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ARTICLE INFO ABSTRACT

Communicated by Gétz Pfander The recovery of multivariate functions and estimating their integrals from finitely many samples
is one of the central tasks in modern approximation theory. Marcinkiewicz-Zygmund inequalities

1?\’28(?5:5 provide answers to both the recovery and the quadrature aspect. In this paper, we put ourselves

41A17 on the g-dimensional sphere SY, and investigate how well continuous L,-norms of polynomials

43A90 f of maximum degree n on the sphere S can be discretized by positively weighted L,-sum of
finitely many samples, and discuss the distortion between the continuous and discrete quantities,
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1. Introduction

A typical problem in science is to develop a model for a hidden process from observational data. More precisely, we are given
a set of measurements {(x;, f),...,(xy, fn)}, where we assume that the set of sampling nodes E = {xl s X N} is a finite subset
of a compact metric measure space X with measure ;4 and metric p. The vector of sampling values S(f) = (f},..., fy) has real
or complex components. It is usually assumed that the data generating process can be described by a complex-valued function f
defined on X, viz. f(x;) = f;, or at least f(x;) = f;. In order to develop a mathematical method to approximate the function f
from its samples it is necessary to make suitable assumptions regarding the nature of f. That is, we assume that f belongs to a
(smoothness) function space at least embedded into C(X) in order to make function evaluation available. The question of which
function space is suitable is not primarily a mathematical problem but depends more on the specific application. The mathematical
problem is to determine an approximation P € Il,, to f from the given data with a certain accuracy, and to give error bounds for
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this approximation. A common strategy is to project f onto this finite-dimensional subspace I1,, spanned by the first M elements
of an orthonormal basis {¢,, I neE N} of L,(X,u) by only using the above mentioned discrete information. This is usually done
by interpreting the discrete information as “noisy” samples of a model function f €II,, and using a least squares approach for the
recovery of the coefficients as soon as the sampling operator S : I1,, — CN, s(P) = (P(xy), ..., P(xp)) is bounded and boundedly
invertible on its range, i.e.,

e 1P, < ISPy pen < lIPIl, 1.1

for all P €11y, where 0 <¢; <¢;, 1 <p=<oo, |||l ,cn is a certain weighted discrete L,-norm on CV, and II-l, is the L,-norm
on X.
The present paper is concerned with such inequalities on the g-dimensional unit sphere X = S? in R?*!. Broadly speaking,
inequality (1.1) is about the discretization of L,-norms on 11/, i.e., polynomials on S$¢ with maximum degree #, using point samples.
Inequalities of this type have been considered by Marcinkiewicz and Zygmund in their seminal paper [25] in relation to interpola-
tion problems for functions defined on the torus X = S! (resp. 2nt-periodic functions) on equidistant nodes x ;=J/N.More precisely,
the authors of [25] proved that for every trigonometric polynomial P of maximal degree n and every 1 < p < oo the following chain

of inequalities holds

1
N » N
a —s)<% > |P<x,)(”> <IIPll, <1 +e><% > 1P<x,->\”)
j=l il

provided that the number N of sampling points is strictly greater than (1 + é)Zn for some € > 0.

Our results cover variants of this Marcinkiewicz—Zygmund inequality for both scattered (i.e., deterministically given) sampling
points and randomly chosen ones. For scattered data on the g-sphere SY, we establish the following L,-result by applying Riesz-
Thorin interpolation to the boundary cases p=1 and p = co. Here L,-norms are computed with respect to the surface area measure
g of S7, and the weights in the discretized norm are given by the surface areas of the patches Z; of a partition of S9, to each of
which exactly one sampling point £ € E belongs. (This one-to-one correspondence is roughly what we mean by saying that (&, Z) is
a compatible pair.) The geometry of the partition enters through the partition norm || Z||, i.e., the maximum geodesic diameter of its
patches. In a sense, Theorem 4.1 can be considered a generalization of (1.2) on the g-sphere, which provides exact constants.

