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Abstract. The Banach space U(u) of uniformly convergent Fourier series with re-
spect to an orthonormal polynomial sequence with orthogonalization measure p supported
on a compact set S C R is studied. For certain measures pu, involving Bernstein—Szego
polynomials and certain Jacobi polynomials, it is proven that U(u) has the Pelczynski
property, and also that U(u) and U(u)* have the Dunford—Pettis property.

1. Introduction. Let S C R be a compact infinite set and p be a Borel
measure on R with u(R) = 1 and supp u = S. By Gram—Schmidt procedure
there exists a unique sequence {p,}>2 of algebraic polynomials such that
\Pnpmdp = 6y m, degp, = n and p, has a positive leading coefficient.
We call {p,}52, the orthonormal polynomial sequence with respect to p. In
particular, we have pg = 1. It is well-known [2] that there holds a three-term
recurrence relation

(1.1)  app(x) = Mpt1Pn+1(x) + Bupn(x) + Appn—1(z)  for all n € Ny,

where p_1 = 0, {\}020, {Bn}22y C R are bounded sequences, A, > 0 for
all n € N and g is arbitrary.
As usual, let

(1.2) C(S)={f:8— C: f continuous}

with norm || f|jcc = sup,eg |f(z)|. The formal Fourier series of f € C(S) is
given by

(1.3) fNanpnv
n=0
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where the Fourier coefficients are defined by
(1'4) fn:Sfpnd:u'

By the Weierstrass theorem the polynomials {p,}5°, form a complete or-

thonormal system in L?(11), therefore the coefficients f,, determine the func-
tions f € C(9).
The Nth partial sum of the formal Fourier series of f € C(S) is given by

N
(1.5) Dn(f) = fapn.
n=0
Let
(1L6)  US.) =U() = {feC(S): lim |Dx(f) = flloe =0}
denote the subspace of C'(S) with uniformly convergent Fourier series. Then

(1.7) Ifllv = sup [[Dn(f)lloo
N€eNy

defines a norm on U(u), which we call the U-norm. It is well-known that
(U(w), || |lr) is a Banach space (see [17, Proposition 3.1]). Obviously,

(1.8) [flloo < lfllo for all feU(p).

If S =Ja,b], then U(u) C C(S) (see [4]). But there are discrete S such that
U(p) = C(9) (see [10, 11,12, 13]). In such a case the open mapping theorem
yields the equivalence of the norms, i.e. there exists C' > 0 such that

(1.9) Cllfllv < [[fllc < Ifllz for all f € C(S).

But in general, less is known about the Banach space (U(u), || ||). For inves-
tigating U(u) later on, the following lemma is of fundamental importance.
The proof is based on ideas of [16].

LEMMA 1.1. Let (U(w), ||||v) be a Banach space of uniformly convergent
Fourier series with respect to an orthonormal polynomial sequence. Then
there exists a compact Hausdorff space K and an isometry J from U(u) into
the Banach space C(K) of complez-valued continuous functions on K.

Proof. Since
Sq¢={1/n:n e N}U{0}
with the topology induced by the topology of R is a compact Hausdorff
space, So is
K= Sd x S
with the product topology. For ¢ € C(K) set
fo—1(z) = p((1/n,x)), neNU{x},zebs.

Here we assume that 1/0o = 0 and oo — 1 = oco. Then f,, € C(95) for all
n € Ng U {oo} and f, converges uniformly to foo as n — oo. The other



PELCZYNSKI AND DUNFORD-PETTIS PROPERTIES 3

way round, if f, € C(S) and {f,}52, converges uniformly to foo € C(5) as
n — oo, then p((1/n,z)) = fn_1(x), n € NU{oo}, x € S, defines a function
in C(K). Thus C(K) is isometrically isomorphic to the Banach space

Cseq = {{fn}rneo : fn € C(S) and {f,}52 is uniformly convergent},

where the norm on Cieq is given by [[{fn}n2ollCeeq = SUPnen, || frlloo- If we
denote the isometry from Cgeq onto C'(K) by Jo and the isometry from U (u)
into Cyseq by J1, which is defined by Ji(f) = {Dn(f)}r>g, then

J = JQ e} J1
is an isometry from U(u) into C(K). =

For the investigation of U(u) we focus on boundedness properties of
orthonormal polynomial sequences.

