%

0

)"“ (@*wn ; (h<s> di (e* — 1>“>> (®)-

Now let g(t) := h(t) (e —1)%, then g(t) = (1 — e ")* g(z9e~") and g satisfies

q(0) =0, tli)m q(t) =0, q(t)>0forallt>0, qecC°0,00)NC(0,00)),

there exist M > 0 and a > 0 such that ¢(t) < Me ** (1 — e_t)a for all t > 0.

By (A.2), g satisfies

This finishes the proof.

(A.2)

g

The function ¢ satisfies equation (A.1) which contains n-fold convolutions. As a convolution
is transformed into a multiplication under the Laplace transform, we next simplify (A.1) by

taking the Laplace transform.

22
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Proposition A.3. Assume there is a solution g € C° ((0,z0]) N C ((0,20)) to (2.4), define the
function q as in Proposition A.2, and denote its Laplace transform by q. Then, § : R — R
satisfies

G(s) >0 foralls >0, ¢eC>(]0,00)),
and for every n € N and s > 0,

(s +n) = q(s) (A3)

o — ap B( s+n ﬁ (s+k—1)—a+ay®(s+k—1)

a—aoi) bl s+ k

where <I> fu D (u) du.

Furthermore it holds that ag < a.

Proof. The Laplace transforms L£{q(t)}(s) lo‘_qéf)t}(s) exist for R(s) > 0 as there are

M >0 and a > 0 such that q(t) < M e % (1 — e t)“ for all t > 0 by Proposition A.2.

We ultimately aim to prove Theorem 2.9. To do so it suffices to consider the Laplace trans-
forms only on the real axis. Therefore, for the remainder of this proof we let s € R.

Denote by ¢(s) the Laplace transform of ¢(t) and

00 1
D(s) 1= L{D(t)}(s) = /eStq)(e e tdt = /u5®
0 0
L{q(t)}(s) = s(s) — lim q(z) = s4(s),

z—0t

for s > 0. Note that ® has the following properties

d(0)=1, ®(1)= %, d'(s) <0 Vs >0, Slg{r)lo d(s) =0, ®(s) e (0,1) Vs € (0,00).

These properties are a direct consequence of the properties of ®. Taking the Laplace transform
of equation (A.1) yields for s > 0,

i) =3 (%) # st - 3 (2
+ (% é(s))”H E{ q(t) }(s) . (% $(s + 1))"+1 L’{ 1“_‘1(§L }(s 1)

o\

) OF(s+1)(s+1)G(s+ 1)

= = sq(s) — = s+1)g(s+1
age 1 0T amge ) g CTNIEHY (A4)
a =, L agq(t) o = ntl o agq(t)
+ (a <I>(3)) E{l—e—t () - (a (I)(S+1)) £ 1—et (s+1).
As the functions ¢ and (f)t are integrable (for a > 0) and non-negative, their Laplace trans-
forms ¢(s) and E{la qe(f)t }(s) are bounded and positive for s > 0. Moreover, ®(0) = 1 and

®(s) < 1 for s > 0 and therefore the inequality oy < a follows by contradiction:

Assume oy > «, then there are 0 < s < § such that 0‘0@( ) > 1 and O‘O(I>(s +1) <1 for all

s € [s,5]. Hence, for s € [s,3] the first and third summand in (A.4) are increasing in n € N and

tending to infinity for n — oo, while the second and fourth summand remain bounded for all
23
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n € N. This is a contradiction to the boundedness of ¢(s) for all s > 0 and all n € N (which
follows directly from g being a solution to (2.4) and the definitions of ¢ and ¢ respectively),
therefore, o < a.

Taking the limit n — oo in (A.4) yields, because of ag < a and ®(s) < 1 for s > 0,

o sils) (54Dt
) = S eja 1 —ad(s 1)/a (4.5)

We rearrange the terms in equation (A.5) to obtain

A o 1l-a i)(5+1)/04 s
q(s +1) = 4(s) Os+ 1 (1 — ag ®(s)/a _a>

<1 — g ®(s + 1)/a) (s —a+ag &D(s))
(s+1) <1 — ci>(s)/04>
<a —ap®(s+ 1)> (s —a+a (:T?(s))
) . :
(s+1) <a —ap @(s))