1
P
s

1.2)

Theorem 4.1. Let n € (0, 1), and let (E, Z) be a compatible pair consisting of a finite set E C SY and a partition Z of S9. Assume that

6C,(n+gH)IZll<n
with C, = 39/2 7+ 2q + 3. Then, for dll p € [1,00] and every P € T1, we have

1

p
(A= IPl,,, s(Z 1y (Zy) IP(é)I"> <A+mIPl,,,-
{=c)

This theorem has an interesting consequence which we state in Corollary 4.7 below. Namely, if N > dim(HZ)n"’ , then we find a
set 2= {61, E N} of sampling points on S? such that the equally weighted Marcinkiewicz—-Zygmund inequality

1
@, N p ?
=mlPl,,, < NZI‘P"’V)‘ <A+ IPl,,,
£

holds true simultaneously for all p € [1,c0] and P € I1]. The number N of sampling points therefore scales at most like 779 with
respect to the parameter 5 € (0, 1).

For p =2, this dependence can be improved to #~2 by using randomly drawn points at the expense of an additional logarithmic
factor in the dimension of the vector space IT.. More precisely, we show the following L,-version of the Marcinkiewicz-Zygmund
inequality for sampling points drawn independently and identically distributed according to the normalized surface area measure o,.
As in [4] the problem boils down to the analysis of the extreme singular values of random matrices created from the orthonormal
basis of the subspace evaluated at random points. It has been already observed in the 1990s that a logarithmic oversampling allows
to control the singular values of random matrices, see for instance [30]. Here we use the more recent result by Tropp [33] together

with the (3.4) which allows to consider complex random matrices and control the involved constants.

Theorem 3.2. Let n,¢ € (0, 1). Suppose &,,...,Ey € SY are drawn i.i.d. according to oy If

N 3dim(T17) log 2 dim(T1) ’
n? €

then with probability exceeding 1 — € with respect to the product measure P = U(;X)N , we have

2
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1 < 2
2 2
A=nlPE <~ X |[PE)| <a+miIPI ,
Jj=1
for all P €TIL.

Also note that the addition formula (2.1) together with (3.4) implies a (2, o0)-Nikolskii inequality which allows to utilize the
results in [18, D.15] and [32, Section 6].

The last main result of the paper at hand is a combination of our deterministic Marcinkiewicz-Zygmund inequality in Theorem 4.1,
the well-known coupon collector problem from probability theory [11, p. 36], and partitioning results for S [22, Theorem 3.1.3].
This leads us to the following L,-Marcinkiewicz-Zygmund inequality for sets of random sampling points and 1 < p < co.

1

Theorem 5.2. Let n,q €N, 5,e € (0, 1), @y 1= py(S9), ay 1= 8<:}>i> q, and C, = 34/271+2q + 3. Choose N € N large enough such
q—1
that

N T4 2
6C _— .
q“q<4log(N>> (nra<n

Draw points &, ..., ¢y € S7 i.id. according to 6,. Then with probability > 1 — % with respect to the product measure P = U?N , there exists
weights wy, ... ,wy > 0 such that 27:1 w; =1 and

N P
(1—n>||P||5q,ps<2w,1P<5,-)1") <U+mlIPl,,,

forall pe[1,00] and all P €11,

The original Marcinkiewicz-Zygmund inequality (1.2) has been generalized in many directions as to univariate and multivariate
algebraic polynomials, to non-equidistant, scattered, or random samplings point sets, and to general manifolds. These generalizations
have many applications in various fields in applied mathematics such as interpolation and approximation, quadrature and optimal
design, sampling theory, and phase retrieval. The number of papers dealing with approximation problems on the sphere related to
Marcinkiewicz—Zygmund inequalities is too large to present an exhaustive list here, exemplary we mention the papers [2,3,6-9,12—
16,18,20,21,23,24,26,27,31,32]. An elaborate discussion on the various relationships in the literature is given by Grochenig [17]
and by Kashin et al. [18].