2. Boundedness properties of orthonormal polynomial sequences.
In this section we deal with measures p which give rise to special boundedness
properties of the sequence {p,}°2 .

DEFINITION 2.1. Let {p,}>2, denote the orthonormal polynomial se-

quence with respect to . It {[pa 1 ||oo/HPnHoo 2o and {|[pnlloo/[|Pnr1lloc }o=
are bounded sequences, then we say u has pmperty (PB). If {|| anoo}n:O is
bounded, then we say p has property (B).

Notice that ||pn|lec > 1 for all n € Ny and therefore property (B) implies
property (PB). The following lemma is fundamental to the achievement of
our goal. Let P denote the set of polynomials in one variable with complex
coefficients.

LEMMA 2.2. If p has property (PB), then PU(u) = U(u).

Proof. Let f € U(p) and let ¢, = § fpy, du denote the Fourier coefficients
of f with respect to the orthonormal polynomial sequence {p,}5>,. By .
the Fourier coefficients of = f(x) are given by d,, = ¢p—1An+cnfBn+Cnt1An+1,
and

N N
2y eapn(®) =D caAns1P41() + Bupn () + Aupn-1(z))
n=0 n=0

N+1 N N-1

= Z Cn—l)\npn(x) + Z Cnﬁnpn(x) + Z Cn+1)\n+1pn(x>
n=0 n=0

= Z dnpn(2) + AN41(enpr+1(2) — eni1pn(2)).
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Thus

N

| @)= 3 dupn(@)]| _ <sup e 17 =Dx(HllsotAnsllenprs—enspn e
n—=0 fAS

and

Antillenpnt1 — eng1PN oo

= |[zDn (@) - idnpnmum
n=0

< supa [Dn(f) ~ o + |2 (x) - S dupn(@)]|_-
TE n=0 o

Hence, the Fourier series of x f(z) is uniformly convergent if and only if

lim |[enpn+1 — eN41PN|loo = 0.
N—o00
As limpy 00 |lenpN |loo =0, by property (PB) we get imy 00 [[cNPN 4100 =0
and limy 00 [[CN4£1PN]loo = 0. =
Let us give some examples of measures p with properties (PB) and (B).

ExXAMPLE 2.3. The Jacobi measure
2008+ N+ 1)I(B+ 1)

is supported on [—1,1]. If =1 < a, § < —1/2, then p(*#) has property (B),
whereas in the case @« > —1/2 or f > —1/2 the Jacobi measure has only
property (PB) but not (B) (see [I8, Theorem 7.32.1]).

(1-2)*(1+2)%de, «,B>-1,

dp

EXAMPLE 2.4. Let ¢ € P with ¢(x) > 0 for all x € [-1,1] and
1

Cy= ([ (1= 2q(a) " do)

-1

Then
dpig() = Cyl1 — 2%) " 2q(2)da

is called the Bernstein—Szegi measure with respect to q (see [18 (2.6.1)]).
The Bernstein—Szegd measure has property (B) for any ¢ (see [§]).

3. The Pelczynski property with respect to U(u). For notations
and definitions in this and in the next sections we also refer to [9]. Let X and
Y be Banach spaces. A series )z, in X is called weakly unconditionally
convergent if the series ) | x*x, is absolutely convergent for all 2* € X*, and
a continuous linear operator T': X — Y is called unconditionally convergent



PELCZYNSKI AND DUNFORD-PETTIS PROPERTIES 5

if it maps weakly unconditionally convergent series to unconditionally con-
vergent ones. An immediate consequence of a result of Orlicz [14] is that every
weakly compact operator T' is unconditionally convergent. The converse was
introduced by Petczynski [15] as property (V). In honor of Petczyriski the
following definition was made.

DEFINITION 3.1. A Banach space X is said to have the Petczyriski prop-
erty if every unconditionally convergent operator 7" : X — Y is weakly
compact.

There are other characterizations of the Pelczyriski property (see [16,
Proposition 1.1]). For instance all reflexive Banach spaces and the Banach
space C(K) of continuous scalar-valued functions on a compact Hausdorff
space K have the Pelczyniski property [15]. Hence, if U(u) = C(S), then
U(p) has the Petczynski property.