By iteration, we obtain equation (A.3), i.e., for n € N, s > 0, and ap < «,

q(s)

q(s

. a—aofi)(s—l—n)ﬁ(s—i—k—l)—a—i—amﬁ(s—l—k—l)

q(s+mn)=q(s) o opd(s) Al s

As ¢ > 0, ¢(s) > 0 for all s > 0 and ¢ € C*([0,00)) as ¢ is of bounded exponential growth,
meaning there are constants ¢ € R, a > 0, and M > 0 such that |¢(t)] < M e for all t > a. O

In the last two propositions we have rescaled the solution g to (2.4), we have shown that
the Laplace transform § of the rescaled solution satisfies (A.3), and using the boundedness of
G we have obtained oy < a. We can now finish the first part of the proof of Theorem 2.9 by
deriving the remaining conditions on «, ag, and the plasmid segregation kernel ® in the following
proposition.

Proposition A.4. If ag < «a and there is a positive function ¢ € C*([0,00)) which satisfies
(A.3), then

1
a=ay and ag < —=——.
(0)

Proof. The function ¢ is determined by ¢l ; and (A.3) with s € (0,1] and n € N.
By positivity of ¢, Q|(071} > 0 and all factors on the right-hand side of (A.3) are positive. As

ap < a and ®(s) < 1 for s > 0, we obtain for the second factor on the right-hand side of (A.3)
and for s > 0

o — ag®(s +n)
a — ag®(s)
By positivity of the denominator of the third term on the right-hand side of (A.3), we obtain

the following condition for the numerator: for all £ € N and s € (0, 1]

(s+k—1)—a+ay®(s+k—1)>0
sa<stk—14+a®(s+k—1)= f(s+k—1).
24
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10
11

12

13

14
15

16
17

18

19
20

21
22

23

24

25
26

27

28
29

30

31
32

33

34
35

36

This inequality can only hold if f(x) > f(0) = «ag for all > 0, because otherwise it would
contradict a > ag. Therefore, we require f'(0) > 0. Furthermore, from the definition of f,

f(x) =1+ ag® (z) and f"(x) = ao®” (),

where

1 1
/log w) du < 0 and " (z / log(u))® u® ®(u) du > 0.
0 0

If f/(0) > 0, then it follows because of f”(x) > 0 for all x > 0 that f’(x) > 0 for all x > 0. By
the definition of f, it holds that
'(0) >0 if and only if ap < —
f(0) > y 0 <I>’(())
Therefore, —a + ap®(s +k —1) +s+k —1 > 0 holds for all k € N and s € (0,1] if o« < ap <

- <<f’ (0)) since a < f(z) for all > 0 and, in particular, due to continuity of f we have that

a < f(0) = a. Together with the condition ag < «, we have the following necessary conditions
for positivity:

a=oaoy and ap<— (‘i)/(O))_l .

It only remains show that o < — <<i>’(0))

In the following we use o = . The function § is continuous. In particular, (j|[0 1] is continuous
and ¢(n) is continuous at n € N, i.e.,

g(n) = lim ¢(n+ s) for all n € N.
s—0*t

Using (A.3) and continuity of ®, yields for n = 1,

1—®(s+1) —ag+ag®(s) + s
1 1)=1 -
Jim d(s 1) = lim 40— =5 5 s+1

- - . —Ozo—i-aO(i)(S) t+s
= 4(0) (1 — <I>(1)) Jim 1—d(s)

With L’Hopital’s rule,

i —0 aoji)(s) 5 _ (—ao) 1— ?(s) n s _ o+ ~1 '

50+ 1—®(s) 50+ 1-®(s) 1—®(s) —d/(0)
Therefore,

1 1
i) =) 3 (-0 - 55 )
i.e., ¢(1) is positive if and only if
0<— !
@(0)

This finishes the proof. O

25



1 We have now established the first part of Theorem 2.9, i.e., we have shown that if there is a
2 unique positive solution g € C°((0, z0]) NC((0, 20)) to (2.4), then a = ag and ag < —(i)'(()))_l.
3 We proceed to the second part, i.e., we show that the conditions on the parameters imply
4 existence and uniqueness of a positive solution g to (2.4). To this end, we use the same rescalings
5 and transformations as in the previous propositions.