The reason for revisiting the problem of the Marcinkiewicz—Zygmund inequalities on the unit sphere S? in this paper is at least
twofold. First, classical proofs of the Marcinkiewicz-Zygmund inequalities for cases p =1 and p = oo are based on the Bernstein
inequality. To get the intermediate cases 1 < p < oo, commonly a Riesz-Thorin interpolation argument has been employed, see, e.g.,
[19, Theorem 1] and [27, Theorem 3.1]. However, there is a pitfall in this argument. The space I} does not contain the simple
functions and therefore the use of the Riesz-Thorin interpolation theorem is not justified. The authors of [13] found a workaround
to this problem in a rather abstract way. In the paper at hand, we present a more direct solution to this problem by constructing
an operator related to the Marcinkiewicz-Zygmund inequalities which is defined on the entire space L, and for which the Riesz-
Thorin argument is justified, see Theorem 4.1. Second, we derive probabilistic Marcinkiewicz-Zygmund inequalities in Theorems 3.2
and 5.2. These are to some extent easier to set up because unlike in the deterministic version, no partition of the sphere is required.

We have organized the paper as follows. We start by collecting some basic material regarding the analysis on the g-dimensional
unit sphere in Section 2. Section 3 is devoted to a first look to Marcinkiewicz—Zygmund inequalities for sets of random sampling
points in the special case of L,. The entire Section 4 is concerned with the proof of the Marcinkiewicz-Zygmund inequalities for
deterministic sets of scattered sampling points for L,, 1 < p < co. In Section 5 we consider the case of random point sets again and
we show how to derive L,-versions of the desired inequalities for those sampling sets and 1 < p < co.

2. Preliminaries

We start with some notation and basic results on harmonic analysis on the sphere, which can be found, e.g., in [1]. Let ¢ > 2 be
an arbitrary but fixed integer. The g-dimensional unit sphere S¢ embedded in R9*! is the set

s'={xeR™" : |x|,=1},

where |x|, denotes the Euclidean norm of x € R9*!. For the inner product of two vectors x,y € R9*! we write x - y. The geodesic
distance on S? is given by d(x,y) = arccos(x - y). It defines a metric on SY. The surface measure on S? will be denoted by Hq and we
assume that

q+1

22
q+1 -
(et

H(ST) = P,
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The spaces L,(S9) := L,(S7, u,) are defined as usual. The inner product on the Hilbert space L,(SY) is given by

(f.8)= / F0)g(x)dp,(x).
S4q

Recall that using polar coordinates the kth component of the vector x € S$4 satisfies

q e —
szl sin(6;) ifk=1,
X = cos(ek_l)Hj:k sin(f;) if2<k<gq,
cos(6,) ifk=q+1,

where 0, € [-m, 7] and 6,, ... ,Gq € [0, 7t]. In polar coordinates the surface measure reads as

q
du, =[] sin@)*" d6, =sin©,)7~" o, du,_,,
k=1

or equivalently

dug = wy (1) drdu,_y,

with the Jacobi weight function w,(N=(1- t2)%_1 and 1 = cos(8,).
According to the weight w, the spaces qu,p([—l, 1D := Ly([-1, 1], w, (1) dt) are defined in the usual manner. Using the above
decomposition of dy, it can be easily seen that for any ¢ € qu,l ([-1,1]) and any y € $4

1
/ P(x - Y)dpy(x) =,y / P(Ow,(1)dt.
NI —1

Let n > 0 be a fixed integer. The restriction of a harmonic homogeneous polynomial of degree n to S is called a spherical harmonic
of degree n. Spherical harmonics of degree at most n form a vector space ITJ. The vector space of spherical harmonics of degree equal
to n shall be denoted by H,.. The spaces H, are mutually orthogonal with respect to the inner product on L,(S7) and, moreover, we
have the following decomposition IT{ = @;=0 H;. Clearly, the spaces H; are finite-dimensional and the dimension of IT! is given by
the sum of the dimensions of the spaces H?, # =0, ..., n. More precisely,

dim(H?) = Q+a=DC+a=2) _ ) dimmd)= 3 hy@) =1 dy(n).
=0

21 (qg—1)!

