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1.1. Analytical solution of the 1D Reaction Diffusion model assuming a finite domain, a source

and a sink boundary conditions at £= 0 and £= R, respectively.

We considered a 1D tissue of length L where a morphogen is produced at x = 0, it diffuses to the
tissue tip with a diffusion constant D and degrades linearly at a rate k. We assumed that at the tip
of the tissue in x = L there is a sink. At t = 0 there is no morphogen in the tissue. The changes in
the morphogen distribution C; in time and space are expressed mathematically as the reaction

diffusion equation:

0c, _ ot _
S =pZo ki (Eq.S.1.)
With the following conditions:
No morphogen at initial time:
Ci(x,t=0)=0
Morphogen production at x = 0:
dc, q

—( =0,t)=——=
dx ( ) D
Where q is the morphogen production rate at x = 0.

And a sink at the tip of the tissue x = L:

Cl(x = L,t) = O

X

= and T = kt. We defined the

I

=9 i =
= and § = NTT and we rewrote the concentration as (&, 7)

We rewrote Eq. S.1. in terms of the dimensionless variables € =

Ci(e7) |

quantities RandSas R = S

EE



oc _ o

=25 —C (EQ.S.2.)

With the following conditions. No morphogen at initial time:

Cle,t=0)=0

Morphogen production at € = 0:

dC( — 0,0 = -1
de -~ YT

And a sink at the tip of the tissue € = R:
Ce =R, 1)=0
To solve this equation we redefined C in terms of an auxiliary function C, defined as:
C=Ce "

We calculated the derivatives of C, in terms of the derivatives of C. The second spatial derivative

is:

0%C I 02%C,
de? O¢g 2
And the time derivative is:
ac I ac, CooT
ot € ot 2¢
This leads to the following equation:
ac a%c
a_: = 6822 (Eq.S.3.)

With the following boundary conditions:

C,(e,t=0)=0



90C,(e=0,1)
de B

T

C,(e =R1)=0

To solve Eq. S.3., solely performing a separation of variables would not suffice with this particular
initial condition. Doing so, would yield the only solution as the trivial one, C,(¢,7) = 0. To
overcome this difficulty, we redefined C,using the auxiliary functions C3 (g, 7), f(7) and g(¢). The

explicit definition of the auxiliary functions g(&) and f(t) will be defined later.
Ca(e,7) = C3(g,7) + g()f(7)
The derivative with respect to 7 is:

9C,(e,1)  0C5(¢,7) el )af(r)
ot - ot Bl Jt

And derivative with respect to ¢ is:

0°Cy(e,1) _ 0°C3(g,7) | 0%g(e)

= f
de ? de ? de ? ©
We rewrote the reaction diffusion equation in C3 as:
0C3(s,7)  0%C5(e,1)  0%g(e) of(1)
ot 0e? * o ? i) —8(®) 0t

The initial condition:

C3(e,7=0) = —g(e)f(r = 0)

With the following boundary conditions:

The source:



daC;(e =0,7) ; 0ge =0)
——=—e"——f
de de

()
And the sink:

C3(e =R, 1) = —g(e = R)f(7)

It is desirable that the initial condition is different from 0 and the boundary conditions are equal to

0. We defined f(t) and g(¢) as:
f(x) = —e’,g(e) =e—R
With this choice Eq. S.3. turns out to be:

aC3(g7) _ 02C3(g7) _ T
2 = 2 + (¢ —R)e (Eq.S.4.)

The initial condition:

C;(e,7=0)=(e—R)
With the following boundary conditions:
The source:

6C3(£ = O,T) _
de a

And the sink:
C3(e =R1)=0

The solution to systems of the type of Eq. S.4. can be found in [1]. In this reference, the authors

defined a method to find the solution for systems with the following aspect:



du(x,
augen |2 (o0 50

r(x)m(t) 5% % +qg()ulx, t)| = F(x,t)
ou(x =a,t)
au(x =a,t) +ﬁT= 0
du(x =b,t)
yu(x =Db,t) +6T= 0

ulx, t =0) =f(x)

Where u(x, t), r(x), m(t), p(x), q(x), F(x,t) and f(x) are functionsand a, b, @, B, y and § are

constants.

The authors defined the following quantities:

b
E=Lﬂ@w@M@w

b
F;(t) =f F(x,t) vj(x)dx

Where v;(x) and A; are obtained from the solution of the following problem:

9 (peo 252)
0x

+ g () + 4 v;(x) = 0

With the conditions:

ov(x = a,t)
av(x=a,t)+ﬁT=
0v(x = b, t) B

=b,t)+6
yv(x =b,t) + Fp



The solution to the problem is:

t . s 1
o m(s)

- —A; tid > —A; t 1 d
ulxt) = Zf]'vj(x)e ON +Zvj(x)e i Jomgyds
j=0 j=0

In our problem, we solved Eq. S.4. by identifying the following quantities:
m(t)=1,r(e)=1,q(e) =0,p(e) =1,F(g,7) = (¢ —R)e”
fe)=(e—R),a=0,b=R,a=0,=1,y=1,6§=0

First we solved the associated homogeneous problem:

The solution to this problem is:

And:

It is important to notice that since v;(&) are the elements of a base of the space of functions, they

need to be normalized. This means that fOR vj(e)z de = 1.



We calculated f]

We also calculated F;(7):

The solution to the equation is:

2
R
fi=- 2
(' + 1) T
JT3
R
Fi() = - "N
(i+2)m
R
[ i <f+%>m)1“
; cos (]+?ns>er ((j+i)ng>ze < R "
C3(€I T) = ZO():O -7
Ik <)] ()

We obtained the original function:

C(e, ) = [C3(e,T) — (e —R)e"] e "

C(e, 1) = [C3(g,1)e™ " — (e — R)]

(Eq.S.5.)

