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Modelling random dynamical systems in continuous time,
diffusion processes are a powerful tool in many areas of
science. Model parameters can be estimated from time-
discretely observed processes using Markov chain Monte
Carlo (MCMC) methods that introduce auxiliary data.
These methods typically approximate the transition densities
of the process numerically, both for calculating the posterior
densities and proposing auxiliary data. Here, the Euler—
Maruyama scheme is the standard approximation technique.
However, the MCMC method is computationally expensive.
Using higher-order approximations may accelerate it, but the
specific implementation and benefit remain unclear. Hence,
we investigate the utilization and usefulness of higher-order
approximations in the example of the Milstein scheme. Our
study demonstrates that the MCMC methods based on
the Milstein approximation yield good estimation results.
However, they are computationally more expensive and
can be applied to multidimensional processes only with
impractical restrictions. Moreover, the combination of the
Milstein approximation and the well-known modified bridge
proposal introduces additional numerical challenges.

1. Introduction

Diffusion processes are used in many areas of science as a
powerful tool to model continuous-time dynamical systems that
are subject to random fluctuations. A diffusion process can be
equivalently described by a stochastic differential equation (SDE).
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Commons Attribution License http://creativecommons.org/licenses/by/4.0/, which permits
unrestricted use, provided the original author and source are credited.
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If the SDE yields an analytical solution, the transition densities of the corresponding diffusion process [ 2 |
are explicitly known and parameter estimation can be easily performed through a maximum likelihood
approach, as demonstrated in [1]. However, in the majority of applications, this is not the case, and the
transition densities are intractable.

When the transition densities are unknown, another challenge for parameter estimation is the type of
available data. In practice, a process can only be observed at discrete points in time. A comprehensive
overview of the methods for parameter inference from high-frequency data (i.e. where inter-
observation times are small) can be found in [2, ch. 6]. For parameter estimation from low-frequency
observations, Markov chain Monte Carlo (MCMC) techniques have been developed that introduce
imputed data points to reduce the time steps between data points. This concept of Bayesian data
imputation for the inference of diffusions has been used and developed further by many authors such
as [3-6]. These methods are applicable to multidimensional processes and were extended for the case
of latent process components as well as for the occurrence of measurement error. Thus, they are very
promising for the use in real-data applications (e.g. [2,7]).

The concept of these MCMC algorithms is to construct a Markov chain whose elements are samples
from the joint posterior density of the parameter and the imputed data points conditioned on the
observations. This construction is achieved via a Gibbs sampling approach by alternately executing
the following two steps:
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(1) drawing the parameter conditional on the augmented path that consists of the observed data points
and imputed data points and
(2) drawing the imputed data points conditional on the current parameter and the observed data points.
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In both steps, direct sampling from the corresponding conditional distribution is generally not possible;
therefore, a Metropolis—Hastings algorithm is applied. The (full conditional) posterior densities are
reformulated as the product of the transition densities of the process in both steps and the prior
density of the parameter in the first step. Because the transition densities are intractable, they can only
be numerically approximated.

The numerical approximation of the transition densities of the process is necessary not only for
calculating the posterior densities, but also for proposing the imputed data points. In both contexts,
the Euler-Maruyama scheme is the standard approximation technique in the literature, including all
of the aforementioned references. To reduce the amount of imputed data and the number of necessary
iterations for the computationally expensive estimation method, one possible solution is to employ
higher-order approximation schemes.

Therefore, we investigate the utilization and usefulness of such higher-order approximations on the
example of the Milstein scheme. A closed form of the transition density based on the Milstein scheme is
derived in [8]. In [9], this closed form is used to estimate the parameters of a hyperbolic diffusion process
from high-frequency financial data, but not in the context of Bayesian data augmentation. For the latter,
Elerian et al. [3] propose the possible use of the Milstein scheme. However, the specific implementation
and benefit of this framework, in particular when using sophisticated proposal methods, remain unclear
and, therefore, are the focus of this work. For our investigation, we first explain how to integrate the
Milstein scheme into the framework of Bayesian data augmentation and then assess the effectiveness
of this new combination in a simulation study which is a common approach in the literature (e.g. [10,11]).

This article is organized as follows. In §2, we define diffusion processes, describe the numerical
approximation of their paths, and explain the derivation of the transition densities of the processes
based on these approximations. In §3, we elaborate on the parameter estimation methods for diffusion
processes using Bayesian data augmentation and the approximated transition densities. In §4, we give
some comments about our implementation of these methods and in §5, we explain the set-up of our
simulation study. In §§6 and 7, we present the results and discussion. The source code of our
implementation and the simulation study is publicly available at https://github.com/fuchslab/
Inference for SDEs with the Milstein_scheme.

2. Approximation of the transition density of a diffusion process

We consider a d-dimensional time-homogeneous Itd diffusion process, (X;);>o, a stochastic process that fulfils
the following SDE:

dX; = u(Xy, 0)dt + o(Xy, 0)dB;,  Xo = xo, 2.1
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with state space X' C R?, starting value xy € X, and a g-dimensional Brownian motion, (By);>o. The model n
parameter €O is from an open set @ C R’. In addition, we assume that the drift function
w:X x @ —R? and diffusion function o:X x @ — R fulfil the Lipschitz condition and growth
bound to ensure that (2.1) has a unique solution (e.g. [12, ch. 5]).

In this work, we use rather simple, well-known examples of such a diffusion process in order to focus
on the investigated estimation methods and make the article easy to follow. Our example for the main
text is the geometric Brownian motion (GBM), and in appendix D, we also provide all relevant details
for the Cox—Ingersoll-Ross (CIR) process. The GBM is described by the following SDE:

dXt = C(Xt dt + O'Xt dBt, XO = Xo, (22)

with state space X = R, starting value xy € X and the two-dimensional parameter 6 = (e, o)" where
a€R and o € R}, Ry being the set of all strictly positive real numbers. The GBM is especially
suitable as a benchmark model because it has an explicit solution. The stochastic process

Xy :xoexp<(a—%02)t+0'3t),

fulfils (2.2) for all > 0. Hence, the multiplicative increments of the GBM are lognormally distributed as

follows:
% ~ L‘N(( 1a2>(t—s), al(t—s)>,

a— -
s 2
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for t >s >0, and the transition density is explicitly known as
pis,x, t,y) =PX; =y|Xs =%
1 (logy —logx — (a — 1 )t — 5))? 2.3)
= exp| — .
V2t oy ¥ 202t —9)

A derivation of the solution of the GBM and its transition density can be found in [13].
In different contexts, one often considers the logarithm of the GBM, log X; which is simply a
normally distributed random variable for fixed f, with corresponding SDE

d(log X;) = (a - %02) dt+ odB;, logXy =loguxy. 2.4)

However, we do not employ this transformation here because of the constant diffusion function in (2.4).
For the log-transformed GBM, the approximation methods that we wish to compare would yield an
identical approximation.

2.1. Approximation of the solution of an SDE

Unlike the GBM, most SDEs do not have an analytical solution; thus, their transition densities are not
explicitly known. Instead, numerical approximation schemes are used for the solution of the SDEs.
Kloeden & Platen [14] have provided a detailed description of these methods. Several of the
approximation schemes are based on the stochastic Taylor expansion. For a general treatment of this
expansion, we refer the interested reader to [14]. The most commonly used approximation is the
Euler(-Maruyama) scheme, which approximates the d-dimensional solution (X);»o of an SDE by
setting Y = xy and, then, successively calculating the following:

Yii1 = Y + u(Yy, AL + oYy, 0)ABy, (2.5)

where Aty=tg —t, ABy =By, — By, and Yi is the approximation of X; for k=0,1,2, .... The
approximation improves as the time step At; decreases. The Euler scheme contains only the time
component and the stochastic integral of multiplicity one from the stochastic Taylor expansion of
process (X);»o, and has strong order of convergence 0.5.