The main result of Saccone |16, Theorem 2.1] is that so-called tight sub-
spaces of continuous function spaces have the Petczyniski property.

DEFINITION 3.2. Let K be a compact Hausdorff space and X C C(K)
be a closed subspace of the space of continuous scalar-valued functions on K.
Then X is said to be a tight subspace if the operator T, : X — C(K)/X,
© — oy + X, is weakly compact for every v in C(K).

Now, the following theorem holds.

THEOREM 3.3. If u has property (B), then U(u) has the Petczyriski prop-
erty.

Proof. We are using the notations and definitions of the proofs of Lem-
mas and Set X = J(U(p)) and Xgeq = J1(U(p)).

By [16, Theorem 2.1] it is sufficient to prove that X is a tight subspace
of C(K). For that purpose let

T,: X =-CK)/X, ¢—=ey+X,
where v € C(K) and
Y = {y € C(K) : T, is weakly compact}.
It is known that Y is a closed subalgebra of C(K) (see [16, p. 151]). Hence, by
the Stone—Weierstrass theorem it remains to prove that there is a self-adjoint
subset of Y which separates the points of K.

Let ¢ = {0k} € Cseqs k € No, and ¢ = {2}72 ) € Cyeq, Where 0,1
in ¢ stand for the corresponding constant functions, and x in ¢ stands for
the identity function on S. It is easy to show that {Ja(¢y) : k € No U {oo}}
is self-adjoint and separates the points of K.

Now, we may study the corresponding operators T, and Ty on Xgeq.
Notice that f € U(p) if and only if {D,,(f)}22) € Xseq-
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For k£ € Ny we have
T, ({Dn () }nzo) = {0knDn(f) Frzo + Xseq-

Hence, Ty, is of finite rank and therefore weakly compact.
If £ = o0, then

Tso {Dn(f) }nz0) = {2Dn(f) }nZo + Xseq
= {Ant1(ent1pn — i) nzo + {Dn(@ f)}nZo + Xseq
= {A\ns1(Cnt1Pn — cnPns1) hoeo + Xseq

(see the proof of Lemma [2.2)).

Since the canonical quotient map Cseq — Ciseq/Xseq 1S continuous and the
composition of two continuous operators is weakly compact if one of them
is [9, Proposition 3.5.11], the problem is reduced to proving that

Ve Xseq — Cseqa {Dn(f)}ﬁ'o:o = {)‘n+1(cn+1pn - Cnpn-i-l)}?Lo:O’

is weakly compact.

The continuity of the operators (U(u),| [lv) = (U(w),||lle), f — [,
and (U(p), || lo) — L?(p), f + f, in conjunction with Plancherel’s theorem
yields the continuity of the operator

H:(U), llr) = €, f e {ea}nlo:

Moreover, since ¢? is reflexive, the operator H is weakly compact (see [J,
Proposition 3.5.4]). The assumed boundedness of {||pn|loo}5o, implies that
the operator

W £2 — Cseqa {fn}zozo = {)\n+1(€n+1pn - énpn—&—l)}%o:m

is well-defined and continuous. Since we may identify U(u) with Xeeq, the
operator V.= W o H is a composition of a weakly compact operator and a
continuous operator and therefore is weakly compact itself. m

The proof goes along the lines of the proof of [16, Theorem 4.1(b)]. We
should mention that the functions given in the proof in [16] do not really
separate the points, but this drawback can be eliminated easily as we have
done in our proof here. The main reason why we can apply the ideas of [16]
is Lemma above. Also note that our results imply that if u has prop-
erty (B), then U(u)* is a so-called separable distortion of an L'-space (see
[16, Section 3|).

4. The Dunford—Pettis property with respect to U(u) and U(u)*.
Another Banach space characteristic which attracts attention is the so-called
Dunford—Pettis property. Note that a sequence {x,} in a normed space
(X, [ is called weakly null if lim,,_,oo 2*z = 0 for all * € X*, and norm
null if limy, o0 ||zn || = 0.
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DEFINITION 4.1. Let X and Y denote two Banach spaces. An operator
T : X — Y is said to be completely continuous if it takes weakly null
sequences to norm null sequences. The Banach space X has the Dunford—
Pettis property if every weakly compact operator T : X — Y is completely
continuous.