—(e—R)

10



o 2 1
c@,ﬂ:Z—E _ —— —(¢-R)
j=0 (j +R%)T[ (j +E) e i1
1
o cos (J +E) e ‘K(HR%)T[)Z” .
+Z -= e
j=0 R (j +%)T[ i
R

. 2 (J'+2)1T£ . .
We rewrote (¢ — R) in the base of = coS - in the interval € € (0, R) as:

} cos (]+%)ne
2
(e-R)=> -2
) = R (j+%)112
CALIA

To do this calculation, we wrote (¢ — R) as:

o0 o1
2 (]+7)1I£
(E—R)=Z)aj ﬁcos T
]=

And we obtained «; by taking the inner product as the integral:

1

fR( 0 [2eos (V2™
o; = & — —CoOS| —————— &
7 ) R R

11



We wrote C(g, T) as:

C > C > e
os oS R

1y \2
o R o (”'7)“ +1
2 2 R
C(E'T):Z§ 'NEE +Z_§ N
=" (+5)m =0 j+5
Y2l g Y20 ) 4
R R

e ¢ e (j"'%)“f . .
We wrote TR T in the base of = cos R in the interval € € (0, R) as:

2R 1+eZR

. . e ¢ ef
To do this calculation, we wrote ( —r — —ZR) as:
1+e 1+e

e~¢ > 2 ]+1)T[8
Za —cos 2
1+e2R 1+eZR T IR R

j=0

And we obtained «; by taking the inner product as the integral:

o1
ey (0D,
a’_o 1+e2k 1+e2R) R R €

12



Finally, we wrote C (g, 7) as:

(+pme\ _|(G+DmY’,
C(e,r):( e’ e_g) g ZMe [< R ) '

1+e 2R 14e2R

(Eq.S.6.)
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1.2. Analytical solution of the 1D Reaction Diffusion model assuming a finite domain, a source

and no flux boundary conditions at £= 0 and &= R, respectively.

We considered a 1D tissue of length L where a morphogen is produced at x = 0, it diffuses to the
tissue tip with a diffusion constant D and degrades linearly at a rate k. We assumed that at the tip
of the tissue in x = L there is a no flux boundary condition. At ¢ = 0 there is no morphogen in the
tissue. The changes in the morphogen distribution C; in time and space are expressed

mathematically as the reaction diffusion equation (Eg. S.1.):

ac, _ D6261 rC
at = ox? !
With the following conditions:
No morphogen at initial time:
Ci(x,t=0)=0
Morphogen production at x = 0:
dc; q

—(x =0,t)=——=
dx (x ) D
Where q is the morphogen production rate at x = 0.

And no flux boundary conditions at the tip of the tissue x = L:

dc,
—(x =Lt)=0
dx

We followed the same procedure that was used in section S.1.1.. We rewrote Eq. S.1. in terms of

X L

the dimensionless variables ¢ = \/5 and T = kt. We defined the quantities Rand Sas R = \F and
N *

14



S = — and we defined the concentration as C(g 1) = Glen

ok . We obtained the following

equation (Eq. S.2.):

ac 9%C
dt 02
With the following conditions:
No morphogen at initial time:
Cle,t=0)=0
Morphogen production at € = 0:
dc

— = = —1
I (e =0,7)

And no flux boundary condition at the tip of the tissue e=R:

dC( R0 =0
dsg_ B =

We used an auxiliary function to solve Eq. S.2. following the same procedure as in section S.1. In
that section, we used three auxiliary functions and combined them into only one auxiliary function
C4_:

Clg,1) = [C4(e, T)e " — <e — ﬁ)]

With this choice, we obtained for Eq. S.2.:

Cy(e7) _ 0%C4(g7) n e’
ot 9e? R

(1 + Re — 82—2) (Eqg.S.7.)

With the following boundary conditions:

15



The initial condition:

2
Ci(e,T=0)= (e—g—>

2R
The source:
aC4(£ = 0, T) -0
ds B
And the tip:
dCs(e =R, T)
B N A |
s

We used the method presented in [1] as defined on section S.1.1. We identified the following

quantities:
et g2
m(t) =1,r(e) =1,q() =0,p(e) = 1,F(e,7) = ?(1 + Re —?)
f(s)=(s—g),a=0,b=R,a=0,ﬁ=1,y= 1,6§=0

First, we solved the associated homogeneous problem:

0%v;(¢)
6;2 + AJUJ(E) =0
dvj(e = 0)
s =0
Jv;(e =R
=R _
e

The solution to this problem is:

16



And:

We calculated fj

We calculated F;(t):

And if ; = 0:

1
vo(e) = §
21

(%)
1 R?
= R%
F.(0) e’ 2
(T) = — J—
O
R

17



The solution to Eq. S.7. is:

R 1 R? o 2 cos (]%) jm? t (m
Cale, ) == +—= (" — 1) <—+ 1) +Z—— AR (%) ’[1 +f ere(%) Tdr]
3R 3 4 R () 0

11 R? oo
Cy(e, 1) = —E+Eef(?+1)+2j=1—

N

We obtained the original function:

g2 ~
Cle,1) = [C4(€,T)—<€—ﬁ>e ] e

Cle,1) = [C4(s, T)e " — <s — ﬁ)]

18



We wrote (s - %) in the base ofJ— cos (]R ) and f

> 2cos
i

So we wrote C (&, T) as:

Clet) = ——e~ T+~ +Z Z[COS

We wrote e + e in the base of cos (] ) and 1 as:
1-e2R * g=2R3 R R R

e e 1 c ZCOS(]R)
1—e?R e 2R 1 _E_ZE )
=] e

Finally, we wrote C (g, 1) as:

_ et e”¢ e " oo .R
Clen) =~ (ot o) ~ T T I h e @

(Eq.S.9.)
—e2R T
e (%) +
From C(&, 1), we calculated its steady state by taking in Eg. S.9. the limit of T to infinite:
& e—E
Css(e) = (m + m) (Eq. S.10.)

This previous result can also be obtained from the original differential equation by solving for C

ac
when 5= 0.

19



1.3. Analytical solution of the 1D Reaction Diffusion model assuming a finite domain a fixed

concentration and a sink boundary conditions at £= 0 and £=R, respectively.