A discrete-time approximation Y2 with maximum step size A> 0 converges with strong order y >0 at
time T to the solution X7 of a given SDE if there exists a positive constant C independent of A and a Ay >0
such that

E(|Xr — Y3|) < CA?,



for all A € (0, Ap). Strong convergence ensures a pathwise approximation of the solution process (Xy);»o of
the given SDE. The higher the order of strong convergence is, the faster the mean absolute error between
the approximation and the solution decreases as the maximum time step size A decreases.

By adding another term of the stochastic Taylor expansion to equation (2.5), one obtains the Milstein
scheme that approximates the d-dimensional process (X);>o by setting Y, =1xy and, then, successively
calculating for the ith component

YO, = Y0+ (e, 0AL + Y ay(Ye, OABY
j=1

9.9 4 day fer1 (s .
FND o 0T 0 | | appas?
k k

j=1 I=1 r=1

(2.6)
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fork=0,1,...and i=1,..., d.

When o(Y}, 6) is constant in Y}, the last term vanishes and the Milstein scheme reduces to the Euler
scheme. If u(Y}, 6) is once continuously differentiable and o(Y}, 6) is twice continuously differentiable
regarding Y, then, the Milstein scheme is strongly convergent of order 1.0, which is higher than that
of the Euler scheme. An illustration of this difference in the simulation of SDE trajectories is presented
e.g. in [15]. However, there is a severe restriction on the practical applicability of the Milstein scheme
because the stochastic double integral in the last term of (2.6) only yields an analytical solution for
j=1. Although approximation techniques for the double integral exist (e.g. [14]), they are unsuitable
for our purposes. On the one hand, we wish to avoid adding yet another layer of approximation and,
thus, additional computational time. On the other hand, we must find the distribution of Yj,; based
on approximation schemes (2.5) and (2.6), which is also not explicitly possible when adding another
approximation. For this reason, we focus on models where the double integral appears exclusively for
the same components of the Brownian motion. For example, this is the case when the process
is driven by a one-dimensional Brownian motion (i.e. the diffusion function o(Y}, 6) is of dimension
d x1). Hence, the diffusion model includes only one source of noise that may affect each of the
components of the process. More generally, we require that
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o0y

Ur](Ykr 6)8 e}

(Yr, ) =0 forj #1, 2.7)

so that only j=1 is inside the double integral. Relation (2.7) implies the following;:

— if an entry o,;(Yy, ) is non-zero, then the entries of all other columns and all rows must not depend on
Y;r), and
— if an entry o;(Y, 6) depends on Y,(f), then the entries of all other columns in row » must be zero.

In particular, this means that unless the rth row of the diffusion function contains only zeros, component
Y,((’) can only appear in one column of the diffusion function (and if it appears, then the entries of all other
columns in row r must be zero). Moreover, each component of the diffusion process (Xy);>o can only be
directly affected by more than one component of the Brownian motion, if the size of all stochastic effects
(i.e. all entries of the diffusion function) does not depend on the respective component of the diffusion
process. Further, if all d components of the diffusion process appear in the diffusion function, then the
process can be affected by at most d components of the Brownian motion. Besides, if all d components
of the diffusion process appear in the diffusion function and the process shall be affected by d
components of the Brownian motion, the diffusion function must be a (possibly column-wise
permuted) diagonal matrix. In many applications, these are not realistic assumptions.

Assume that the ith component of the diffusion process appears in the ith row of the diffusion
function and that the respective entry of the diffusion function does not depend on the remaining
components YO, i (the contrary would impose restrictions on other rows, as described above).
Then, the ith component of the approximated process is

YO =y 4 Mlm, A + ay(Yy, OABY

+ ay(Yy, 0% (y,, 0 L @B?? — Aty 2.8)

oy (@)

fork=0, 1, ... and where j is the column index of the one non-zero entry depending on Y,(f) in the ith row
of the diffusion function.



Moreover, note that if we consider the approximation Y(') in equation (2.8) as a function g(AB,((j)) of [ 5 |

. Therefore, the function g has a global

NS0

the increment of the Brownian motion, g is quadratic in AB
extremum with value

g =Y~ Ux](Yk/ 0)/ (8 o Yk 9)) <M,(Yk, 0) — Uz](Yk/ 9) T (Y, 9)) Afy. (2.9)

8 (@)
Hence, there is a bound on the range of possible values for Y "1 Tesulting from the Milstein scheme which
might exclude values that the solution process X;, could take. Whether this is a lower or upper bound
depends on the sign of the diffusion function and its derivative. The second derivative of g is given by

0%g(ABY)

—— = z(Y,O)
aBlyE

a (1) (Yk/ 0)

";as;/@;aa;‘,'smis'ugq;@.qn'axis!sag.em

Thus, the extremum ¢* is a maximum and puts an upper bound on the possible values of Y(’) ", if g7 <0,

and ¢* is a minimum and puts a lower bound on Y,(fll if " > 0. For the case where ¢” =0, the Milstein
scheme reduces to the Euler scheme.

Since our example, the GBM, is a one-dimensional process, the double integral in equation (2.6)
vanishes and the Milstein scheme for the GBM yields the following:

1
Yiir = Y + aYiAb + oY ABy + EO’ZYk((ABk)z — At),

fork =0, 1, ..., where the first three summands also correspond to the Euler scheme. Figure 1 illustrates the
two approximation schemes. It presents three trajectories of the GBM, which are represented by red points
and which were simulated by setting a seed for the random number generator and, then, sampling from
the explicit transition density (2.3). The same seed was used to sample the increments of the Brownian
motion from the normal density and then transform them by (2.5) and (2.6) to obtain the Euler (black) and
the Milstein (blue) approximation of the trajectories. We observe that in almost all cases, the Milstein
approximation is either closer to or as close to the points of the trajectories as the Euler approximation.
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2.2. Transition densities based on approximation schemes

While sampling diffusion paths is fairly straightforward for both approximation schemes as described
above, determining the corresponding transition density is less apparent for the Milstein scheme.
Since the Euler scheme is a linear transformation of ABi ~ N(0, v/Afxl;), where I, denotes the
m-dimensional identity matrix, the transition density derived from the Euler scheme is also a
multivariate Gaussian density:

7Y | Yi) = ¢V | Vi + w(Yy, 0) Aty, a(Yy, 00" (Y, O)AL),

where ¢(y1a, b) denotes the multivariate Gaussian density with mean a € R? and covariance matrix
b € R evaluated at v.

For the Milstein scheme, deriving the transition density is more complicated, even in the case of a one-
dimensional diffusion process, which we consider here. Elerian [8] derived the transition density by first
rearranging the Milstein scheme to obtain a transformation of a non-central chi-squared distributed
variable for which the density is known, and then applying the random variable transformation
theorem. In appendix A, we present an alternative derivation that directly applies the random variable
transformation theorem to AB. Both approaches produce the same result. For simplicity of notation, we
set ux ==u(Yy, 6), or :=0(Yy, ) and o :=doly, 0)/0y |]/:Yk' Then, the transition density based on the
Milstein approximation for a one-dimensional diffusion process is as follows:

ex Ck(YkH)
(YY) = p< ) . [exp <— —M> + exp (—‘I%D(Yﬂl))}

V2my/Bt/ Ak(Yk+1) Dy K

with
2 / 1 /
A(Yis1) = (o) + 20405 ( Yirr — Vi — | g — Ea'ka'k Aty |,

1
Ck(Yis1) = ok + 0y, (Yk+1 - Y — (Mk - 5@@1) Afk),

Dy = ay(0})* Aty
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Figure 1. Three trajectories of a GBM (2.2) with or=1 and o =0.25 and their approximations by the Euler and the Milstein
scheme.

and for
1 0% 1 . /
Yip1 > Yi—=— + | e — = oxo} Ay, if oyol, >0 (2.10)
20 2
and
1 Oy 1 / : /
Yia <Yy —=—+ | e — = Ok 0y, Aty, if 00y < 0. (2.11)
20 2

The bounds in (2.10) and (2.11) coincide with the bound (2.9) on the range of possible values Y., resulting
from the Milstein scheme in §2.1. For values of Yj,; within the respective bound, Ax(Y.,1) is non-negative
and its square root takes real values; otherwise, the transition density is equal to zero. Hence, there is a
lower or an upper bound on the support of M Moreover, one can show that the value of the
transition density tends to infinity as Yj,, approaches the bound. However, the interval for which the
density increases towards infinity may be arbitrarily narrow depending on the parameter setting.

