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1 Derivation of gradient formulas

Here, we derive the algorithm for calculating the gradient of the optimal scaling objective

function in detail for the case of one observable. First, we briefly recapitulate the necessary

notation and prerequisites. We consider the general case of parameter and simulation depen-

dent weights W (θ, ξ(θ)) and minimal interval and gap sizes which are collected in the vector
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d(θ, ξ(θ)). The parameters of the inner optimization problem, ỹ, l and u, are collected in the

parameter vector ξ̃ = (ỹ, l, u)T . The simulations are collected in ξ(θ) = (y(θ), 0, 0)T . The

optimization problem is given by

min
θ
J(θ, ξ(θ), ξ̃∗(θ)) (1)

s.t. ξ̃∗(θ) = arg min
ξ̃
J(θ, ξ(θ), ξ̃)

s.t. Cξ̃ + d(θ, ξ(θ)) ≤ 0,
(2)

with the objective function

J(θ, ξ(θ), ξ̃) =
(
ξ̃ − ξ(θ)

)T
W (θ, ξ(θ))

(
ξ̃ − ξ(θ)

)
. (3)

ξ̃∗(θ) are the optimal surrogate data and interval bounds, which solve the problem (2). Note

that while ξ̃∗(θ) depends directly on the parameters θ, for ξ̃ this depends on whether the

inner or outer problem is considered. In the inner problem ξ̃ does not depend on θ, yet, the

optimal solution ξ̃∗(θ) of the inner problem (which is used in the outer problem) depends on

θ. We are now interested in calculating the derivatives of J w.r.t. the outer parameters θ

evaluated at ξ̃∗(θ). This can be calculated by

dJ

dθ

∣∣∣∣
θ,ξ(θ),ξ̃∗(θ)

=
∂J

∂θ

∣∣∣∣
θ,ξ(θ),ξ̃∗(θ)

+
∂J

∂ξ

∣∣∣∣
θ,ξ(θ),ξ̃∗(θ)

∂ξ(θ)

∂θ
+
∂J

∂ξ̃

∣∣∣∣
θ,ξ(θ),ξ̃∗(θ)

∂ξ̃∗(θ)

∂θ
. (4)

The partial derivatives of J are

∂J

∂θ

∣∣∣∣
θ,ξ(θ),ξ̃∗(θ)

= (ξ̃∗(θ)− ξ(θ))T ∂W

∂θj

∣∣∣∣
θ,ξ(θ)

(ξ̃∗(θ)− ξ(θ)), (5)

∂J

∂ξ

∣∣∣∣
θ,ξ(θ),ξ̃∗(θ)

= −2(ξ̃∗(θ)− ξ(θ))TW (θ, ξ(θ)) + (ξ̃∗(θ)− ξ(θ))T ∂W

∂ξ

∣∣∣∣
θ,ξ(θ)

(ξ̃∗(θ)− ξ(θ)), (6)

∂J

∂ξ̃

∣∣∣∣
θ,ξ(θ),ξ̃∗(θ)

= 2(ξ̃∗(θ)− ξ(θ))TW (θ, ξ(θ)). (7)

The evaluation of these partial derivatives requires the optimal surrogate data ξ̃∗(θ) and

simulated observable ξ(θ). Depending on the structure of W , also the sensitivities of the

simulated observable ∂ξ(θ)
∂θ

is required. These components are accessible as solutions of an

optimization problem, an ODE, or a forward sensitivity equation.

For the evaluation of the objective function gradient, we additionally need to calculate the

derivative of the optimal surrogate data ξ̃∗ w.r.t. the parameters θ. This is the derivative

of an optimal solution. To assess it, we follow the ideas from Fiacco (1976) and calculate

the derivatives of the first order optimality conditions of the inner optimization problem (2)

w.r.t. θ. With the Lagrangian function

L(ξ̃, µ) = J(θ, ξ(θ), ξ̃) + µT (Cξ̃ + d(θ, ξ(θ))), (8)
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and Lagrange multipliers µ ∈ Rnc , the necessary first order optimality conditions of problem

(2) are

∇ξ̃L(ξ̃∗(θ), µ) = 2(ξ̃∗(θ)− ξ(θ))TW (θ, ξ(θ)) + µ(θ)TC = 0 (9)