Similarly, as in sections S.1.1. and S.1.2., we considered a 1D tissue of length L. Now we assumed
the morphogen concentration is fixed at x = 0, it diffuses to the tissue tip with a diffusion
constant D and degrades linearly at a rate k. We assumed that at the tip of the tissue in x = L
there is a sink. At t = 0 there is no morphogen in the tissue. The changes in the morphogen
distribution C; in time and space are expressed mathematically as the reaction diffusion equation
(Eq.S.1.):

ac, %G

ot - Pz kG

With the following conditions:
No morphogen at initial time:

Ci(x,t=0)=0
Fixed morphogen concentration at x = 0O:

Ci(x =0,t) =Cy
Where Cj is a constant.
And sink at the tip of the tissue x = L:

Cix =Lt)=0

We followed the same procedure that was used in sections S.1. and S.2.. We rewrote this equation

in terms of the dimensionless variables € = %and T = kt. We defined the quantity Ras R = L
*

=S

20



and we defined the concentration as C(g,7) = &ED e obtained the following equation (Eq.

0

S.2.):
oc_oc_
dt  0e?
With the following conditions:
No morphogen at initial time:
Cle,t=0)=0
Fixed morphogen at € = 0:
Cle =0,71)=1
And a sink at the tip of the tissue = R :
Ce =R, 1) =0

We used an auxiliary function to solve Eq. S.2. following the same idea as in section S.1.1. In that

section, we used three auxiliary functions and combined them into only one auxiliary function Cj:

C(e,1) = [C4(€’ T)e " + (1 - %)]

With this election Eq. S.2. is:

0C,(e7) _ 8%C4(g7) (1 _%
en) _ Palen) |, (1 R) (Eq.S.11.)

With the following boundary conditions:

The initial condition:

21



Cile, T=0) = (%— 1)
The source:
C,(e =0,7)=0
And the tip:

Ci(e =R, T)=0

We used the method presented in [1] as defined on section S.1.1. We identified the following

quantities:
m(t)=1,7r(e)=1,q(e) =0,p(e) =1,F(g, ) = €* (;— 1)
fe)=(5-1),a=0,b=Ra=0,f=1,y=16=0

First, we solved the associated homogeneous problem:

0%v;(¢€)
aéz +/1]vj(£) =
vi(e=0)=0
v;(e=R)=0

The solution to this problem is:

And:

22



We calculated f]

_ 21
== |rgm
R
We calculated F;(t):
F B 2e"
() =— RE
R

The solution to Eq. S.11. is:
B ]ns ~(m) 2 2 e (J'_H)ZT
Cie, 1) = Zf sm [—\/;]n f \/;]n e\R) "dr
j

w _ 25
C4(€,T) = Zj:O_E jm

We obtained the original function:

o ey | 2 - 1'7” 21l
C(e 1) = —%@e_[(%)+lr+l_? (2) +(1—;)
=0 ]ﬁ [(%T) +1]
C(e 1) N _E o (}%) [(%T)Z e_[(f) T M 1]| + (1 — E)
SR O I (T I

We wrote (1 - —) in the base of\F sin (%) as:

(Eqg. S.12.)

23



R n
j=o R
We wrote C(g, T) as:
' 2 [y

C(s,r)=i—z Sin(%) (Jﬁn) € [(R) 1 "‘1_1]'
I S I (COREI .
i [ im? - j_n'2+ T N2
=52 DT ]
SRR S U O

et R_g=etR 2 . (jme
We wrote ————-—in the base of |- sin (]—) as:
e t—e R

@€ R _ p—¢+R ~ et 251'"(]71; )]R
T s

Finally, we wrote C (g, 1) as:

=) +1

.2
hesn N RS
C(e,T) = %‘FZ?;O_% sin (%) IRE(WT-H] (Eg.S.13.)
R

From C (g, 7) we calculated its steady state by taking in Eq. S.13. the limit of T to infinite:

—R_p—¢€+R

CSS(S) = : e—R_gR (Eq 514)

This previous result can also be obtained from the original differential equation by solving for C

ac
when— = 0.
foka

24



1.4 Analytical solution of the finite-domain model in simple 2D geometries

We considered a 2D tissue of length L; and L, where a morphogen is produced at x = 0, it
diffuses to the tissue tip with a diffusion constant D and degrades linearly at a rate k. We assumed
that at the tip of the tissue in x = L, there is a sink and we have no fluxesony = 0andy = L,. At
t = 0 the tissue has C(x,y,t = 0) = f(x,y) and we solved for the particular case in which
f(x,y) = 0. The changes in the morphogen distribution C in time and space are expressed

mathematically as the reaction diffusion equation:

We have:
ac 0%C 0%C

- D—4+D——
ot = Doz TPz K¢

With the following conditions:
At initial time:
Clx,y,t=0)="f(x,y)
And:
dC( —0,y.0) =
dx ¥ =0y=-Q
Cx =L,y,t)=0

dc
E(x,y =0,t)=0

dc
d_y(X,y = LZ't) = 0

X

In normalized units (t = kt, € = \F and p = \F).
N N

ac 9%C N 9%C c
at  9s2  9p?
With the following conditions:

At initial time:
Cle,p,t=0)="1(x,y)
And:

25



ac _0 _ 1
E(e - :p:T)—

C(e =Ry,p,7)=0

dC( _0,0)=0
dp Slp_ yT) =

dc
%(S;P = RZIT) =0

We can write C as:

C(e,p,1) =Ci(e,p,7) + Css(e,p)

And Cys (€, p) is the steady state solution.

_9%Cs(e,p) +62Css(€'p)

0 682 apz - SS(S'.D)
And:
dCgs
=0,p) =-1
G p)
CSS(S = lep) =0
dCyg
=0)=0
O (,p =0)
dc

The original equation now is:

ac,  0°Cy N 0%C,
at  0g2  dp?

—C,
With the following conditions:
At initial time:

Cle,p,T=0)="1(gp)

Ci((e,p, T =0)) = f(e,p) — Cs5(, p)

And:

dc

E(S =0,p,17)=-1

Ce =Ry,p,1)=0

26



dC( —0,0)=0
dp Slp_ IT_

dc
%(S,p = RZIT) =0

Goes to:

dc; _0 _0
E(e - 'prT) -

Ci(e =Ry,p,7)=0

dCl( 05 =0
dp g;p—rT—

dc
d—pl(e,p =R, 1) =0

We can choose:

¢, =X(©Y(P)T(1)

Thus:

1 T@ 1 9°X(e) 1 *Y(p)

T(t) ot _X(s) ds? _Y(p) dap?