For the GBM, we have o(X,, 6) = 0X; with parameter o> 0, the process taking values in R, . Therefore,
we obtain a lower bound for the possible values of Yj.q

Y1 2> Vi G + (a - %a’z) Atk) . 2.12)

Depending on the parameter combination 8 = (¢, 6)", this lower bound may be negative, in which case the
support of the transition density includes the entire state space of the GBM.

In figure 2, we illustrate the transition densities based on the GBM solution, Euler scheme and Milstein
scheme for two different parameter settings. We observe that the Milstein transition density better
approximates the mode of the transition density of the solution than the Euler transition density does.
On the other hand, while the support of the Euler transition density is the set of all real numbers, the
Milstein transition density puts zero weight on the values of Y}, that are below the lower bound, even
though some of the values are feasible according to the transition density of the solution process.

Other approximation methods for the transition densities were developed for example in [16-18].
Here, we focus on the numerical approximation methods described above. Because for the estimation
methods introduced in the next section, it is crucial to not only be able to approximate the transition
density, but also sampling from the resulting density needs to be possible and fast.

3. Bayesian data augmentation for the parameter estimation of diffusions

With low-frequency observations Xobs — X4, ..., Xs,) of the process (X;);>o described by the SDE (2.1),
we wish to estimate parameter 6. In this work, we assume that all observations are complete (i.e. there
are no latent or unobserved components for all observations) and that there are no measurement errors.
The approximation schemes for the solution of the SDE as introduced in §2 are only appropriate for
small time steps. Therefore, we introduce additional data points X™P at intermediate time points (as
visualized in figure 3 and explained in detail in §3.2) and estimate the parameter 6 from the augmented
path {X"bs, Xmp}. To this end, a two-step MCMC approach is used to construct the Markov chain
{60, X3}y 1, the elements of which are samples from the joint posterior distribution 7(6, Xmp | xobs):

Step (1) Parameter update: Draw g ~ (6 | X%, X:?E)),

Step (2) Path update: Draw X5 ~ m(X(" | X, 6).

002007 £ s uadp 205y sosyjeuwmol/biobunsyqndfaanosiedor
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Figure 2. Transition densities for a transition from Yy to ¥, with a time step of At, = 0.1 for two different parameter settings
based on the GBM solution, Euler scheme and Miltstein scheme, respectively. (a) o =1, o?=0.25and Y,=100, (b) a=1, o’=2
and Y, = 100.
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T=1 1 ) I3 bnet =T,

Figure 3. Augmented path segment: filled circles represent observed data points and open circles represent imputed points.

A general introduction to MCMC methods is presented in [19]. The resulting MCMC chain
{06, Xiglp}ﬁ, 11, 1, after discarding the first | elements as burn-in, can be considered a sample drawn
from the joint posterior distribution 7(6, X™P | X°**) and can be used for a fully Bayesian analysis.
The two steps of the algorithm are described in detail in the following two subsections. We use 7 to
denote the exact densities of the process that is the (full conditional) posterior densities as well as the
transition densities. The meaning becomes clear from the arguments. Approximated densities are

indicated by a corresponding superscript.

3.1. Parameter update

In Step (1), a parameter proposal 6* is drawn from a proposal density g(6* | 6, X°b$, X™™P) which may or
may not depend on the imputed and observed data. If a proposal 6" = 6+ u with an update u that is
independent of the current parameter value 6 is used, the proposal strategy is called a random walk
proposal. Proposal 6" is accepted with the following probability:

77(9* |Xobs, Ximp) L](0| 0*, Xobs/ Ximp)
’7T(0 ‘ XObS, Ximp) q(e* ‘ 9, Xobs’ Ximp) )

{6°,0=1A

Otherwise, the previous 6 value is kept.
Due to Bayes’ theorem and the fact that a diffusion process has the Markov property, the (full
conditional) posterior density can be represented as

n—1

(0] X°P%, X'mP) oc (H (X, | X, 6)) p(6),
k=0

where 7(X;, ., | Xy, 6) denotes the transition density of the process (X})i»o, 11 + 1 is the total number of data

points in the augmented path, and p denotes the prior density of the parameter. We choose a random

walk proposal where the r components of 6* that take values on the entire real line R are drawn from
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the normal distribution A(6;, y]z) forj=1, ..., r and some predefined y; € R.. The (remaining) strictly [ 8 |
positive components are drawn from a lognormal distribution LA (log 6;, y]z), for j=r+1,..., p. In this
case, the acceptance probability reduces to

n—1 ok * 14 e
" 7T(th 1 ‘th, 6) P(9 ) Gj
0,0 =1 | | ‘ | | —1, 3.1
46, 6) A (ko (X, | Xy, 0)) p(6) = 0 3.1

as derived in [2, ch. 7.1.3].
The transition density m(X,,,, | Xj,, 6) is generally not explicitly known, but it can be approximated by
the Euler or Milstein scheme as described in §2.

*sosi/Jeunof/610Guiysgnd/aposjedos

3.2. Path update

Since a diffusion process has the Markov property, the likelihood function of parameter 6 factorizes as f’:
M ]
TWXny, ooy Xny | 0) = 7(Xe, | O [ [ #X | X, 0), G2 §
i=1 § S
and the latent path segments between observations are conditionally independent given the observations. :'
Hence, it is sufficient to consider the imputation problem in Step (2) only for one path segment betweentwo
consecutive observations X, and X, ,. As figure 3 illustrates, the time interval between the two §
observations is divided into m subintervals, such that the endpoints of these intervals are 3
=1t <t <...<t, =741 and the time steps are Aty =t;,1 —t for k=0, — 1. We denote the
observations by Xf{"jsﬂ+1 } = {Xs, Xz, } and the imputed data points by X(n ) = {th, e Xy b

After initializing the imputed data by linear interpolation, the path is updated using the Metropolis—
Hastings algorithm. A proposal X(T ) is drawn from a distribution with density g, which may depend
on the observed data, current 1mputed data and parameter 6. It is accepted with the following
probability:

imps obs imps obs
é,( impx* 1mp ) _ 1 (X(Ti/TH»l) X{Tx T+l}' 9) q(X(T, Tit1) X(T,,Tiﬂ)’ X{Tim-l}’ 9) (3 3)
(73,7i51) (T JTis1) imp obs imps imp obs : :
(X(TirTHI) X{T Tis1} B)q(X(Tf/TzH) { X(Tuﬂ‘ﬂ)' X{TnTz—l}’ 0

Otherwise, the proposal is discarded and the previously imputed data X
property, we have:

" is kept. Due to the Markov

T, Tit

7T( 1mP* obs v 9) m—1 ﬂ.( r ‘ka’ 9)

(73,7i11) {T: T;+l}’
1mp b: 4
(X (7i,7i41) ({)‘ﬂsﬂ’ﬂ}’ 9) k=0 X1 | X, 0)

where Xj =Xy, = X;, Xj =X, = X;,, and m(Xy,,, | Xy, 0) denotes the transition density of process
(Xpi=o0-

The challenging aspect of the path update step involves determining how to propose new points. The
simplest approach uses the (approximated) transition density to propose a new point by conditioning
only on the point to the left of the new point. We call this proposal method the left-conditioned proposal
and illustrate it in figure 4a. The proposal density of an entire path segment is simply the product

(7i,7i11)