6 Proposition A.5. Let o = g and ag < — (é’(O)) . Then, there exists a unique solution

7 g € C°(0,20]) NC((0,20)) to (2.5). There is a C > 0 such that the function § defined as in
8 Propositions A.2 and A.3 is holomorphic for s € C with R(s) > C and satisfies for alln € N
9 and s € C with R(s) > C,

1—®(s+n) ﬁ(s+/~c—1)—a+a@(s+k‘—1)

° s tm) =) =g 5 stk

(A.6)
k=1

12 Furthermore, for all s € C with %(s) > C and all n € N it holds that (s) # 0, 1 — d(s+n) #0,
13 and f(s) :=s—a+ad(s) #0.

- ~1
14 Proof. Let a = ap and ag < — <<I>’(0)) . By Lemma 2.8, we know that there is a unique solution
5 g€ C°(0,20]) NCL((0, z0)) to (2.5). Using the same rescaling as in the proof of Proposition A.2,

at

16 ie., g(z) = (2)° h<—log(%)> or equivalently h(t) = e~ g(zge™"), we obtain a solution h €
17 C%([0,00)) NCY((0,0)) to

sy

18 W(t) = —/(i)(t — o) h(o) %S_l)l"? do and h(0) =1, (A7)

20 where ®(t) := ®(e?)e~*. We aim to apply the Laplace transform to the function ¢ that again
21 defined as in the proof of Proposition A.2 by q(t) := h(t) (¢! — 1)%. Therefore, we show that the

22 Laplace transforms of ¢(t) and — (E)t exist by applying the Gronwall-Bellman inequality [4, p.
23 266] to the function |hl|.

24 Renaming ¢ to 7 and integrating (A.7) over 7 from 0 to ¢ yields

t T
d
< -1
25 h(t) //(I)T—O' dcé(fl))dadﬂ
e —_—
0 0
t

T

2% - / / (J)%e(f__l)l)dadr

27
28 We take the absolute value and interchange the order of the integration,

t T ) i(eff B 1)a
-0 o) " dodr
2 Ih(t)| §1+0/0/q>(¢ ) Ih(e)| e do,
2 (1) < 1+//&>(T—a) (¢ — 1) dT%(eo— 1)® (o) do.
31 0 o

26



1 Define B(o,t) f d(r—0) (" —1) “dr 4 o (e —1)“. In order to apply the Gronwall-Bellman
2 inequality, B must not depend on t. As B is increasing in t, we estimate

; Blo.t) < /i)(T o) (e — 1) dr di(ea 1y
g
r e’ o o (.0 a—1
4 S Hq)HLOO([O,l]) 7(67_ — 1)& dTe Qe (6 — 1) .

o

Bellman inequality gives the estimate |h(t)] < oo, i.e., we require the following integral to be

5
6 We develop an upper bound for the integral on the right-hand side as otherwise the Gronwall-
7
8 finite

T

t oo t
e T e T
- 4 20 °_1 a 1 do ::L/m/r o a 1 do ——d
O/U/(ST—l)a Tae” (e / ae? U(eT—l)a T
—I—//ae% (e7 —1)>! dcr(cje_il)adr

t
10 t 0
11 Using that with the transformation x = e yields

t et
— 1) 1)1*=°
12 /04620(60—1)&1 da:/aa:(a;—l)aldx: (z-1)(az+1)
a_+1 =1
0 1
13 = ! (et—l)a (aet—kl).
14 a+1

15 Thus, we obtain for (A.8),

t
0

— —drae® (" = 1) do

1 t 00
17 = /a+67d7+ (e—l ae +1 /
a—+1 Q
0 t

at 1 _rT=t 1 B B
s hiren e SCE N CERDICER / s
t

Q\g

o0

18

at+1—et a+et at+a+1
19 = + = .
20 a+1 a+1 a+1
21 We estimate

o,
€_T -1
22 |h(t)’ S ]. +/H®HL°°([O71])/(€T_1)O‘ dTaeQU (60' o 1)@ |h(0’)’ dO’
23 o
24 and therefore the Gronwall-Bellman inequality yields for ¢ > 0
%g |h(t)| S efOth)”Loo([O,l]) fooo (57?:71—)(! dTa62g(eo_l)a71 do S e”@llLoquJD at:frl — Cesot’
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where C := el®lzq.1) > 0 and s := o 1P| oo 0,17y /(@ + 1) > 0.
With the transformation g(t) = h(t) (e! — 1), we obtain for all ¢+ > 0 that
lg(t)] (' — 1) < Ce™".
Therefore,
lq(t)] < Ce®? (et - 1)@ = Celsotat (1 — e_t)a < Celsota)t

and it follows that both the Laplace transform §(s) of ¢(¢) and the Laplace transform of f‘_qe(f)t
exist for R(s) > sg + . Furthermore, ¢ satisfies equation (A.1).
Now, we can take the Laplace transform of equation (A.1) and obtain for all s € C with

R(s) > so + a,

1=t 1=+ 1) R
@ils) = g sl - e (Dl + )
+ " (s) L { 10‘_‘1(t)t } (5) = &" (s +1) L {f_qf)t } (s+1).