We ask:

1 aT(x) .
T@ ay

1 0°X(e) .
X(e) 0e2 Jx
1 0°Y(p) |
v o2 P

And:

Je +Jx +jy =-1

So:

T(1) = a.e’t*

X(e) = axlcos(\/j_xe) + axzsin(\/ﬂe)

27



Y(p) = aylcos(\/Ep) + ayzsin(\/j_yp)

The boundary conditions give us:

And for j,, # 0:
And for j,, = 0:

The solution is:

Ci(e,p,17) = Z ]+ 2 (n" ) <_1_<
(&,p,7) = R, cos R, cos RZp ajne

At 7=0:

]+ 2 nm
Ci(sp, T—O)—Z reos| —x— R—COS(R—p)ajn
1 2 2

And we knew:

Cl(glp'T = 0) = f(g'P) - CSS(g'p)

Thus, aj, can be obtained by asking:

o1
G =ff[f(s,p>—css(s.p>]j%cos %s jRZz“’S(

The general solution is:

28



'+l b2 ’ T\ 2
2 (j +%)n 2 nm <_1_<(J Ri) ) _(R_z) )T
R—lcos TR, € R—ZCOS <R_zp) e
Ci(e,p,7) = Z 1
’ ff [f(e, p) — Css(e,p)]\g cos @e \%cos (%p) dedp

Of note, there is an abuse of notation in the previous result. For n=0 the prefactor is = instead

2
’2
of R_z

Finally, we need to calculate the steady state:

_ 02Cs5(e,p) | 0%C5(e,p)

0= D2 + apz - CSS(S Ip)
And:
dCss(e =0,p) -1
de
Css(e=Ry,p)=0
dCss(e,p=0) -0
dp
dCss(e,p =Ry) -0
dp
We propose:

Css(g'p) = a(e)

Thus, we obtain:

0= azai(;) —a(e)
And:
da(e = 0) _ 1
de
ale=R;) =0
We choose:

a(e) =ae® +be” ¢



a=-1+b
a(e=R;)) =(=1+b)eRr +he R =0

b (Rt +eRi)=eh

ek
TeRite R
ek e R1
a=-1+ eRi e R~ eRife R
So:
-R R
e ™1 et
_ € -
a(e) = eRite R’ ToRipeR®
© —ef R 4 pR1i=¢  §inh(R; — &)
alE = =
eRi + e~Rs cosh(R;)
So:
sinh(R; — ¢)
CSS(S ’p) I ———
cosh(R;)

Thus, the original solution is:

C(e,p,1) = Ci(e,p,7) + Css(e, p)

With:

'+l T ’ NI\ 2
\/? (j +%)n F (nn ) <_1_<%> ~(7;) )T
—cos| —=—¢ | |=—cos ple
R, R, R
Cl (S, P, T) = z
jn sinh(R; — ¢€) J + 2 nm
_U [f(s, p) — cosh(RD) ] \/1:1 \/R:z cos (R_2 p) dedp

For f(g,p) = O:

ﬂ' sinh(R, — &) ] + 2 (nn )d J
cosh(Ry) R1 €0 R, €os R, p)aeap

30



sinh(R;—¢€)

As f(g,p) — cosh(RD) does not depend on p, the integral on p is 0 except for n=0, therefore:
1
ff sinh(R; — &) J + 2 (TLTE )d Qo =
“cosh(Ry) R1 R, ‘O°\R,P) %P =
\/R—le sinh(R; — ¢) J + e =
21 " cosh(Ry) R1 £=
2 JR5
_JR_ N
U+
R |7
Hence:
C1y \?
T (b [T <_1_<o§)n) ) -
J 1 1 2 J Ry
Ci(s,p, T)_Z— R—lcos —_— R—2€ R_l 1 2
(i+37)m

Thus, we obtain:

o1 EAA
o )
sinh(R;—¢) +Zjn_i—e (Eq. S.15.)

cosh(R;) R4 (j_,_l)n 2
!
Rq

Next, we considered a 2D tissue of length L; and L, where a morphogen is produced at x = 0 and

C(e,p,1) =

y = 0, it diffuses towards the tissue tip with a diffusion constant D and linearly degrades at a rate
k. We assumed that at the tip of the tissue in x = L; and y = L, we have no fluxes going out of
the tissue. At t = 0 the tissue has C(x,y,t = 0) = f(x,y) and we solved for the particular case in
which f(x, y) = 0. The changes in the morphogen distribution C; in time and space are expressed

mathematically as the reaction diffusion equation:

We have:
ac 0%C 9%C

D 4p—-—
ot - Doz TPz~ K¢

With the following conditions:
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At initial time:

Clx,y,t=0)="f(xy)

And:

dc

a(-x = O!Y!t) = _Q

dc
E(x =L, y,t) =0

dC( _0,0) =
& x,y =0,t) =-Q

dc
d_y(x'y = LZ't) =0

We followed the same procedure as in the previous example and we obtained (in normalized units

g, pandT):

Cl(glp'T) =

Z \/Rzlcos (gz )\/Rzzcos (gp) ajne(_1 (g) (%)2>r
]nff [f(e, p) — Css (e, p)]\/:cos (ﬂz )\/:cos (ij> dedp

Here there is an abuse of notation. For j=0 the prefactor is \/7 instead of \/7 and for n=0 the

. , 1. [
prefactoris = instead of 2z

For the steady state we obtained:

cosh(R; —€) cosh(R, — p)
sinh(R;) sinh(R,)

Css (5: P) =

And for f(g, p) = 0 we calculated the integrals and finally obtained:

Cle,p,1) =
cosh(R;-¢) e__T _ Z . icos(%s) e(—l—(%)z)r cosh(R,-p) e_T _ Z icos(g_:p) e(_l (%)2)
sinh(R;) Ry Jj=1 R, (%)24-1 sinh(R,) R, n=1 R, (3_727)24.1
(Eqg. S.16.)
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2. Comparison between analytical and numerical solutions of the 1D Reaction Diffusion model

assuming a finite domain.