. m—2
queXGr | X, 0 =[] =X, 1X;, 0

where X; = X;. Thus, the acceptance probability reduces to

imps i Z (X, | Xt,, 9)
(X II}P‘ , XmP. —1A tk+1 ki1 k
g (7i,7i41) (TuTH»l) H 7T(ka+1 ‘ th’ 6) H |X

fk 1 fk’

X, [ Xp ., 6)

= 1A,
(X | Xbyyys 0)

where Xi =X, =X

scheme from §2.
This proposal strategy considers the information from the observation X, on the left, while the

proposed path segment is independent of the observation X

Here, the transition density can again be approximated by the Euler or Milstein

Tit1*

on the right. This may lead to a large
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Figure 4. Different proposal strategies (a)—(b) and realizations using different approximation schemes (c)—(g). (a) Left-conditioned
proposal, (b) bridge proposal, (c) left-conditioned Euler proposal, (d) left-conditioned Milstein proposal, (¢) modified bridge Euler
proposal, (f) modified bridge Milstein proposal, (g) diffusion bridge Milstein proposal.

jump in the last step from X;, , to X, ,, as can be seen in figure 4c,d, and hence, to an improbable
transition. Therefore, the acceptance probability for the left-conditioned proposal X?:;l};;), and
consequently, the acceptance rate of the MCMC sampler is usually low.

A number of more sophisticated proposal strategies have been suggested. Ch. 7.1 in [2] reviews some
of these. Here, we first consider the modified bridge (MB) proposal, which conditions on both the previous
data point and the following observation on the right, as visualized in figure 4b. This strategy was
originally proposed by Durham & Gallant [20] and first applied in the Bayesian framework in [21].
More recently, Whitaker et al. [10] suggested improved bridge constructs, and van der Meulen &
Schauer [22] proposed the so-called guided proposals.

For the MB proposal, the proposal density of an entire path segment factorizes again as follows:

X m—2

qusXo o | Xe Xa 0 = [ #X5 1X5, Xay 0,
k=0

(7i,7i11) tesn

where X,*0 = X,,. We apply Bayes’ theorem and the Markov property to rewrite the left- and right-
conditioned proposal density of one point as

w(Xi X, Xoy, 0) o< m(XE | X, 0 m(X,, | XL, 6), (3.4)

ti 7381 tip”

fork=0, ..., m—2.

In [20], it is suggested to approximate the two transition densities on the right-hand side by the Euler
scheme and to further approximate u(X; , 6) and o(X; _, 6) by u(X3, 6) and o(Xj, 6), respectively. This
way, they obtain that (3.4) is approximately proportional to a Gaussian density which we will use for the

MB proposal based on the Euler scheme

71,Euler(X* |X?k/ XTM, 0)

bt
_ X, — X; 1 —t (3.5)
_ d)(X;‘ 1 X:k + ( i+ fk) Atk, (Tl+1 k+])2(XZ:, H)Atk),
N Tir1 — b Tir1 — g

where (X}, 0) = o-z(Xt*k, ) and ¢ is defined in §2.2.

We now consider the Milstein approximation for the two factors on the right-hand side of (3.4). The
first factor resembles the Milstein transition density stated in §2.2. With the same notation, A, = f,, — t;,1,
and t,, = 7,1, the second factor is as follows:

_exp(=Fu(Xy )/Gu(X] )

7TMH(X,t |X? L 0) = trer1 frs1
o V2 /AL JEn(X; )

En(X; ) En(X;, )

X [ex ——— | +ex —

P\ 7Gx ) Pl 6. )
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K * 2 % s/ 5 % 1 * */
Em(XtM) =(0341)" + 203107 g | X, — XtM — | Mg _E‘Tkﬂ‘f k1 A+ ),

1
* * ! * * * x/
Fm(Xtm) =01 T 0k (Xfm - Xfm - (/‘Lk+l - Ea'k+lo- k+1)A+)r

’ 2
Gm(X:kH) = 0';+] (O'*k+1) A+/

for E;,(X;, ) > 0 (which cannot be rearranged for X;  in general); otherwise, the density is equal to zero.
The terms w;,; and o7, are similar to ux.1 and oy, but X;,, is replaced by X;‘M. Here, we do not
respectively approximate uy,; and oy by ux and oy because doing so does not lead to simplification.
Moreover, there is no closed formula for the normalization constant needed to scale the product of the
two transition densities to a proper density.

For the GBM, we have X;>0 and o}, = O'X,*k+1 >0 and thus, obtain the following bounds for
(X, |X; , 6), the second factor in (3.4):

tesn

* Xfm o1 1

ka+1 S m =: Upnd, lf E =+ (a — E(TZ) A+ > O (Case I),
o X, . L1 1

th“ 2 m =: lznd, lf E + (01 — 50'2> A+ < 0 (CaSe II)

1 =

and X >0, if %+ (a - %02) A, =0 (CaseIIl).

From (2.12), we obtain the following lower bound for 77Mﬂ(X;*kH | Xt 0), the first factor in (3.4):

N Al 1
th“ > th (5 + <a - 50'2) Atk) = llst~

At the same time, proposals X;  for the GBM should always be strictly positive to be in the state space.
Let I: = max{0, [;5}. The constraints on Xj,,, derived from the two factors in (3.4) lead to three cases for the
set D of feasible points of X  for the GBM (assuming X;, > 0)

0, if (Case 1) applies and list > uond,
D =< [I, upnal, if (Case I) applies and l1s < tong,
[1, ), if (Case II) or (Case III) apply.

Since the MB proposal takes into account information not only from the left data point but also from
the observation on the right, it does not have a large jump in the last step as the left-conditioned proposal
does. This is also apparent in the simulations in figure 4e,f. Therefore, the acceptance probability and
acceptance rate are usually higher for the MB proposal than for the left-conditioned proposal. As
appendix B demonstrates, the acceptance probability is even equal to 1 for the MB proposal if only
one data point is imputed between two observations (i.e. the number of inter-observation intervals is
m=2). This holds when using the Milstein scheme to approximate the transition density for the
likelihood function and proposal density, but also when using the Euler scheme without the
approximation of y,1 and oy, by i and oy, respectively.

The density of the MB proposal based on the Euler scheme in equation (3.5) can also be interpreted as
the density that results from applying the Euler scheme to the following diffusion process:

X, — X i1 —t
dx, = (Hif) dt + TN x, ) dB,
Tiv1—t Tip1 — t

for t € [ty, tis1]. See [10] for a detailed discussion of the connection between the modified bridge and the
continuous-time conditioned process. Applying the Milstein scheme to this process yields another
proposal scheme to which we refer as the diffusion bridge Milstein (DBM) proposal. For the DBM
proposal, the proposal density of a path segment also factorizes as:

738]

. m—2
qoem X | Xe Xny 0 = [ #X5 1%, Xoy, 6,
k=0

where X; = X, and each factor m(X; |X;, X;.,, 6) corresponds to the density based on the Milstein
scheme from §2.2 where we replace  ux by Xay — X))/ (Tip1 — 1), or by
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\/(T,‘+1 — fk+1)/(7',‘+1 - tk)O'(th, 0), and (Fk, by \/(Ti+1 — tk+1)/(’7'1‘+1 — fk)a(f(y, 0)/8]/ |y:sz' Like the MB m
proposal, the DBM proposal takes into account information from the observation on the right, and,
therefore, it does not have a large jump in the last step as illustrated in figure 4g.

Thus far, our path update has only been applied to imputed points between two observations. It can
easily be extended to a case with several observations along the path by simply decomposing the
path into independent path proposals, multiplying the respective acceptance probabilities and
collectively accepting or rejecting the proposals. Moreover, the entire path does not have to be
updated all at once, but can be divided into several path segments that are successively updated.
Different algorithms for choosing the update interval are summarized in [2] and appendix C describes
one of them.