As in the proof of Proposition A.3, we can now take the limit n — oo because we know that
‘@(s)‘ < ®(R(s)) < 1 for R(s) > so + a > 0. Recursively, we obtain (A.6), i.e., for all n € N
and s € C with R(s) > sp + a,

Q(S—Fn):ﬂs)l;?g;)n) H(s+k—1)—::;¢(s+k_1)

k=1

The Laplace transform § of ¢ is analytic, i.e., holomorphic, on R(s) > so + . We know by
Lemma 2.8 that g(z9) = 1 and g € C°((0, 20]) N C*((0, 29)). Therefore, there is a set of positive
measure where ¢ is strictly positive.

If there is a s € C with R(s) > so + a and ¢(s) = 0, then ¢(s +n) = 0 for all n € N by
(A.6). Hence, ¢ vanishes on a sequence of equidistant points along a line parallel to the real axis,
therefore ¢ = 0 a.e. by [13, Theorem 5.3]. This is a contradiction to ¢ > 0 on a set of positive
measure. Therefore, §(s) # 0 for s € C with R(s) > so + a.

In particular, due to (A.6) it also follows that for all s € C with R(s) > sp + « and for all
neNthat 1 — ®(s+n) #0, and f(s) :=s — o+ ad(s) # 0. O

We have shown that the function ¢(s) is defined in a right half-plane (®(s) > C > 0) and
satisfies the iteration formula (A.6). Next, we use now the iteration formula (A.6) to extend the
function ¢ to a function ¢* defined on the right half-plane given by $(s) > —e for some & > 0.

- -1
Proposition A.6. If a« = o and ap < — (@’(O)) , then there exists an € > 0 such that the

function ¢ defined in Propositions A.2 and A.3 can be extended to a holomorphic function ¢* on
the half-plane R(s) > —e.

Proof. By Proposition A.5, there is a C' > 0 such that for all s € C with ®(s) > C the function
G(s) is holomorphic, ¢ satisfies (A.6) for all n € N, §(s) # 0, 1 — ®(s +n) # 0 for all n € N, and
f(s):=s—a+ad(s)#0.
As ¢(s) # 0 for s € C with R(s) > C, we can write equivalently to (A.6) for R(s) > C
i(s) = (s +m) 2L stk . (A.9)
1-®(s+n) 5 (+k—1)—at+tad(s+k-1)

28




We use (A.9) to construct an extension of ¢ to s € C with R(s) > —e for some ¢ > 0.

Let m > [C + 2], where [z] denotes the ceiling function that maps x to the least integer
greater than or equal to x. First, we show that the right-hand side of (A.9) is well-defined, i.e.,
that 1 —®(s+n) #0and f(s+k—1):=(s+k—1)—a+aP(s+k—1)#0 for all s € C with
R(s) > —¢, k € N, for some £ > 0, and for n = m.

By the choice of m we already know that 1 — ®(s +m) # 0 for all s € C with R(s) > —1. It
remains to show that f(z) # 0 for (z) > —e. With z =a+ib for a > —1 and b € R,

~N o g s~ W N =

1
8 f(z):z—a+oz<i>(z):a—i—ib—a—ka/u‘”ib@(u)du
0
1
9 =a—a+ib+ a/ua(cos(blog(u)) + isin(blog(u)))®(u) du
0
1 1
10 =a—a+ oz/u“ cos(blog(u))®(u) du+i [ b+ « / u®sin(blog(u))®(u) du
11 0 0

12 As f(z) =0 if and only if R(f(z)) = 0 and I(f(z)) = 0, we are searching for a, b € R satisfying
13 both

14 fi(a,b) := [ u®cos(blog(u))®(u) du + g =1 and

15 fo(a,b) := [ u®sin(blog(u))®(u) du + g = 0.