We tested the analytical solutions in 1D for the finite model with a sink and with no fluxate = 0

by a numerical integration of Eq. S.6. for different values of R (see Fig. S1). We used a finite

differences scheme by using Euler method with a fixed spatial step of Ax = % and a time step of

Ax? . . . - .
At = %, which guaranties the numerical stability of the method. Furthermore, we numerically

tested the analytical solutions in 2D (see Fig. S2).
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Figure S1. Comparison between the numerical and analytical solution for the concentration as a function of the spatial
position in 1D for different times. A), C) and E) show the morphogen distribution for the model with a sink at € = R for
R equal to 0.1, 1 and 5, respectively. B), D) and F) show the morphogen distribution for the model with no flux at e = R

for R equal to 0.1, 1 and 5, respectively. The straight lines in these panels are the analytical solutions at time equal to

0.1, 1 and 10. The dotted lines are the numerical solution at those times.
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Analytical Numerical Difference
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Figure S2. Comparison between the numerical and analytical solution for the concentration as a function of the spatial
position in 2D for different times. A) to F) show the morphogen distribution for the 2D model with one source, one sink
and two no fluxes. A) and D) are the analytical solution at time 0.1 and 10, respectively. B) and E) show the numerical
solution at time 0.1 and 10, respectively. C) and F) show the absolute value of the difference between the analytical and
the numerical solutions at time 0.1 and 10, respectively. G) to L) show the morphogen distribution for the 2D model with
two sources and two no fluxes. G) and J) show the analytical solution at time 0.1 and 10, respectively. H) and K) show the
numerical solution at time 0.1 and 10, respectively. 1) and L) show the absolute value of the difference between the

analytical and the numerical solutions at time 0.1 and 10, respectively.
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3. Steady state of the 1D Reaction Diffusion model assuming a finite domain.

We already calculated in Eqg. S.6., that the morphogen concentration depends on € and t for the

model assuming a finite domain with a sink at € = R as follows:

oo

e ¢ e® 2
Clen) = 1+e 2R 1 +e2R + "R
j:

cos (”T%)”g _I((H}%)n)illr

o
~
+
N —
N——
B
+
[S=Y

From C(&,7) we calculated its steady state by taking in Eq. S.6. the limit of T to infinite:

Css(e) = (e—_s e ) (Eq. S.

1+e 2R 1+e2R

16.)

Following the same procedure for the no flux boundary condition at € = R be obtain:

et e ¢
CSS(£)=_ 1_e2R+e_2R_1

We calculated the total amount of morphogen in the tissue Ng(¢):

R . .
Nyo(e) = f cLinite (¢) g
0

To achieve that it is useful to integrate directly from the differential equation:

d*C C=0
de? a
RdZCfinite < R o
j scsig2 ( )dé‘ _j C.stmure(g)d5 =0
0 0

dCS};inite(&‘ — R) dCS{;lTllte(g — 0)
de de

— Ngs(e) =0

Nes(e) =1 (Eq.S.17.)
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To continue our analysis, we expanded using Laurent series Csj;mwe (¢) for Rin R=0:

_ cosh(e)

. . 1
Csfsmzte(g) — sinh(e) + §Rcosh(e) + 0(R?)

If we look for small values of R, we can see that we also have small values of . In this case:

sinh(e)~0
cosh(g)~1

Thus, we obtain:

cJinite (s)~% (Eq. 5.18.)
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4. g4 calculation.

We defined &4 as the position in space in which the concentration is 10 % of the concentration at
the source. We calculated this value analytically for the steady state. For an infinite domain, the

steady state is:

Css(e) =e™¢ (Eqg. S.19.)

We found &;, by solving the following equation:

C.(0)
Css(glo) = Sio
—€10 — —
¢ 10
&0 = n(10)~2.3 (Eq. S.20.)

Where In(x) is the natural logarithm of x.

We also calculated €14 analytically for the steady state in a finite domain with a sink at e = R.

First, we rewrote the steady state (Eq. S.16.) as:

Coule) = < e ¢ e€ ) __sinh(R —¢)

1+e 2R 1+4+e2R) " cosh(R)
Where sinh(e) and cosh(e) are the hyperbolic sine and hyperbolic cosine of &, respectively.

We found &;, by solving the following equation:

CSS (0)
10

Css(€10) =

sinh(R — &) 1 sinh(R)
cosh(R) ~ 10cosh(R)
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€10 = R — arcsinh (Si%o(m) (Eg.S.21.)
In the limit of R going to infinity in the previous equation, we obtained:

sinh(R)

o )] =n(10)~2.3

lim g9 = I%im [R — arcsinh<

R—0o0
This is in agreement with the solution obtained before.

We followed the same procedure with the model assuming a finite domain with no fluxate = R

and obtained:

coshm)

- (Eq. $.22.)

&o0=R - arccosh(
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5. R, calculation.

From &1 in the steady state of the model assuming a finite domain with a sinkate = R as a
function of R (Eq. S. 21.) we identified two regimes: while for large values of R, &;, reaches a
plateau, for small values of R, €, has a line-like behavior. To characterize the transition between
both regimes, we Taylor-expanded &;, and arbitrarily looked for the R = R. upon which the second
non-zero term of the series would be about 20 % of the first linear term. First, we calculated the

Taylor series of g1 around R = 0:

deio(0) d2€10(0) R? d3€10 0) R3
glO(R) 2810(0)"' dR R+ dRZ 7+W?+O(R4)

Where the coefficients are:

d?e14(0) a’ €10(0) _

£10(0) = 0,2222 = 9.9, TE100 — g L2160 — _ 999

510(0)

We looked for a R.,;; value such that R rit is not much bigger in module than the first non-
vanishing term of higher order than R. We arbitrarily defined “not much bigger” in this context as

one term being one fifth of the other. This means:

1 dglO(O) _ d3£10(0) RG_F&"RCB
5| dR ¢ | dr3 6
d810(0)
6+0.9
d 510(0) 5x0. 099 (Eq 523)

With the finite model with a no flux boundary condition at € = R we followed the same procedure
but we expanded Eq. S.22 around R = 3:

de1o(3) 2510(3) (R —3)?
R R332 2

g10(R) = £0(3) + + 0((R - 3)%)
Where the coefficients are:
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So:

£10(0) = 2.88, %220 = 7,

de;o(3)
dR

1
A €10(3) + (R — 3)‘ =

R, ~ 3.04

2
@100 _ ¢9g g
dR?

d2510(3) (R. — 3)2

dR? 2
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6. 1L () and 6. (&) calculation.