Another challenge in the context of Bayesian data augmentation and the MCMC scheme discussed
above is the dependence between the parameter components included in the diffusion function and
the missing path segments between two observations. Roberts & Stramer [5] were the first to
highlight that, in the discretized setting (as we consider it here), the dependence leads to a slower
convergence of the MCMC algorithm as the number of imputed points m increases. All estimation
methods compared here are affected by this issue in the same way; we hence do not further consider
it here.

*sosi/Jeunof/610Guiysgnd/aposjedos

We have introduced a number of possible options for the choices to be made when constructing an
estimation method in the framework as described so far:

— approximate the transition densities in the likelihood function based on the Euler or Milstein scheme,
— use the left-conditioned, the MB or the DBM proposal, and
— use the Euler or Milstein scheme for the proposal densities (for the left-conditioned or MB proposal).

042007 :L DS uadp 0S Y

In the following, we will omit the left-conditioned proposal due to the inefficiency that we already
pointed out. Instead, we will consider the following four combinations:

(MBE-E) MB proposal and transition density both based on the Euler scheme,

(MBE-M) MB proposal based on the Euler scheme and transition density based on the Milstein scheme,

(MBM-M) MB proposal and transition density both based on the Milstein scheme, and

(DBM-M) DBM proposal (which is based on the Milstein scheme) and transition density based on the
Milstein scheme.

Combination MBE-M merges the Euler and Milstein scheme. We include it here because it combines the
faster scheme for the proposals (where accuracy is less important) and the more accurate scheme for the
acceptance probability.

To our knowledge, we are the first to use the Milstein scheme in the MCMC context described above.

4. Implementation

The implementation is relatively straightforward for the majority of the estimation procedures, and only
the combination of the MB proposal and the Milstein approximation requires additional explanation. As
mentioned, when approximating the two factors on the right-hand side of (3.4) by the transition density
based on the Milstein scheme, there is no closed formula for the normalization constant to obtain a
proper density. The normalization is necessary because the proposal density for a path segment is the
product of several of the terms from (3.4), where the condition on the left point, Xt differs between a
newly proposed segment and the last accepted segment if several consecutive points are imputed.
Therefore, the normalization constants differ and do not cancel out in the acceptance probability.
Normalization is not necessary only in the case where just one point is imputed between two
observations (i.e. m =2 subintervals) because the left point, X;,, is always a (fixed) observed point that
is not updated. Thus, the normalization constants cancel out in the acceptance probability. For m >2,
we numerically integrate the product (3.4) over X; , to obtain the normalization constant. The
product in (3.4) may be very small (but not zero everywhere in a non-empty feasible set D) and may
thus numerically integrate to zero, especially when the upper interval bound of the feasible set is
infinite. To overcome this problem, we take two measures. First, we do not integrate over the entire
set of feasible points but determine the maximum of the product numerically and then integrate over
the interval that includes all points with a function value of at least 107>° times this maximum.
Second, we rescale the product in (3.4) by dividing by the maximum before integrating.



To sample from the Milstein MB proposal density, we employ rejection sampling. For this, [ 12 |
normalization of the product in (3.4) is not necessary. Again, we numerically determine the maximum
dmax Of the product, and the interval Z that includes all points with a function value of at least 10720
times this maximum. Then, we uniformly sample (i3, u,) from rectangle Z x (0, dmax) and accept u; as
a proposal X if the unnormalized density value of (3.4) at u; is at most u,.

For the combination of the MB proposal and the Milstein approximation, the set of feasible proposal points
may be empty. In this case, our implementation shifts to the Euler approximation for this point, i.e. the point is
proposed with the MB proposal based on the Euler scheme and also the corresponding factor of the proposal
density in the acceptance probability is based on the Euler scheme. In addition, for all methods, a negative
point may be proposed, which is not feasible for a GBM. Therefore, in this case, we propose a new point.
For both cases, we count the number of times that they occur during the estimation procedure. In the
following simulation study, no cases of switching to the Euler scheme occurred and negative proposals
occurred only very rarely (less than 1%o of the number of iterations in the very worst case).

We implemented the described estimation procedures in R v. 3.6.2 [23]. The source code of our
implementation and the following simulation study is publicly available at https://github.com/
fuchslab/Inference for SDEs with the Milstein _scheme.

*sosi/Jeunof/610Guiysgnd/aposjedos

5. Simulation study

In this section, we study the computational performance of the competing inference methods on the
(relatively simple) benchmark model GBM. As a second (on the application side more often studied)
benchmark model, the CIR process is investigated in appendix D. In this work, we focus on Bayesian
inference by data augmentation and compare the four approaches listed at the end of §3.2.
Conceptually different inference procedures, as summarized e.g. in [2], are not considered as
competitors here as they would be employed in different data contexts. There are two aspects that are
important to consider when we want to evaluate the different methods:
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(a) the accuracy with which the true posterior distribution is approximated based on one of the
approximation schemes and a given number m and
(b) the accuracy with which we are able to draw from this approximated posterior distribution.

We are interested in the overall accuracy, i.e. the combination of (a) and (b), achieved within a fixed
amount of computational time.

For the simulation study, we generated 100 paths of the GBM in the time interval [0, 1] using the
solution (2.3) with the parameter combination 6= (a, AT'=(1, 2)7 and initial value x,=100. Figure 5
illustrates some of these paths. From each path, we took M =20 equidistant points (i.e. the inter-
observation time At was 0.05) and applied each of the four described estimation methods once. We
imputed data such that we got m =2 and m =5 inter-observation intervals. We also included the case
m=1, i.e. no data were imputed and only Step (1) from §3, the parameter update, was repeated in the
estimation procedure where the likelihood of the path in the acceptance probability is approximated
by the Euler or the Milstein scheme. For the prior distribution of the parameters, we assumed that
they were independently distributed with « ~ N(0, 10) and % ~1G(xo =2, vo=2), where IG denotes
the inverse gamma distribution with shape parameter x, and scale parameter v,. The a priori
expectations of the parameters are thus E(@) = 0 and E(c?) = 2.

Each of the estimation procedures performs the following steps:

(1) Draw initial values for the parameters & and o from the prior distributions.
(2) Initialize Y'™P by linear interpolation.
(3) Repeat the following steps:

— Parameter update: Apply random walk proposals.
(a) Draw a proposal a* ~ N(e;_1, 0.25).
(b) Draw a proposal 0** ~ LN (log o7 ;, 0.25).
(c) Accept both or none.
— Path update:
(a) Choose an update interval (¢, t;) as described in appendix C with 4 =5.
(b) Draw a proposal X:?:If:) according to the investigated method.
(c) Accept or reject the proposal.


https://github.com/fuchslab/Inference_for_SDEs_with_the_Milstein_scheme
https://github.com/fuchslab/Inference_for_SDEs_with_the_Milstein_scheme
https://github.com/fuchslab/Inference_for_SDEs_with_the_Milstein_scheme
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Figure 5. Trajectories used in the simulation study. The solid black line represents the expected value of the GBM solution
EX;] = Xy exp(at) = 100 exp(t). The coloured lines are 10 examples of the 100 trajectories used in the simulation study.
The grey-shaded area shows the range of the 100 trajectories. Each trajectory consists of 20 points used as observations.

We let each procedure run for 1 h and evaluate the overall accuracy of the obtained sample compared to a
sample from the true posterior distribution (as described below).

Figures 6 and 7 present the output from one estimation procedure on the example of the combination
MBM-M of the MB proposal and the Milstein approximation for the proposal density and the likelihood
function. From each estimation procedure, we obtained an MCMC chain of dimension n(m — 1) + 2. For
each chain, we used the two components for parameters o and o% and calculated the mean, the median,
and the variance after cutting off a burn-in phase of 5000 iterations. To justify our use of independent
proposals for the parameter update, we show in appendix E that the parameters are not strongly
correlated.