µi(θ)(Ciξ̃
∗(θ) + di(θ, ξ(θ))) = 0, for i = 1, . . . , nc (10)

Ciξ̃
∗(θ) + di(θ, ξ(θ)) ≤ 0, for i = 1, . . . , nc (11)

µi(θ) ≥ 0, for i = 1, . . . , nc. (12)

For a convex objective function, which we have in this case (Schmiester et al., 2020), these

conditions are necessary and sufficient for an optimum. To obtain the desired derivatives ∂ξ̃∗

∂θ
,

we calculate the derivatives of equations (9) and (10) w.r.t. θj:

2

(
∂ξ̃∗(θ)

∂θj
− ∂ξ(θ)

∂θj

)T

W (θ, ξ(θ)) + 2
(
ξ̃∗(θ)− ξ(θ)

)T (∂W (θ, ξ(θ))

∂θj
+
∂W (θ, ξ(θ))

∂ξ

∂ξ

∂θj

)
+
∂µ(θ)T

∂θj
C = 0

(13)

∂µi(θ)

∂θj

(
Ciξ̃

∗(θ) + di(θ, ξ(θ))
)

+ µi(θ)

(
Ci
∂ξ̃∗(θ)

∂θj
−
(
∂d(θ, ξ(θ))

∂θj
+
∂d(θ, ξ(θ))

∂ξ

∂ξ(θ)

∂θj

))
= 0.

(14)

This yields the following linear system of equations that can be solved for ∂ξ̃∗(θ)
∂θ

and ∂µ(θ)
∂θ

for

each parameter θj:(
2W (θ, ξ(θ)) CT

diag(µ(θ))C diag(Cξ̃∗(θ) + d(θ, ξ(θ)))

)(
∂ξ̃∗(θ)
∂θj
∂µ(θ)
∂θj

)

=

2W (θ, ξ(θ))∂ξ(θ)
∂θj
− 2

(
∂W (θ,ξ(θ))

∂θj
+ ∂W (θ,ξ(θ))

∂ξ
∂ξ
∂θj

)
(ξ̃∗(θ)− ξ(θ))

−diag(µ(θ))
(
∂d(θ,ξ(θ))

∂θj
+ ∂d(θ,ξ(θ))

∂ξ
∂ξ(θ)
∂θj

)  .

(15)

After solving this linear system, we can calculate the gradients of the objective function J

w.r.t. the model parameters θ.

Special case of constant W and d = 0: The gradients for the special case of a weight matrix

which is independent of the parameters and the model observables, and zero minimal interval

and gap sizes, i.e. d = 0 and W (θ, ξ) = W , can be easily derived from the general result

stated above. The linear system determining the derivative of the optimal solution is given

by (
2W CT

diag(µ(θ))C diag(Cξ̃∗(θ))

)(
∂ξ̃∗(θ)
∂θj
∂µ
∂θj

)
=

(
2W ∂ξ(θ)

∂θj

0

)
. (16)
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Additionally, ∂J
∂θ

∣∣
θ,ξ(θ),ξ̃∗(θ)

vanishes and ∂J
∂ξ

∣∣∣
θ,ξ(θ),ξ̃∗(θ)

reduces to

∂J

∂ξ

∣∣∣∣
θ,ξ(θ),ξ̃∗(θ)

= −2(ξ̃∗(θ)− ξ(θ))TW. (17)

2 Optimal scaling approach for multiple observables

In this section, we extend the case of a single observable presented in the main manuscript to

the more general case of ny observables, i.e. y(t, θ) ∈ Rny . Quantitative data is then linked

to observables via

ȳm,i = ym(ti, θ) + εm,i, m = 1, . . . , ny, i = 1, . . . , nt. (18)

For qualitative data, we assume that the ordering of datapoints within one observable is

known, but no information on the relation of datapoints across different observables is avail-

able. We denote this by introducing a group of nkm categories for each observable ym, i.e.

Ckm , km = 1, . . . , nkm . The respective intervals for the categories are denoted by [lkm , ukm ].