Berezhkovskii et al. have developed a method to estimate the mean time it takes a morphogen to

reach its steady state [2].

They defined the local relaxation function a(x, t) as:

C(x,t)

alnt) =1- Css(x)

Where C(x, t) is the concentration of morphogen at the position x at time t and C45(x) is the
concentration of the morphogen at its steady state at position x. It is important to note that in the

above mentioned article a(x, t) is defined as R(x, t).
From the relaxation function, they obtained the probability density:

da(x,t)

p(tlx) = ——7

From the probability density, they obtained the mean time it takes it to establish a morphogen

gradient as:

o]

T(x) = footqo(t|x)dt =f a(x, t)dt
0 0

We used this definition to estimate how long it takes to establish a morphogen gradient in a finite

tissue with a sink at € = R by using the analytic solution presented in this work (Eq. S.6.).

o) e
a(e,t) = ZR 2 ( ee_g PE )

j=0 J+) +11+e‘2R_1+e2R
R
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With the model assuming a finite domain with no flux at € = R:

The mean time of the model assuming a finite domain with asink at e = R is:

(>1

he(8) = 270 (Eq. S.24.)
1
[ ] 1+e—2R" 1+e2R
And for the model assuming a finite domain with no flux at € = R:

jme

1 1 o 2 Cos\%

MT(S) = T et et E+Zj=1§% (Eq.S. 25.)
~(Fartems) (&) +1)

It is important to know how good this estimate obtained previously is. To achieve that, we

calculated the standard deviation:

0.(€) = VE[e?] — ne(e)?

Where E[1?] is defined as:

E[t?] = footch(ﬂx)dt = th a(x, t)dt] tt::o(;: -2 jm (f a(x, t)dt) dt
0 0

For the model assuming a finite domain with a sink at € = R, we obtained:
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4 1
Elet?] = ZE 2 ¢ P
j=0

oy | i

And for of the model assuming a finite domain with no flux at € = R, we obtained:

[ ]
_+§: 2 cos (]T)

2

[N

E[r?] =

B (1 —eZZR + e_zeR_s— 1) [R Flﬁ((%f + 1)3J

And for the infinite domain, we obtained:

O'(S) — V82+2

(Eq. S.26.)
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7. Finite versus infinite domains in the reaction-diffusion model used in the FRAP-based

determination of diffusion parameters

We considered a 1D tissue of length L where a morphogen is produced at x = 0, it diffuses to the
tissue tip with a diffusion constant D and degrades linearly at a rate k. We assumed that at the tip
of the tissue in x = L there is a sink or a no flux. At t = 0 the tissue is at steady state except
between x = d and x = d + h where it is bleached and it has b time the concentration at steady
state. The changes in the morphogen distribution C; in time and space are expressed

mathematically as the reaction diffusion equation:

96, _ 2%

- > — kG (Eq. S.27.)

With the following conditions:
Morphogen at initial time:

Initial time for x between d and d+h:
C1(x,t =0) = bCys(x)

Initial time for x elsewhere:
Cl(xvt = O) = Css(x)

Or:
Cy(x,t = 0) = Css(x) + (b — 1)Cs5(x)8(x — A)O(—x + d)
Morphogen production at x = 0:

dc; q
— — 0’ t) = ——
dx (x ) D
Where g is the morphogen production rateat x = 0.
And a sink at the tip of the tissue x = L:

Cl(x = L,t) = O
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Or a no flux boundary condition at x = L:

dCl( =Lt)=0
dx & U

X

= and T = kt. We defined the

I
L q

5 and S = NGT and we rewrote the concentration as (g,7) =

We rewrote Eq. S.27. in terms of the dimensionless variables € =

Ci(e7) |
s

guantitiesRandSasR =

EE)

ac _ a*c

ot 0e?

With the following conditions. No morphogen at initial time:

d+ h\
Ci(e,t=0)=Cs(e)+(b—1)Css(e)O | € — —& +—D
\ \ \E /
Morphogen production at T = 0:
dc
E(ﬁ = O,T) =-1

And a sink at the tip of the tissue e= R :

Ce =R, 7)=0
Orano fluxat e=R:

dC( “R1)=0

de - - VYT

For the model assuming a finite domain with no flux at € = R:
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cosh(R —g)
sinh(R)

Css(x) =
To solve this equation we redefined C in terms of an auxiliary function C, defined as:

C:CZQ_‘E

We calculated the derivatives of C, in terms of the derivatives of C. The second spatial derivative

is:

9°C __0°%C,
— = T
O 2 Je 2
And the time derivative is:
ac . ac, Coo—T
—=e '——(ye
ot ot 2
This leads to the following equation:
ac, _ 0%,
ot 09s2

With the following boundary conditions:

d d+h
C(e,1=0)=Cs(e)+ (b—1)Cs5(e)0| e——= |O| —€+——

aC,(e=0,1) B
de B

T

C,(e =R1)=0

Or a no flux:
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dC, — RO =0
E(S—,T)—

We redefined C,using the auxiliary functions C5(¢, 7), f(t) and g(€). The explicit definition of the

auxiliary functions g(&) and f(t) will be defined later.
C2(e,7) = C3(g, 1) + g()f(7)
The derivative with respect to 7 is:

9Cy(e,7)  0C3(¢,7) N of(7)
ot ot g(e) Jat

And derivative with respect to ¢ is:

0°Cy(e,1)  0°C3(g,7) | 0%g(e)
de2  Qe? o¢ 2

f(r)
We rewrote the reaction diffusion equation in C5 as:

0C3(e,1)  0%Cs(e,7) | 0%g(e) of(t)
ot 0de? gez (M85

The initial condition:

d d+h
C3(6,7=0)=Cs(e) + (b —1)Css(e)0| e——= |O| —e +—= | —g(e)f(r = 0)

/2 /2
k k
With the following boundary conditions:

The source:

dC3(e =0,7) . og(e = O)f

de de @
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And the sink:
C3(e =R, 1) = —g(e = R)f(7)
Or no flux:

dC3(e =R1)  dgle = R)f
de B de

)

It is desirable that the initial condition is different from 0 and the boundary conditions are equal to