The dimension dim(IT) of the space IT/ is therefore asymptotically equivalent to n9. Let {Ymk tk=1,... ,hq(n)} be an orthonormal
basis for 7. The following relation of the basis elements Y, x to the ultraspherical polynomials, known as the addition formula, is
of fundamental importance to our analysis

hy(n) _ hq(f’l) (%_1,%_1)
D YY) = —— R, (x-y), @.1)
=1 g

11,41 1-1,4-1
where RS,Z 2V is the ultraspherical polynomial corresponding to the weight w, and normalized such that Riz 2 )(1) =1. The
addition formula, the orthogonality relation

(4-1,4-1) (4-1,4-1)
/ R 7 "OR,; 7 O w,(ndt=
-1

q
6" m
@y hq(n) ’

and the subsequent properties of these polynomials can be found in [10, Section 1.2]. In order to simplify the notation we will write
. (G-14-D
R, instead of R,> % .

The space L,(S7) can be decomposed in terms of the spaces H, as

LySH=ct @ Hi=ct span{¥,; : neNy, k=1,....h,m)}.
neNg
Consequently, the orthogonal projection of f € L,(S7) onto M, reads as

P hy(n)
PAS0= 2 (7 KoY Yo =52 [ £0) R ) a0,
k=1 q Sa

@

4
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where the second identity is an implication of the addition formula (2.1). The orthogonal projection onto the space I1/ is therefore
given as

S0 =Y Pfx)= —— / SOIK, G- 3.1 dug(),
=0 “o-14,
where
K,t)=Y IR ll;” R R, (") (2.2)
k=0

is the Christoffel-Darboux kernel for the ultraspherical polynomials and || R, ||, = ( /-_11 |R,c(t)|2 dt)%. In order to simplify our notation
we will write K, (1) for K,,(¢,1).

In the one-dimensional case, i.e., on S' = T = R/2nZ, the (2n + 1)-dimensional polynomial spaces l'Irll = T'(n) consists of the
trigonometric polynomials f : T — C, f(x) = ZZH ¢ exp(ikx), where c_,,...,c, € C. The well-known Bernstein inequality for
trigonometric polynomials reads as follows, see [35, Theorem II.3.16].

Lemma 2.1. For p € [1,00] and P € T(n), we have

P71l , <nlIPlr,

where the L ,-norm of a function defined on the torus is given as

1
1l = {(<2ﬂ>-1 ST P )P 1sp<o, 05
! SUPxe[—m,m] | £ (0l if p=oo.

Analogously to Equation (2.3), we may define

1 .
A1, = { s 170017 auc) if1<p<e
’ u-esssup {|f(x)| : x€S} ifp=co,
and
» 1
D P :
Ixllen, =4 (i bol) Fl<p<es,
sup{|x1|,...,|xD|} if p=oco,
for any measure y on S9, f : S — C, and x = (x,...,xp) € CP.
For our analysis it will be necessary to consider partitions of S¢ and related sets of points. A family Z = {Zl,...,Z N} of

measurable subsets Z, C S7 is called a partition of S? if their interiors are pairwise disjoint, i.e., int(Z,) N int(Z,/) =@ for all
kK €{l,...,N}, and $7 = UkN=1 Z;. An element Z € Z is called a patch. A finite subset E of $7 is called compatible with the
partition if there is precisely one element of Z in the interior of every patch of Z, viz. En Z, = {£} for every k € {1,...,N}. We
will call the pair (E, Z) compatible if the set E is compatible with the partition Z and we will write Z, to indicate the patch from Z
which contains the element £ € E, see Fig. 1. There are two parameters related to E resp. Z which will be relevant for our analysis.
These are the mesh norm of E defined as

Sz :=max min d(x,y),
= xeS1 yeE

and the partition norm related to Z given by
[|Z]] :=max sup d(x,y).
ZeZ xyez

In view of the Marcinkiewicz-Zygmund inequality, we discretize a measure y on S? using the data of a compatible pair (&, Z) by
uE2) = Z;ea U(Z;)6;, where 5,(A) :=1,(&) denotes the Dirac measure at § € E.

Before we get to L ,-Marcinkiewicz-Zygmund inequalities for general 1 < p < co later, we have a look at the special case p=2
through the lens of random matrix theory in the next section. These proof techniques are tailored to the p =2 case, and yield a first
version of the Marcinkiewicz—Zygmund inequality for randomly chosen sampling points.
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Fig. 1. Example of a compatible pair (E, Z).