S O—_

17 We see that (a,b) is a solution to fi(a,b) =1 and fa(a,b) = 0 if and only if (a, —b) is a solution.
18 Therefore, it suffices to consider b > 0.
19 For b = 0, it holds that fa(a,0) = 0 for all @ € R. The partial derivative of fo w.r.t. b is

20 O fa(a,b) = [ u®cos(blog(u)) log(u) ®(u) du + $7

1 ~ 1
?1 ®(u)d — = —.
u log(u) ®(u) du+ — = &(a) +

21 O f2(a,0) =

22

O O

23 The function @ is negative and strictly increasing (this follow~s directly from the properties of
24 @, see proofs of Propositions A.3 and A.4). As 0 < a < —1/®/(0) there is an I < 0 such that
25 o= —1/9(l) by continuity of ®’. Hence,

26 O fa(a,0) = @ (a) — (1) >0
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if and only if a > I. For b > 0,

A fa(a,b) = [ u®cos(blog(u)) log(u) ®(u) du — ' (1)

S O —

log(u) ®(u) (ua cos(blog(u)) — ul) du.

For u € (0,1), log(u) < 0, ®(u) > 0, and
u® cos(blog(u)) —u! <u® —u' <0

if a > [. Therefore, for a > I, Oy f2(a,b) > 0 for all b > 0 and Jyf2(a,0) > 0, i.e., there cannot be
a solution to fa(a,b) = 0 other than b = 0. If b = 0, then we are looking for a real solution to
f(s) =s—a+a®d(s) =0. In this case we know that s = 0 is a solution. Moreover, f’(s) > 0
for s > 0, f'(s) = 1+ a®(s) = 0 if and only if s = [ by definition of I, and f”(s) > 0 for all
s € R. Therefore, f(s) < 0 for s € ({,0) and the only solution to f(s) =0 in (I,00) is s = 0.

Define ¢ := min{—[,1}/2, then f(z) = 0 only for z =0 and f(z) # 0 for all z € C with z # 0
and R(z) > —e.

We rewrite (A.9) with n = m, where m > [C + 2],

i(s+m)(s+1) 1—(s) ﬁ s+ k

- _ 9
1) = 1—®(s+m) s—a+ad(s) (s+k—1)—a+ad(s+k—1) (A.10)

k=2

For s € C\ {0} with R(s) > —e the expression on the right-hand side is holomorphic as it
is the product of holomorphic functions. The function ¢ is holomorphic as it is the Laplace
transform of ¢ and the fact that @ is holomorphic is easily checked using the definition of ®.
With L’Hépital’s rule for analytic functions of a complex variable (see, e.g., [39, Theorem 3.3]),

) 1—®(2) . —®/(z2) —'(0)
lim ——————— = lim = = ~—
=0z —a+ad(z) 201+ad(z) 1+ad(0)

which is finite by the assumption o > —1/®(0). Therefore, the right-hand side of (A.10) is
holomorphically extendable to z = 0 by the Riemann removable singularities theorem (see, e.g.,
[19, Theorem 4.1.1]) and the following extension of ¢ is holomorphic, for s € C with R(s) > —e,

Q(s+m)(s+1)  1-B(s) 17 stk )
1-®(s+m) s—atad(s) kl;IQ (s+k—1)—atad(s+k—1)’ if §R(S) S [—6, m], S 7& 0,
*(s) = { _dm) %' (0) T7 k I
q*(s) 1—&(m) 1+ad’(0) kl;IQ (h—D)—atad(h—1)’ if s =0,
q(s), if R(s) > m.

The function ¢*(s) is holomorphic as for R(s) > m it agrees with the holomorphic function §(s),
for R(s) € (—e,m) and s # 0 it is a product and quotient of holomorphic functions, and for
s = 0 we defined ¢* such that it is holomorphic by the Riemann removable singularities theorem.
It thus only remains to argue that ¢* is holomorphic at R(s) = m. By definition of ¢* and since
g is holomorphic and satisfies equation (A.9) for all R(s) > C > 0 where m > C + 2, it follows
that ¢*(s) = q(s) for all R(s) € (m —e,m +¢). Thus, ¢* is holomorphic at (s) = m because §
is holomorphic. O
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We are now ready to gather the results of Propositions A.2 to A.6 and finish the proof of
Theorem 2.9.