0. We defined f(7) and g(¢) as:
For the model assuming a finite domain with a sink at € = R:
f(x) = —e’,g(e) =e—R

For the model assuming a finite domain with no flux at € = R:

i) = —e% g(e) = (e - %)

2R

With this choice:

For the model assuming a finite domain with a sink at € = R:

aC3(e1) _ 9%C3(e1) _
atr  9e2 t (8 R)

For the model assuming a finite domain with no flux at € = R:

aC3(e7) _ 0%C3(g7) | €F ( 82) -
ot  0de? trt e x)e

With the following boundary conditions:

The initial condition:
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For the model assuming a finite domain with a sink at ¢ = R:

C3(e, 7 =0) =Cs(e) + (b —1)Css(e)0 s—i 0 —£+—h + (¢ —R)

\ﬁ D
k k

For the model assuming a finite domain with no flux at e = R:

d d+h g2
C3(e,71=0)=Css(e)+ (b—1)Css(e)0 | e——= |0 —e+—= |+ | ¢

\P D 2R
k k

The source:
dC3(e =0,7) _ 0
de
And the sink:
C3(e =R1)=0
Or no flux:
The source:

d0C3(e =R, 7) B

s 0

The solution to systems of this type can be found in [1]. In this reference, the authors defined a

method to find the solution for systems with the following aspect:

du(x,
e |2 (0 ™50)

ot Ox

r(x)m(t) +qg()ulx,t)| = F(x,t)
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Ju(x =a,t)
au(xza,t)+ﬁT:0

ou(x = b,t)
yu(x=b,t)+6T=0

u(x,t =0) =f(x)

Where u(x, t), r(x), m(t), p(x), g(x), F(x,t) and f(x) are functions and a, b, @, B, y and § are

constants.

They defined the following quantities:
b
fi = [ rever@ar
a

b
F;(t) =f F(x,t) vj(x)dx

Where v;(x) and A; are obtained from the solution of the following problem:

0v;(x)
2 (po0 =42
e + q()vj(x) + 4; vj(x) =0
With the conditions:
r=at)+ 6v(x=a,t)_0
av(x =a, B e =
r=b t)+66v(x=b,t)_0
y v(x = b, o =
The solution to the problem is:
——ds tF( ) /1 I8

u(x, t)—Zf]v](x)e oy +Zv(x)e o I g

0 m(s)
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In our problem, u(e, ) = C53(¢,7) and we identified the following quantities:

For the model assuming a finite domain with a sink at ¢ = R:

m(t) =1,r(e) =1,q(e) =0,p(e) =1,F(g,7) = (¢ —R)e”

f(e) = Cys(e) + (b — 1)Ces(e)0 e—% 0 —g+d—J’;‘ +(e—R),a=0,b=Ra=0,8=1,
k k

y=1,6=0

For the model assuming a finite domain with no flux at e = R:

m(@) =1,7(e) = 1,q(e) = 0,p(e) = 1, F(e,1) =S + (e - ﬁ) et

f(e) = Css(e) + (b — 1)Css(£)0| € L) —e+ &2 )+ (e —8—2), a=0,b

D D 2R
k k

1,y=0,6=1

=R'a=O'B=

First we solved the associated homogeneous problem:

0%v;(¢€)
J
682 + AJUJ(S) =0
ov;(e =0)
—] =
de 0
Uj(f = R) =0

Here 4; is the eigenvalue asociated to v; (&), it should not be confused with the characteristic

length of the morphogen A.

The solution to this problem is:
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For the model assuming a finite domain with a sink at ¢ = R:

.1
vj(s):\/%cos (]+—E)ﬂg

And:

For the model assuming a finite domain with no flux at e = R:

vi(e) = \/% cos (%)

And:

Or if j =0:

1
Uj(e) =\/;

It is important to notice that since v;(¢) are the elements of a base of the space of functions, they

need to be normalized. This means that fOR vj(e)2 de = 1.

We calculated f]

For the model assuming a finite domain with a sink at € = R:
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1
(R ]2 (j + 7) e [sinh(R —¥)
fi= fo \/; COS( R > cosh(R)

|

oy,

cosh(R) \S—JL%> \—£+ \/% )+(£—R)}ds
o[ (L e,

d+h

d+h o1 2
D |7 j+5)me i h(R_ ) R
+(b-1) fiﬁ ﬁcf’s(( 13) >b51:osh(R>E ‘- ('+f)n :
I; JTZ
2 2
fi= - 2 1 ?
1 o1
(AL I (G5

\F (j*é)nsin((“é)n d >sinh(R—i> cos<(j+§)ﬂ d >Cosh<R—i>
R ( L -

13 5
+(b - 1) (]+%)T[ 2 COSh(R) + cosh(R) _
[T] +1
+3 j+2 1
(]+g)n5in<(l+§)n?¥l>sinh<R—dL\/§> COS<(]+§)nd+Dh>c05h(R_dL\/Bh>
I3 x 7 D
cosh(R) - cosh(R) ) (Eq. S.28.)

For the model assuming a finite domain with no flux at ¢ = R:
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)
I

f \/: cos ]T[E [cosh(R e) -1 cos'h(R —g) 0 /

sinh(R) sinh(R) \

3
<5——>Jde
f 2 ]T[S cosh(R — e) N
COS sinh(R) de

d+h

f\f(b 1)\/: cos (1115) COSS;(f(R)S) de

ik
e

\/} cos<]le§>smh<R dg) jE“sin(%)cosh(R—\/iE) cos(j:djg)s h(R %)
(b—l) 2R ( 3 k/ k K/ _ k 7

[E] 1 sinh(R) sinh(R) sinh(R) +
R
jEﬂsin<j;;d\/+;>cosh<R —d—jgl)
13 13
e ) (Eq. S.29.)

ol e oo vt - oot (-5
k k
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cosh(R — ¢) cosh(R &) |
_f smh(R) et

b 1 cosh(R — s)d
b-1 R sinh(R) ¢

QU
b~y

+

QU
|§ﬂ

J

D
k
+1R2
R 3
_ L, 1R?
= rY (73
cosh(R) . d+h . d d d+h
+(b—1)\£(s h (R sinh F — sinh ﬁ + cosh ﬁ — cosh g )
k k k k

5.30.)