3. A first look at random points

In this section, we consider the following randomized setting. Denote by = = {51, ,§N} a set of points on S$¢ drawn i.i.d.

according to the normalized surface area measure o, = i Hq on SY. The aim is to provide a relationship between the number N of

q
samples, the dimension ¢, the degree n of the polynomials, and the parameter # € (0, 1) such that

N
2
A=nlPIE, <+ Y|Pe)| <a+nllPI2 ,., 3.1
Jj=1

holds with high probability for every P € IT.
To keep the notation simple we will write d instead of d,(n) for the dimension of ITZ. Let (ek)Z: . be an orthonormal basis of TI/
with respect to the inner product

(f.g):= / F(0)g(x)do,(x).
Sq
Parseval’s identity yields
1Pl 2 = llullca »

where P €I} and u = ((P, ¢;)){_,. Now consider

er(&) e - g€

L= : : . : s (3.2)
e1(En) eén) - ey(én)
and note that
d
(Luy; =Y (P, ey en(&) = P(&))
k=1
for j=1,..., N. Thus the inequality (3.1) can be rewritten as
2
1 2
A=mllull,, <|—=Lu|  <A+mlul,,. (3.3)
. W r s .

Obviously, the best possible constants 1 +# in (3.3) are given by the minimal resp. maximal eigenvalue of L I*L. In [28, Theo-
rem 2.1], Moeller and Ullrich proved the following concentration inequality for the smallest and largest eigenvalue of such random
Gram matrices. The result is based on Tropp [33].

Theorem 3.1. Let s, N, M €N, t €(0, 1), Q CR* a set, ¢ a probability measure on Q and (ek)f=1 be an orthonormal system in L,(€2,0).
Let &,...,&n € Q be drawn i.i.d. according to o, L = (e (& j)),]'vléi)l’ and P = ¢®N the product measure. Then the following concentration

inequalities for the extremal eigenvalues of % L*L hold
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Nlog((1 — )" >
D 2 )’
SUPyeq i |ek(x)|
Nlog((1+1)'+e) >

SUPxeq 21?:1 |ek(x)|2

[P’(/lmm<%L*L) <1- r) <D+ 1)exp<_

P(AmaX<LL*L) > 1 +t> <(D+ 1)exp<_

N

To apply this result to our case let s=¢g+1, Q=89 o= (P and let (ek)Z=1 be an orthonormal basis of the Hilbert space
W1, 2)-

To compute the expression sup,cgq Z‘Z=l |ek(x)|2, note that orthonormal bases of (IT, ||-|| %2) are obtained from orthonormal
1
bases of (ITZ, ||-|| uq.,2) by multiplying each element by the constant scalar a);. Using the addition formula (2.1) an easy computation

shows that

d n
2, v @+q-D(E +q-2)
,;Iek(x)l _d_f;o Z1(g— D) (3.4)

for every x € $9.

Theorem 3.2. Let 5, € (0, 1). Suppose &, ...,y € S? are drawn i.i.d. according to o4 If

3d,(n) 2d,(n)
> 5 10g<—> s
n €

then with probability exceeding 1 — € with respect to the product measure PP = a‘?N , we have

N
1 2
A=mIPI} <~ X [PE)| <a+nlPI; ,
j=1
for all P €TIL.

Proof. We will again use d for d,(n). Let (ek)‘,i:l be an orthonormal basis for (ITZ, ||-||,,q) and L := (e, (¢ j));v ,;il. By Theorem 3.1 and
(3.4), we have

- Nlog((1 —n)!~"e")
P(/lmin<NL L><1—;1)<dexp<—T (3.5)
and
|- Nlog((1+n)!+1e™)
P(/lma,((ﬁL L) >1 +n> <dexp(—+ } (3.6)

For € (0, 1), we have
2
max {log((1 =)' e, log((1 +m)'*"e ™} > L.,

. . Nnp? 3d 2\ . . Nn? £
so the right-hand sides of (3.5) and (3.6) are each < exp(—v). Note that N > pel log< ?) is equivalent to d exp(—v> <3 Thus

P(ﬂmin<%L*L> <1 —n) +P(Amax<%L*L> >1 +n)

N 2
<2dexp<—%>

<E.