There are other characterizations of the Dunford—Pettis property (see [9]
3.5.18]). A well-known Banach space with the Dunford—Pettis property is
the Banach space C(K) of scalar-valued continuous functions on a compact
Hausdorff space K (see [0]). If the dual space X* of a Banach space X has
the Dunford—Pettis property, then so does X (see [0, Exercise 3.60]). By the
Gelfand-Naimark theorem [5], C'(K)** is isometrically isomorphic to C'(X),
where X' denotes the maximal ideal space. Thus, as a simple consequence,
C(K)* and any higher dual space of C'(K) have the Dunford—Pettis property.
Hence, if U(u) = C(S), then U(u), U(p)* and any higher dual space have
the Dunford—Pettis property.

Note that in the following the adjoint operator of an operator T is denoted
by T* and the adjoint operator of T* is denoted by T™*. In order to check
whether an operator T is completely continuous, one can use the following
lemma (see [16, Lemma 4.3]):

LEMMA 4.2. Suppose that (X, | [|x), (Y, | |ly) and (Z,||||z) are Banach
spaces and let T : X — Y be a continuous linear operator. Further let
W . X — Z be a weakly compact operator such that W** is completely
continuous. If limy oo ||Txn|ly = 0 for any bounded sequence {x,} C X
with limy, o0 |Wayn|lz = 0, then T** is completely continuous.

Basing on the assumption that X is a closed subspace of C'(K), Cima
and Timoney [3] used methods provided by Bourgain [I] to check whether
X or X* has the Dunford—Pettis property. The following lemma holds (see
also [16]).

LEMMA 4.3. Let K be a compact Hausdorff space and let X be a closed
subspace of C(K). Set
(4.1) Xy ={y € C(K) : Ty is completely continuous},
(4.2) Xp={y € C(K): T is completely continuous}.
Then Xy and Xp are closed subalgebras of C(K). Moreover, if X = C(K),

then X has the Dunford—Pettis property, and if Xp = C(K), then X* and
X have the Dunford—Pettis property.

The above X}, and Xp have been introduced in [3] and called Bourgain
algebras. With regard to T’y see Definition Now, we are able to prove the
following theorem.
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THEOREM 4.4. If p has property (B), then U(u) and U(p)* have the
Dunford—Pettis property.

Proof. Again we refer to the notations and definitions of the proofs of
Lemmas and As in the proof of Theorem we set X = J(U(u))
and Xeeq = J1(U(p)).

Let m be the positive measure on K defined by m({1/n} x §) = 0
for all n € N and m[ygyxs = p. It can be shown easily that the natural
embedding W : C(K) — L1(K,m), ¢ — ¢, is weakly compact. Thus, by
Cantmacher’s theorem [9, 3.5.13], W** is weakly compact too. Since C'(K)**
has the Dunford-Pettis property, W** is completely continuous.

The restriction W = W]y is also weakly compact. Note that X** is
isometrically isomorphic to the closed subspace (X*+)+ c C(K)** (see [9,
1.10.15, 1.10.16, 1.10.17]), where * denotes the annihilator. Hence, we may
identify W** with V~V**\( x1yt, which implies W** is completely continuous.

The operators Ty, , k € Ng, are bounded and of finite rank. Hence, they
are compact (see [9, 3.4.3|). Therefore, by Schauder’s theorem [9] 3.4.15] the
operators Tq’;:, k € Ny, are compact too and by [9], 3.4.34| they are completely
continuous.

Let V @ Xgeq — Cseq; {Dn(f>}7%o:0 = {)\n+1(cn+1pn - Cnpn-i—l)}zozo- By
property (B) we have

VD ()i nZo)llceeq = sup ([Antal[[ent1Pn = capniilloo)

n€eNp
< 2 sup [Apy1l| sup [|palloc sup |exl
neNp neNy neNp

<M\ |fldp=M\|J(f)|dm forall f e U(n).
S K
Therefore, we can apply Lemma which implies that T$; is completely
continuous. Finally, Lemmald.3]and the Weierstrass theorem [7] (7.34)] imply
Xp =C(K), and so X* and X have the Dunford—Pettis property. =
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