As a benchmark, we also sampled from the true parameter posterior distribution based on the
solution of the GBM. We used the Stan software [24,25] which provides an efficient C++
implementation of Hamiltonian Monte Carlo (HMC) sampling with the No-U-turn sampler to
sample from the true parameter posterior distribution. For each posterior distribution corresponding
to one of the 100 sample paths, we generated four HMC chains with 500000 iterations each.
The first half of the chains was discarded as warm-up and the remaining draws were combined to
give a sample of size 10°. We calculated the multivariate effective sample size (ESS) as defined in [26]
which provides the size of an independent and identically distributed sample equivalent to our
samples in terms of variance and found that the ESS of the obtained samples from the true posterior
distribution is well over 500 000. For each of these samples, we also calculated the mean, the median
and the variance.

The estimation procedures and time measurements were performed on a cluster of machines with the
following specifications: AMD Opteron™ Processor 6376 (1.40 GHz), 512GB DDR3-RAM.

6. Results

Figures 8 and 9 and tables 1 and 2 summarize the results of running each of the methods once for 1 h for
each of the 100 GBM trajectories. Figures 8 and 9 show the density plots of the difference between the
respective statistic (mean, median or variance) calculated for a sample from the approximated
posterior distribution obtained by the respective method and the statistic for a sample from the true
posterior distribution of the same sample path. Each density plot aggregates 100 such difference
values, one for each of the 100 GBM trajectories. Table 1 tabulates the root mean square error (RMSE)
based on these differences for each of the considered methods, discretization levels m and statistics.
We use the RMSE as the measure of the overall accuracy. The lower the RMSE is, the higher the
accuracy of the respective method. Table 2 empirically evaluates the computational efficiency of the
considered methods, including the number of iterations completed after 1h, the multivariate ESS
based on the obtained sample after discarding a burn-in phase of 5000 iterations, and the acceptance
rates of the parameter and the path proposals. Each of these quantities is averaged over the 100 GBM
trajectories and the coefficient of variation is also stated.

For the drift parameter a of the GBM, the four considered schemes perform comparably for m =2 and
m=5. In particular, the use of the Milstein approximation does not improve the accuracy of the posterior
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Figure 6. Trace plots of the MCMC chains for parameters oz and o of the GBM (2.2) and of the log-posterior density values for one
parameter estimation run using the combination MBM-M of the modified bridge proposal with m=2 and the Milstein
approximation for the proposal density and the likelihood function. The red lines represent the true values of parameters o =
1 and o® =2, the blue solid lines represent the mean, and the blue dashed lines represent the lower and upper bounds of
the highest-probability density interval of 95% after cutting off the first 5000 values of the chains as burn-in, which is
represented by the green line.
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Figure 7. Estimated posterior densities for o and o from one parameter estimation run using the combination MBM-M of the
modified bridge proposal and the Milstein approximation for the proposal and the transition density. Moreover, true values of the
parameters, the mean and the median of the MCMC chains after 5000 iterations burn-in, and the mean and the median of a sample
from the true posterior distribution of the sample path based on the solution of the GBM are shown.

mean and median for the same discretization level m. The accuracy of the posterior variance is slightly
improved by the use of the Milstein approximation when data are imputed. Moreover, for MBE-E, the
accuracy does not consistently improve as m is increased. Whereas, the accuracy for the methods
including the Milstein scheme improves considerably when imputed data are introduced (i.e. m>1)
and it improves slightly when m is increased from 2 to 5.

For the diffusion parameter o” of the GBM, we clearly see an improvement in overall accuracy for the
methods involving the Milstein scheme. Combination DBM-M turns out to be the most accurate, closely
followed by MBE-M in case of the mean and median.
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Figure 8. Sampling results for @ obtained by each of the estimation procedures. Each density plot aggregates 100 deviations
between the respective statistics (left: mean, middle: median, right: variance) calculated for the sample from the approximated
posterior and for the sample from the true posterior distribution, one for each of the 100 sample paths of the GBM. The rows
show results for different numbers m of subintervals between two observations. For m =1, no data points were imputed and
only Step (1), the parameter update, was repeated in the estimation procedure.
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Figure 9. Sampling results for o as described in figure 8.

According to table 2, the number of iterations completed within 1 h varies substantially among the
different estimation procedures. It is always higher for the procedures that use the Euler
approximation, while especially combination MBM-M is very time-consuming and thus completes
fewer iterations. Similarly, the multivariate ESS varies substantially among the different estimation
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Table 1. Empirical characteristics for evaluating the overall accuracy of the parameter estimation procedures for different numbers I3}
m of subintervals between two observations aggregated over 100 deviations between the respective statistics calculated for the
sample from the approximated posterior and for the sample from the true posterior distribution, one for each of the 100 sample
paths of the GBM. The lowest RMSE (root mean square error) per m and per statistic is printed in bold.

RMSEs for o RMSEs for o2

method mean median variance mean EN variance

m=1 Euler 0.282 0.244 0.456 0638 0.600 0471
ot S O i

m=2 MBE-E 0.266 0.238 0526 0211 0.198 0.141
o | SRS

MBM-M 0315 0305 0470 0112 0107 0057

ot S Ot

m=5 MBE-E 0.277 0.254 052 0113 0.098 0.127
et St
et Ot S
o S St
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Table 2. Empirical characteristics for evaluating the computational efficiency of the parameter estimation procedures for different
numbers m of subintervals between two observations aggregated over 100 trajectories of the GBM. Each of the procedures was
run for 1h. Acceptance rates are defined to take values between 0 and 1. For m=1, no data points were imputed and only
Step (1), the parameter update, was repeated in the estimation procedure. Specifications for the computing power are stated in
the main text. c.v. denotes the coefficient of variation.

acceptance rate

number of iterations multivariate effective of the acceptance rate
after 1h sample size parameters of the path
method mean V. mean V. mean V. mean
m=1 Euler 25134301 0.03 1273744 0.16 0.518 0.02 — —
T . e o s o e o
m=2 MBE-E 8583614 0.03 170 827 0.19 0.442 0.01 0.842 0.04
T e w oo o I w e s
e i T sl o I 6 0 o
TR o o0 s o o e o
m=5 MBE-E 6765 054 0.10 49 885 0.18 0.310 0.01 0.892 0.02
e i T s T v o . P
e T oy o v o s oo
e ooy w o o v o e o

procedures. It is higher for m =2 than for m =5 for each of the considered estimation procedures. The
acceptance rate of the parameters is slightly lower when the Milstein scheme is used for the
approximation of the likelihood function. In addition, the acceptance rate of the parameters decreases
as the number of imputed points increases. The acceptance rate of the path is highest for combination
MBM-M. For MBE-E, it would be just as high if one would not substitute y.; and oy, by u and oy.
For MBE-E, MBE-M and DBM-M, the acceptance rate of the path increases as the number of imputed
points increases.



7. Summary and discussion

We have demonstrated how to implement an algorithm for the parameter estimation of SDEs from
low-frequency data using the Milstein scheme to approximate the transition density of the
underlying process. Our motivation was to improve numerical accuracy and thus reduce the
amount of imputed data and computational overhead. However, our findings are rather
discouraging: we found that this method can be applied to multidimensional processes only with
impractical restrictions. Moreover, we showed that the combination of the MB proposal with the
Milstein scheme for the proposal density may lead to an empty set of possible proposal points,
which would require switching to the Euler scheme in order to proceed. One of the strengths of
the original (Euler-based) MCMC scheme is its generic character and applicability. Through this, it
possesses a practical advantage over otherwise more sophisticated methods such as the Exact
Algorithm [27]. This strength does not translate to the Milstein-based MCMC scheme due to the
limited applicability of the Milstein approximation especially in the multidimensional setting.
Thus, methods like the Exact Algorithm may be a reasonable alternative. The limited applicability
of the Milstein approximation would also persist for advanced forms of the discussed MCMC
scheme like the innovation scheme in [6] or for even more generic algorithms like particle MCMC
as studied in [28].