Proof of Theorem 2.9.

Step 1: From the solution g to the conditions on the parameters.
Assume there is a solution g € C°((0, z9]) N C((0, 29)) for (2.4), then Propositions A.2 to A.4
directly give the conditions on « and «y.

Step 2: From the conditions on the parameters to the unique solution g.
Lemma 2.8 gives existence of a unique solution g € C°((0, z0]) N C*((0, 20)) to (2.5). It remains
show that the solution g to (2.5) is also a solution to (2.4), i.e., that g satisfies

20

lim g(2) =0, g¢g(z)>0forall z € (0,2), and /(Z()_b(zz);g('z)

z—0t
In the following, we use Propositions A.5 and A.6, take the inverse Laplace transform of ¢*,
“HG*(s)}(t) =: ¢*(t), and show that q(t) = ¢*(t) for a.e. t > 0.

dz < oo.

lim ¢"(s) =0 and lim s¢*(s) < oo,

$—00 §—00
then the inverse Laplace transform ¢* of ¢* exists [16, p. 135]. We know that
0= lim ¢(t) = lim s4(s),
by the Initial Value Theorem (see, e.g., [13, Theorem 33.5]), and for s € C with R(s) > — and
|s| >0 > 0 and for m := (C'—FQ]

7(5) = ils+m) — = 1_1 stk

s+k—1)—a+ad®(s+k—1)

Since
B(s)| < B(R(s)) < B(—e) < 0
and for all k € N, k <m, and all |s| > >0

s+k B 1+§
_1— F _1) k—1— a®(s+k—1)
s+k—1-a+a®(s+k-1) 14 la

S

< 00,

it holds that ¢*(s) = h(s)¢(s + m) for some function h that is bounded for all s € C with
R(s) > —e and |s| > § > 0. Therefore,
lim sG*(s) =0

§—00

and the inverse Laplace transformation ¢* of ¢* exists.
Due to uniqueness of the inverse Laplace transform (see, e.g., [13, Theorem 5.4]), ¢* and ¢ are
a.e. equal. In particular, with ¢(t) = g(zpe™?) (1 — e7*)” and the change of variables z = zpe ',

20

7*(0) = 7q*<t> it = 7q<t> at= [ (1- ) L
0 0 0
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Therefore, g(z)/z is integrable at z = 0. As g € C°((0, z9]) with g(z0) = 1 there are § > 0 and
a ¢ > 0 such that

92) (20 =) _ (20— 2)"

z(z0—2) —  z—=z

for all z € [z — 4, 20],

it holds that % is integrable at z = zy. Hence,

20

9(2) (20 — 2)*
Zlg&g()-() and /b(oz)dz<oo.

Step 3: Positivity of the solution g.
The function v(z) := C(z9 — 2)“g(z) for some C' > 0 is a solution to (2.3) by Lemma 2.6 and

v > 0if and only if g > 0 on (0, 29). We know that lim+ v(z) =0, v(z9) = 0, and v is positive in
z—0
a neighborhood of zp as g(z9) = 1 and ¢ is continuous in (0, zp]. With o = «, integrating (2.3)

from z to zg yields

v(zo)—v(z):—azo/ (( ?) dz' + a zg // Zi d’dy

z
By change of variables £ = %, we obtain

v(z) = az / (O_Z // Oij)dz,

20 2/7' Z,)
—0420// dz.
ZQ —Z )

Due to continuity of v, v can only be negative if there is a z € (0, z9) such that v(z) = 0. Let
z* € (0,z9) be the largest z € (0,2p) such that v(z) = 0, i.e., v(z) > 0 for all z € (2%, 29).
Therefore,

20 257
o vz
'U(Z)—OZZO/ / @(§)d§md7;
z* 0

By definition of z*, it holds that
v(2)
2'(z9 — 2')
Moreover, there is an € > 0 such that for all 2’ € (2*,2* +¢)
)
/ O(€) de > 0.

0

>0 forall z € (27, 20).