We also calculated F;(7):

For the model assuming a finite domain with a sink at € = R:

F(@) = -
AT
R

For the model assuming a finite domain with no flux at ¢ = R:

56



e
P}(T):_ 2 | D

And if ; = 0:

We obtained the original function:

For the model assuming a finite domain with a sink at ¢ = R:

C(e, ) = [C3(e,T) — (e —R)e"] e "
C(e, 1) = [C3(e,T)e™ " — (e — R)]

For the model assuming a finite domain with no flux at € = R:

g2 ~
Clg,1) = [Cg(e,r) — <e—ﬁ>e ] e

Clg,1) = [Cg(e, T)e " — <e — ﬁ)]

We calculated the recovery of the average concentration f(t) in the bleached region. To achieve

that we used the original coordinates x and t instead of the normalized ones € and t:

1 d+h
f) = EL C(x,t)dx

For the model assuming a finite domain with a sink at € = R:
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Thus, the expression of the recovery curve (f(t)) for the model assuming a sink boundary condition

at =R is as follows:
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3 (Eq. S.31.)

With f; defined in Eq. S.28.

For the model assuming a finite domain with no flux at € = R:

f() = C(g t)de

=S5
\‘
mlﬁm‘z

wl%
”'t":‘%\&

f®) =

f li (e IR T

0 m(s)

kt 1 kt 2
+zv(x)e Yl s [ S A B g (8_8_” de
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Thus, the expression of the recovery curve (f(t)) for the model assuming a no flux boundary

condition at £= R is as follows:
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/

With f, defined in Eq. S.30. and f; defined in Eq. S.29.
Finally, the expression or the recovery curve (f(t)) predicted by the infinite-domain model as

calculated by Kicheva and collaborators (3) is as follows:

f@® =

Dt+(d+h)\/%

(et
P Y

_d+h [

+ (b -1e % \/%((p—



D
Dt+h x

erf(ﬁ)+e o—e

R

sl

erf (2%/&) +erf (#ﬁ) +erf (%) —e

D VDt —D VDt h |——2Dt —D h %+2Dt

o
exerf|Y=|+e * erf| = |+ererf|X—"]—e F erf| X— |+
IE I o o
pt+h B2 |2 h h
M d\/%+Dt ﬁ (d+h)J%+Dt \_E (2d+h)\/%+2Dt
e 13 —erf —evVkerf| ———— |+ | 1+ ek |erf| —————
VP [2 vz [2 25t [2

2d+h
erf (ND_t) (Eq. 5.33.)

Where erf(x) is the error function of x and ¢ is the immobile fraction. In this work we have

obtained the solution for a finite tissue when ¢ = 0 (no immobile particles).

erf (iil/;_}:) +
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8. Error of assuming an infinite domain instead of finite one in the steady state calculations.

We defined the error of using the infinite model in the steady state (E) as:

- e ¢ et
E(€) = |Cosinpinite (€) = CSSfinite(€)| = |e £ - (1+e—_2R - m)| (Eq. 5.34.)

We defined the accumulated error of using the infinite model in steady state (E,..) as the integral
over the tissue of the error of using the infinite model in steady state (Eq. S.35.) divided by the

length of the tissue. For the model assuming a finite domain with a sink at ¢ = R we obtained:

__ (1-tanh(R))x*sinh(R)
- R

Eqe(R) = % [ E(e)de (Eq. S.35.)

Where tanh(R) is the hyperbolic tangent function of R and sinh(R) is the hyperbolic sine of R.

For the model assuming a finite domain with a no flux at e = R we obtained:

_ - cosh(R-¢)
E() = |Casinginize(€) = Cosiniee (©)| = |67 — T (Eq. 5.22.)

And:

sinh(R)—cosh(R)

Eqce(R) = 7 J; E(e)de = — (Eq. 5.23.)

Where cosh(R) is the hyperbolic cosine function of R and sinh(R) is the hyperbolic sine of R.
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9. Comparison between the computational efficiency between numerical and analytical

solutions.

Multiscale computational models that involve morphogen gradients, encoded in a reaction
diffusion scheme [4,5,6], combine different coupled scales, which may lead to long simulation
times. Typically, this scheme is numerically implemented. Therefore, we wondered if our new
analytical solution could improve the efficiency, compared to a numerical approach. To achieve
that goal, we compared the computational time needed to obtain the morphogen concentration

using the analytical solution with respect of the numerical solution.

We used domains of lengths R =0.1, R =1 and R = 10 and calculated the concentration of

morphogen at each position in the tissue at times T = 0.1, T = 1 and T = 10. We discretized the

domain in 100 equal parts of length %.

For the analytical solution, we first determined the optimum number of terms in the sum. To that

end, we asked that:

jmax+1 jmax
I ajen -2l  ajlen)

jmax _
Yz ajen)

(Eq. S.36.)
With a;(e, T) obtained from C (e, 7) = X%, a;(&, 7). In this way, adding more terms above jmax
has little impact on the solution. We chose ¢ equal to 0.00001.

For the numerical solution, we performed a finite difference simulation. We chose the length of

R 2
(_)
— \o00

. A . —_ . .
the time step as At = % = to avoid oscillations in the solution [7].

Our calculation of the analytical solution is faster than the numerical implementation (Table S1).

We observed that, for small values of R, the time needed to run the numerical simulations is
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. . Ax? .
larger. The time step At must meet the condition that At < % Thus, for small values of R, Ax is

small and consequently At is even smaller. This leads to an increase in the number of time steps

needed to perform the simulation.

Analytical solution

Numerical Solution

R=0.1 R=1 R=10 R=0.1 R=1 R =10
7=0.1 0.002 sec 0.003 sec 0.002 sec 81.454 sec 0.831 sec 0.010 sec
7=1 0.004 sec 0.005 sec 0.005 sec 815.204 sec 8.355 sec 0.084 sec
T7=10 0.007 sec 0.008 sec 0.007 sec 8150.534 sec | 81.688 sec | 0.822 sec

Table S1. Comparison between the computational time needed to perform the simulation using the numerical and

analytical solution for the concentration as a function of space for different times with different domain length (R).

The simulations were performed in python in an Intel Core i7-7700k with 16 GB of RAM and can be found in [8].
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