In our simulation study, we found that the overall accuracy for the estimates for the drift parameter
of the GBM does not necessarily improve when the Milstein scheme is used. Fewer iterations are
completed for the methods involving the Milstein scheme and also the ESS is substantially lower.
Thus, the poor sampling efficiency might outweigh the (potential) increase in accuracy of the
approximation of the posterior distribution. Especially, the combination MBM-M results in a
particularly low number of iterations and a low ESS. Owing to the already quite low ESS achieved
by the Milstein-based methods for m =5 subintervals between two observations, we did not
consider higher discretization levels. Moreover, note that tuning the variance hyperparameters for
the random walk proposals of the parameters in Step (3) in the simulation study to reach an
optimal acceptance rate might lead to a higher ESS. However, since the acceptance rates achieved in
the simulation study lie in a range where the sampling efficiency is rather robust to changes in the
acceptance rate as shown in [29] (in the high-dimensional limit), we do not expect the change in the
ESS after tuning to be substantial.

For the estimates for the GBM diffusion parameter, the overall accuracy is increased by the use of
the Milstein scheme. DBM-M turns out to be the most effective combination in terms of overall
accuracy.

We conducted another simulation study on the example of the CIR process, as shown in appendix D,
and the results are very similar as for the GBM. The use of the Milstein approximation does not
consistently improve the overall accuracy for the drift parameter; however, it does improve the
accuracy for the diffusion parameter. Again combination DBM-M achieves the highest accuracy,
closely followed by MBE-M.

It was expected that the use of the Milstein scheme would make a difference for the estimates for the
diffusion parameters because the additional term added by the Milstein scheme compared to the Euler
scheme involves the diffusion function and its derivative. Nevertheless, the general applicability of the
Euler scheme remains a great advantage and the search for different proposal schemes such as in
[10,22] rather than for different numerical discretization schemes may be a more promising way
towards more efficient estimation algorithms for diffusion processes.

Data accessibility. The source code of our implementation and the simulation study is publicly available at https://github.
com/ fuchslab/Inference for SDEs with the Milstein scheme.

Authors’ contributions. C.F. devised the project and provided supervision. S.P. implemented the described algorithms,
carried out the simulation study and drafted the manuscript. Both authors contributed to the final version of the
manuscript, gave final approval for publication and agree to be held accountable for the work performed therein.
Competing interests. The authors declare that there are no conflicts of interest regarding the publication of this paper.
Funding. Our research was supported by the German Research Foundation within the SFB 1243, Subproject A17, by the
Federal Ministry of Education and Research under grant no. 01DH17024, and by the Helmholtz pilot project
‘Uncertainty Quantification’.

Acknowledgements. The authors wish to thank three anonymous reviewers for very valuable suggestions that helped to
significantly improve this article.

002007 £ s uadp 205y sosyjeuwmol/biobunsiqndfaanosiedor g


https://github.com/fuchslab/Inference_for_SDEs_with_the_Milstein_scheme
https://github.com/fuchslab/Inference_for_SDEs_with_the_Milstein_scheme
https://github.com/fuchslab/Inference_for_SDEs_with_the_Milstein_scheme

Appendix A. Derivation of the transition density based on the Milstein KR
scheme

The Milstein scheme
Y1 = Vi + u(Yy, OAL + oYy, OAB + - O(Yk, 0) (Yk, 0)((AB)* — Aty),

can be considered a variable transformation of the random variable Z ~ N0, 1) with density ¢(z) using
the transformation function

f@@) =az® + bz +c,

*sosi/Jeunof/610Guiysgnd/aposjedos

where the coefficients are defined as

o(Yk, 0) (Yk, O)Aty,

b= o(Yy, O/ Aty

and c= Yk + M(Yk/ 0) — 0'(Yk, 9) (Yk, 0) Atk,

042007 :L DS uadp 0S Y

and whose derivative and inverse function are

f'(z) =20z +b

and

Fl = Ly VA0 L
2a

> ——+c.
2 fory > 4a+c

By applying the random variable transformation theorem as found in [30, p. 269] or [31, p. 27], the
density py of Yj,; can be derived as follows:

P(z)
Py(y) ’
{zem% @I

¢,<," m) s
+

b b2 +4a(y—c
i

Eb+\/m>

2
b2 +4a(y— c) b2 +4a(y—c)
oo 4(-- 55 pe(-4(-4+ 5 )
+
b b2+4a(y—c) b2+4a(y )
pra( V=)l ()

)

2a

1 [exp(— g (B +2b\/b? + daly — o) +b* + 4a(y — 0)))
|—/02 + 4aly — 0|

+exp(781? (b? — 2b\/b? + 4a(y — ©) + b* + 4a(y — 0)))
| /b2 + 4aly — 0|

_PA2—c) VP +daly =0 ) .
_oexpls ) _by/b? +4aly —o) T exp by\/b? + 4a(y — ¢)
\/_1 /b? + 4a(y 4a? 4q?

_ expl- a0 5o [LVP H 4l — 0
V2B +daly — o) 4a? .

After substituting the coefficients a4, b and ¢ and abbreviating u; =u(Yy, 6), o =Yy, 6) and




o, =o' (Yy, ) =00(y, 0)/ 8y|y=yk, we obtain the transition density based on the Milstein scheme
exp (_ (a1 /Atk)2+2%akolk ARV —yk—(uk—%akopAtp)

. 4ol Ar)’
(Y| Y, 6) =

V2 (01/BE) +4L 010 A (Yt — Y — (g — Lo ol)AR)

OV Atk\/(O'k\/Atk)2+4%0'k0'§<Atk(Yk+l — Y — (e — 2 oroAL)
Nexo| —
P 4ol At

N oV Al \/ (Tk\/At ) +4-10'k0', At (Y1 — Y — (Mk O'kOJ)Atk)
ex
P 4G ool ALY

exp (— C/\(Yk+1)) [ “p (_ \/Ak(Yk-H)) +exp <\/Aka+1)>}
Dy

V2Bl /A (Y1) Dy
with
2 / 1 /
Ar(Yiy1) = (03)” + 20%0%, <Yk+1 =Y — (Mk - Etfkﬂk) Afk)
1
Ce(Yis1) = ok + 0 (Yk+1 =Yy — (Mk - EO‘kOJk) Afk)
Dy = ay(0})* Aty
and for
1 oy 1 .
Yi > Yy —Ey—i- My — EUk"Jk At, if oyo, >0
1 U'k 1 , . ,
and Yir <Yy — 20/ ~ 5 k0% Aty, if oxop < 0.

In the case of 0;. =0, Yy, conditioned on Y} is deterministic. For ¢’y = 0, the Milstein scheme reduces to the
Euler scheme.

Appendix B. Derivation of the acceptance probability for the MB proposal
for m = 2 inter-observation intervals

As stated in §3.2, the acceptance probability for the path update between two consecutive observations
X and X, with the MB proposal is

O | Xobs g)qMB(X}T L | Xr, Xz.1s 0)

g(Ximp* ) Imp )) —1A (7, 7i1) | {7,701}
7i,Tiv1)” (T, T imp b imps
7T(X(Tuﬂ+1) |X({)Tfﬂ+1}’ O)C]MB(X(T,.,TIH) ‘ Xa Xoa 0)

’ﬁ tA+1 * 9) = 77(ka+1 | kaf XTf-lf 0)
L 7(X,,., \ka, oLl 1%, X, 0

frs1

where Xj = X;, = X;, and Xj = X;, = X, ,. For the case where only one data point is imputed between
two observations (i.e. m = 2) this reduces to

X | X5, OmXs, | X/ 0) w(Xy | Xry Xy, 0)
7T(Xr1 ‘XT, G)ﬁ(XT,“ |Xf1/ 0) W(X |XTz XTzH/ 6)

(X, | Xo, O7(Xo, | X,

é,(Ximp* 1mp )) —1A

(7i,7i11)” (r STir1

=1A
W(th |X7i/ 0)7T(X1'H,1 |Xt1/ 0)
’7T(Xt1 |XT{/ 6) 7T(X‘ri+1 ‘Xh/ 0)/7T(X7'i+1 |Xfi/ 6)
X, [ Xy, O) m(Xs,, [ X, 0)/ (X, | X, 60)
=1.