We assume that the categories are ordered as C1 ≺ . . . , Cnkm
and that no relation between

categories Ckm , Ckm′ are known for m′ 6= m. The optimal scaling approach then consists of

ny inner subproblems, which need to be solved:

min
ξ̃m

{
Jm :=

(
ξ̃m − ξm(θ)

)
Wm

(
ξ̃m − ξm(θ)

)}
s.t. Cmξ̃m ≤ 0

(19)

for m = 1, . . . , ny. Here, ξ̃m is the vector of the surrogate data ỹm and category bounds

lm, um, and ξm(θ) the vector of simulations ym(t, θ), belonging to the observable with index

m. Cm contains the constraints of the categories of this observable. The overall objective

function value can be calculated by summing over the ny values obtained from solving (19).

Therefore, the optimization problem is given by

min
θ

ny∑
m=1

Jm(θ, ξ̃∗m(θ)) (20)

s.t.

ξ̃
∗
m(θ) = arg min

ξ̃m

Jm(θ, ξ̃m)

s.t. Cmξ̃m ≤ 0

 ∀m = 1, . . . , ny (21)

Similarly, the gradient can be calculated via

ny∑
m=1

dJm
dθ

∣∣∣∣
θ,ξm(θ),ξ̃m(θ)

(22)
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with

dJm
dθ

∣∣∣∣
θ,ξm(θ),ξ̃m(θ)

=
∂Jm
∂θ

∣∣∣∣
θ,ξm(θ),ξ̃∗m(θ)

+
∂Jm
∂ξm

∣∣∣∣
θ,ξm(θ),ξ̃∗m(θ)

∂ξm(θ)

∂θ
+
∂Jm

∂ξ̃m

∣∣∣∣
θ,ξm(θ),ξ̃∗m(θ)

∂ξ̃∗m(θ)

∂θ

(23)

3 Reformulation example

To illustrate the reformulation of the optimal scaling problem in matrix-vector notation, we

consider a minimal example of two readouts from two categories z1 ∈ C1, z2 ∈ C2 at timepoints

t1, t2, with C1 ≺ C2. The inner optimization problem of the optimal scaling method for this

example is

min
ỹ1,ỹ2,l1,l2,u1,u2

w1(ỹ1 − y(t1, θ))
2 + w2(ỹ2 − y(t2, θ))

2 (24)

s.t. l1 ≤ ỹ1 ≤ u1 (25)

l2 ≤ ỹ2 ≤ u2 (26)

u1 ≤ l2. (27)

We can reformulate the objective function in the form (3) using

ξ̃ =



ỹ1
ỹ2
l1
l2
u1
u2


, ξ(θ) =



y(t1, θ)

y(t2, θ)

0

0

0

0


,W =


w1 0 · · · 0

0 w2

... 0
. . .

0 0

 ∈ R6×6. (28)

To obtain the matrix of constraints C, we first rewrite the constraints to

l1 − ỹ1 ≤ 0 (29)

ỹ1 − u1 ≤ 0 (30)

l2 − ỹ2 ≤ 0 (31)

ỹ2 − u2 ≤ 0 (32)

u1 − l2 ≤ 0, (33)
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which is equivalent to

ξ̃3 − ξ̃1 ≤ 0 (34)

ξ̃1 − ξ̃5 ≤ 0 (35)

ξ̃4 − ξ̃2 ≤ 0 (36)

ξ̃2 − ξ̃6 ≤ 0 (37)

ξ̃5 − ξ̃4 ≤ 0. (38)

These inequalities can be formulated to Cξ̃ ≤ 0 with

C =


−1 0 1 0 0 0

1 0 0 0 −1 0

0 −1 0 1 0 0

0 1 0 0 0 −1

0 0 0 −1 1 0

 . (39)

4 Implementation

We implemented the optimal scaling objective function into the pyPESTO framework. This

function requires a parameter vector as input and returns the value and (optionally) the

gradient of the objective function. This implementation allows to use the optimal scaling

approach also within other Python-based toolboxes, such as Tellurium (Choi et al., 2018)

or pySB (Lopez et al., 2013). We provide a Jupyter notebook illustrating how to use the

pyPESTO implementation in the GitHub repository and as Supplementary Information to

this manuscript.