Therefore, v(z*) > 0, which is a contradiction to the definition of z*, v(z*) = 0. This means
that there is no z* with v(z*) and thereby v(z) > 0 for all z € (0, 29). Hence, g > 0 and g(z) > 0

for all z € (0, 2o].
32



Overall, we have shown that the unique solution g € C° ((0 zo]) N Cl( (0, 20 ) to ) is also a
solution to (2.4) in Step 2. Since every solution to (2.4) is also a solution to (2.5) the functlon g is
the unique solution to (2.4). Moreover, because of v(z) > 0 for z € (0, 29), v(2) = C (20— 2)%g(2)
with C' > 0, and g(zp) = 1 it follows that g(z) > 0 for z € (0, zo]. O

A~ W N

5 APPENDIX B. OTHER PROOFS

Proof of Theorem 3.2. The proof is lengthy but consists of straightforward computations.

We define U(z,t) := eMU(2). Then, U(z) > 0 for all z € (0, z) and U is a solution to (3.1).
Furthermore, we define 1(z,t) := e *W(2). Then ¥ is a solution to the dual equation of (3.1),
i.e., it is a solution to

© 0 N O

(

= (2, 1) — B0z ) = — (B(2) + () (2, 1) + Bz / K 1 d,
o ) ° (B.1)
P(z,t) >0 for all z € (0,2p) and ¢t > 0, /w(z,t) U(z,t)dz = 1.
( 0

11 With these definitions, we obtain

u(z (z,t) e
12 U(2)U(z) H( L({(,’zi)) = U(z)e MeMUY(z2) H(Z/(l(;:i)e)‘t>
1431 =(z,t)U(z,t) H(Z((Z’ tt)>

15 Recall that as H is absolutely continuous, it is differentiable a.e. and the derivative H' is
16 Lebesgue-integrable. For the sake of brevity, we omit the arguments of ¥, U, and u everywhere
17 except in the integrals. It holds that

o afun(E)] o feren(?)
o e v a(8) seor () a ()

2 +(9:9) b(z) UH(E) 9 a.(b(2)U) H(%) Fb(z)UH (%) 8, (%)
2 = U H( %) [0+ b(2) 0] + % H(T: ) [0 + 0:(b(=) U)

+ou () [a(g) + = 0: (7))
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H0=)0:(5) = e

—0:(b(z)u) = (B(2) + u(2)) v + /B(z') k(z, 2 u(Z,t) d2' + b(z) 3,4

Now, we use the fact that ¢ is a solution to (B.1) and U is a solution to (3.1):

aoun(3)] o e (2)

()

(B(2) + p(2)) ¢ — B(2) / k(2 2)¥ (7, 1) dZ']
0

+ ¢H<%> [ (B(2) + u(2) U + /5(2’) k(z,2)U(Z,t) dz’]

+w<zﬁ>{ <“>+w 2

We compute that

Btu_uﬁtU b(2) %_u@ZU
I\U T 0

—0.(b(2)U) — (B(z) + (=) U + / B k(2,2 ) U, 1) &2 +b(=) 0.U

7 BNk (g~ Py )

Ul(z,t) U2(z,t)




N

(o))

10

11

12

13

14

15
16

17
18

19
20

21

22

23

then the last summand is zero. Therefore, we obtain

afwun(g)] +o.ievv ()] = [{sere e oveon (525
0

this finishes the proof. O

Proof of Lemma 3.3. Following [25], we start with the formula in Theorem 3.2 and integrate it
w.r.t. z from 0 to zg. Then, the second summand on the left-hand side is

b(z) W(2)U(z) H (uz,({?zi))

z=2z0
=0,
z=0

as [;° ¥(z)U(z) dz = 1, by Assumption (A5), U > 0, and since @ is bounded for every t > 0.

The third summand on the left-hand side is

20 20

/ B(z) k(= #) () U(2) H ( l;fé?) i dz

0 0
- O/O/ B() (2, ) (=) U(Z) H(“L({‘Zz?> dzds = 0.
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Therefore,

izw(z)u(z)ﬂ<ﬂb(;(’;’;)> dz = 0/0/6(2’)k(z,z/)\1’(2)u(2/) {H(UL(,?Z%

(-] e

N
[~g]
ENEw
| %
—|=
N———
+

which shows the second part of the lemma.

Since H is convex and a.e. differentiable it holds for almost all z, y € R that H(z) >

H(y) + H'(y)(z — y) or equivalently H'(y)(z —y) < H(z) — H(y). Hence,

H(5) - n(5) o (5 550 5=

and
d _
@H\IJ (alt) <0,
i.e., the map ¢ — Hy(u|U) is non-increasing. O
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