This relation holds for any (approximated) transition density 7(X;, , | Xy, 6).
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Appendix C. Choice of path update interval

For choosing the update interval, we use the random block size algorithm as suggested in [3]. Assuming
that the augmented path contains a total of 7 + 1 data points Yy, ..., Y, it is divided into update segments
Yieoe)r Yier,e)s - - - by the following algorithm:

(1) Setcy=0and j=1.

(2) While ¢;_; <n:
(a) Draw Z ~Po(4) and set ¢; = min{c;_1 + Z, n}.
(b) Increment ;.

Here, Z ~Po(4) denotes the Poisson distribution with parameter A.
Such a random choice of the path update interval is a simple way to vary the set of points that are
updated together within one iteration.

Appendix D. Additional example: Cox—Ingersoll-Ross process
The one-dimensional CIR process fulfils the SDE
dX; = a(B — X)dt + o/X;dB;, X0 = x0,

with starting value xo € R, and parameters a, 8, o € R,. If 2a8 > 67, the process is strictly positive (i.e.
X = R,) otherwise it is non-negative (i.e. X = Ry). The transition density is explicitly known as

/2
px by =) e e i
for t>s>0, where

= 2a — —a(t—s) _ _ZaB
=R ey tTeeT T o=, m=-5—1

and I,, denotes the modified Bessel function of the first kind of order 7, i.e.

© sz 2k+m 1
I"(Z):k;(i) KTk +n+1)

c

for z € R, where I' is the Gamma function.
For the CIR process, we have o(X;, 6) = o/X; with parameter o> 0, the process taking values in Ry.
We therefore obtain a lower bound for the possible values of X; ., when applying the Milstein scheme

1
Xy 2 (OI(B — X)) — 10’2) At =: hefe.

The second bound that occurs when combining the MB proposal with the Milstein scheme is as follows:

thﬂ > B - % (ixt,” +%0'2) = lright-
The set D of feasible points of Xy, for the CIR process when combining the MB proposal with the
Milstein scheme is thus D = [I, 00) with [ := max(0, e, Ligno)-

For the simulation study, we generated 100 paths of the CIR process in the time interval [0, 1] with the
parameter combination 6= (o, S, »T=(1, 1, 2)T and initial value x, = 10. From each path, we took 20
equidistant points and ran each of the described estimation methods once for 1 h to perform inference
for the parameters 8 and ¢°, assuming « to be known. For the prior distribution of the parameters, we
assumed that they were independently distributed with g~ 1G(x;, =3, v, =3) and 0? ~IG(ks =3, vs=4).
The a priori expectations of the parameters are thus E(8) =3 and E(o?) =2. For each estimation
procedure, the steps as outlined in §5 were taken. As proposal densities for the parameters in Step (3),
we used B ~ LN (log B;_1, 0.25) and 0** ~ LN (log o7 ;, 0.25).

The sampling results are summarized in figures 10 and 11 and tables 3 and 4. Similar to the results for
the GBM, the use of the Milstein approximation does not consistently improve the overall accuracy for
the drift parameter B. The accuracy increases for increasing m for most of the methods. Only
combination MBM-M has lower accuracy for m=5 due to the low sampling efficiency and the
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Figure 10. Sampling results for 3 obtained by each of the estimation procedures. Each density plot aggregates 100 deviations
between the respective statistics (left: mean, middle: median, right: variance) calculated for the sample from the approximated
posterior and for the sample from the true posterior distribution, one for each of the 100 sample paths of the CIR process.
The rows show results for different numbers m of subintervals between two observations. For m=1, no data points were
imputed and only Step (1) from §3, the parameter update, was repeated in the estimation procedure.
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Figure 11. Sampling results for o as described in figure 10.

resulting low ESS. For the diffusion parameter o, the use of the Milstein approximation and increasing
both improve the overall accuracy. Again combination DBM-M achieves the highest accuracy, closely
followed by MBE-M.
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Table 3. Empirical characteristics for evaluating the overall accuracy of the parameter estimation procedures for different numbers  [JEZJ]
m of subintervals between two observations aggregated over 100 deviations between the respective statistics calculated for the
sample from the approximated posterior and for the sample from the true posterior distribution, one for each of the 100 sample
paths of the CIR process. The lowest RMSE per m and per statistic is printed in bold.

3

i 2

RMSEs for B RMSEs for o s
— - @@ @ @ @ @ @ @ s

method mean median variance mean median variance §

(=]

m=1 Euler 0.0179 0.0115 0.0478 0.1603 0.1530 00613 &
T e v g

m=2 MBE-E 0.0099 0.0064 0.0265 0.0910 0.0865 0047
e o R 3

MBM-M 00151 00120 0.046 00658 0.0625 0035 =

i oo oo omn ows  asen  oows 5

m=5 MBE-E 0.0052 0.0036 0.0144 0.0400 0.0380 00194 S
R ;
O o e e e s

T o o et s v uaise %

=]

Table 4. Empirical characteristics for evaluating the computational efficiency of the parameter estimation procedures for different
numbers m of subintervals between two observations aggregated over 100 trajectories of the CIR process. Each of the procedures
was run for 1h. Acceptance rates are defined to take values between 0 and 1. For m=1, no data points were imputed and
only Step (1) from §3, the parameter update, was repeated in the estimation procedure. Specifications for the computing power
are stated in the main text. c.v. denotes the coefficient of variation.

acceptance rate

number of iterations multivariate effective of the acceptance rate
after 1h sample size parameters of the path
method mean . mean V. mean V. mean
m=1 Euler 23461023 0.11 2422501 0.14 0.443 0.03 — —
Mistein 4685450 003 480549 008 0492 003 —  —
m=2 MBE-E 8482 241 0.06 422 034 0.10 0.384 0.03 0.964 0.01
CMBEM 1944229 005 94071 010 038 003 0957 001
m=5 MBE-E 6851197 0.05 114 344 0.10 0.272 0.03 0.976 0.01
DBM-M 906791 008 14881 014 0272 003 0975 001

Also for the CIR process, the number of iterations completed after 1h and the multivariate ESS of the
obtained sample vary substantially between the different procedures. Both quantities are highest for
combination MBE-E, they are similar for MBE-M and DBM-M, and particularly low for MBM-M.

Appendix E. Analysis of the correlation between the parameters

In this section, we provide several plots (see figures 12-15) showing that the parameters of the two
benchmark models are not strongly correlated in order to justify our use of independent parameter
proposals in the simulation study.
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Figure 12. Two-dimensional density plots of the parameter samples from the true posterior distribution for exemplary paths of the
GBM.

true posterior MBE-E MBM-M

w
(=1
w
(=1
w
(=1

frequency
_
o o O
_
o o O
_
oS o O

012007 22 DS tadg 205y sosy/jeunol/bioBusygndisaposeror [

1 T 1 I T T T 1
0 0.1 0.2 0.3 0.4 0 0.1 0.2 0.3 04 0 0.1 0.2 0.3 04

parameter correlation

MBE-M DBM-M

% 30 30
§ 20 20
o

g 10 _ 10

0 I T T T 1 0 I T T T 1
0 0.1 0.2 0.3 0.4 0 0.1 0.2 0.3 0.4
parameter correlation parameter correlation

Figure 13. Histograms of the values of Pearson’s correlation coefficient calculated for each of the 100 sample paths of the GBM for
the parameter samples from the true posterior distributions and the parameter samples from the approximated posterior
distributions obtained with one of the four considered methods for m = 5.
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Figure 14. Two-dimensional density plots of the parameter samples from the true posterior distribution for exemplary paths of the
CIR process.
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Figure 15. Histograms of the values of Pearson’s correlation coefficient calculated for each of the 100 sample paths of the CIR
process for the parameter samples from the true posterior distributions and the parameter samples from the approximated
posterior distributions obtained with one of the four considered methods for m = 5.
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