Parameter estimations were run on a Intel(R) Xeon(R) Gold 6126 @ 2.60GHz processor with

384 GB RAM. For all models and methods, each of the local optimizations were run on a

single core with a wall-time limit of 2h for model M4 and 1h for the other models. Profiles

were run on a Intel(R) Core(TM) i5-6200U CPU @ 2.30GHz with 4 GB RAM. The gradient-

based optimization was performed using the L-BFGS-B algorithm from SciPy (Jones et al.,

2001) with default options except for fatol = 10−8 and gtol = 10−8. The gradient-free

optimization was run with SciPy’s Powell algorithm with default options except for fatol =

10−8.

For profile calculation, we used the implemented routines in pyPESTO. We adapted some hy-

perparameters, namely min step size = 0.0001, delta ratio max = 0.00005, default step size

= 0.0005, reg order = 4 and reg points = 50. Additionally, we adapted the optimizer tol-

erances to fatol = 10−10 and gtol = 10−10.

For the inner optimization, we used the reparameterized and reduced formulation proposed

by Schmiester et al. (2020). As optimizer, we chose SciPy’s L-BFGS-B with maxiter = 2000
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and ftol = 10−10. The linear system of equations for gradient computation was solved using

the sparse solver spsolve from scipy.sparse.linalg.

As weights, we used

w =
∑
i

y(ti, θ) + ε, ε = 10−8. (40)

As minimal values for the interval and gap sizes, we used

g =
max(y(θ))

4(nk − 1) + 1
+ γ

s =
max(y(θ))

2nk + 1

(41)

with γ = 10−1 for models M2 and M4, and γ = 10−2 for models M1, M3 and M5.

5 Qualitative data generation

The models M1–M5 were taken from a collection of benchmark problems for parameter

estimation Hass et al. (2019). Specifically, we employed the reimplementation in the PEtab

format (Schmiester et al., 2021).

For all models quantitative data are available. These quantitative data are used to construct

the qualitative data. For this, we used the ordering of the quantitative values. Datapoints

with an equal quantitative value were assumed to belong to the same category. Otherwise the

datapoints were assigned to different categories. This lead to 1–4 datapoints per category.

The construction of the categories affects the computational resources required to solve the

inner optimization problem of the optimal scaling approach. The dimensionality of the inner

problem increases linearly with the number of categories. Additionally, also the dimension of

the linear system to calculate the gradient scales with the number of categories. In our pre-

vious work, we observed an approximately linear scaling of computation time with respect to

the number of categories, when evaluating the objective function without gradients (Schmi-

ester et al., 2020). To analyse the influence of categorization further, we performed parameter

estimation for the model M2 with 8 instead of 16 categories per observable (Figure S6). This

revealed that the computation time per local optimization decreased for the problem with

less categories, while the number of function evaluations stayed almost constant.
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Figure S1: Computation times for an objective function evaluation for 50 randomly sampled

parameter vectors for all five application examples without gradients, and with gradients

using the semi-analytical approach and central finite differences.
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Figure S4: Model simulation and optimal surrogate data for the best found parameters of

the gradient-free (A) and gradient-based (B) optimization for model M4. For this model all
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11



10−5 10−3 10−1 101 103 105

Parameter 1

10−5

10−3

10−1

101

103

105

Pa
ra

m
et

er
 2

Gradient landscape of parameter 1

−0.8

−0.6

−0.4

−0.2

0.0

0.2

0.4

Gr
ad

ie
nt

 v
al

ue

10−5 10−3 10−1 101 103 105

Parameter 1

10−5

10−3

10−1

101

103

105

Pa
ra

m
et

er
 2

Gradient landscape of parameter 2

−0.3

−0.2

−0.1

0.0

0.1

0.2

0.3

0.4

0.5

Gr
ad

ie
nt

 v
al

ue

Figure S5: Landscapes of the gradients for parameter 1 and 2 for the model T1. The gradient

is evaluated on a 50× 50 grid using the semi-analytical algorithm.
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Figure S6: Parameter estimation results for the model M2 with datapoints discretized into 16

and 8 categories per observable. Boxplots show computation times and number of function

evaluations per local optimization.
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