This concludes the proof. []

Note that the statement of Theorem 3.2 holds verbatim for any direct sum @, H; for some index set J C N in place of IT},
with d (n) = dim(IT}) replaced by dim(P e, H;). Like in (3.4), this is due to fact that the addition formula for orthonormal bases

holds true for the summands H;, see again [15, equation (2.8)].
3d,(n) 2d,(n) .

:I’z log("T) points &,..., &y €S
and compute the minimum and maximum eigenvalues A;, and A, of the matrix %L*L. We repeated this 1000 times for different
degrees n of the polynomials and depicted in Fig. 2 the average minimum and maximum eigenvalues as well as the 1 and 99 percent
quantiles. According to our experiment those are safely within the range [1 — 5,1 + #] as stated by Theorem 3.2.

In order to illustrate Theorem 3.2 we fix ¢ =2, #=0.9 and £ = 0.01, randomly draw N =

7
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T T T T T
1.6 - *

IRETEEREEE

1.2 *

)\min-, )\max

0.8 |- n

NEEEIEREES

8 10 12 16 20 20 32 40 50
degree n of the polynomial

Fig. 2. Concentration of the minimum and maximum eigenvalues of the matrix ~ L*L for random sample sets &),...,&y €S? and different degrees n of the
polynomials. The number of sampling points N is chosen according to the lower bound in Theorem 3.2, where we have used the constants 7 = 0.9 and € = 0.01.
Displayed are the mean minimum and maximum eigenvalues as well as the 1 and 99 percent quantiles.

As a first step towards general p, we obtain the following statement when g =2 and p is even.

Corollary 3.3. Let n,€ € (0,1), ¢ =2, and let p € N be an even number. Assume &, ...,&y € S? are drawn i.id. according to o,. If

3d,(np/2) <2dq<np/2>>
> log >

,12

&

then with probability exceeding 1 — € with respect to the product measure P = GZDN , we have

a-nlPl <~ \P(: [ <a+mier, .
=

forall P €TI}.

Proof For abbreviation we put d = dq(np/2). Let (ek)i:l be the orthonormal basis (spherical harmonics) of the Hilbert space
,,p, 15 2). Since the product of two spherical harmonics of degree n; and n, belongs to the span of the spherical harmonics up to

degree ny + n,, cf. [34, Section 5.6.2], we have Ple H‘fw when P €T

Together with Theorem 3.2 this implies for N > = log( ) that

N
1 2|2 22
a=nell <5 Zlre) <an]ef]
with probability > 1 — € with respect to the product measure P = o-f’N . This is equivalent to the assertion. []

In order to obtain Marcinkiewicz—Zygmund inequalities for random sampling points and general p € [1, o0] we first reconsider
the case were the sampling points are deterministic scattered points on $9.

4. Marcinkiewicz-Zygmund inequalities for scattered data

In this section, we give a proof for a deterministic Marcinkiewicz—Zygmund inequality on S which holds for all p simultaneously.
Reasoning from the Riesz-Thorin interpolation theorem has been attempted in the literature several times, however (to our best
knowledge) always fraught with problems. The authors of [13] are aware of this issue and prove deterministic Marcinkiewicz—-
Zygmund inequality in a manifold setting by different means. The aim of this section is to provide a self-contained and rather
elementary proof for the sphere by proper use of Riesz-Thorin interpolation, which, in addition, simplifies some of the technical
calculations in [15,27]. The main theorem in this section reads as follows.

Theorem 4.1. Let n € (0,1), and let (E, Z) be a compatible pair consisting of a finite set 2 C S? and a partition Z of S4. Assume that

6C,(n+q) 12l <n

with c, 1=392 4 2q +3.
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Then, for all p € [1, 0] and every P € I1Z, we have

A=m P, , <IPl,Ez,<A+mIPI,

The proof of Theorem 4.1 is essentially based on a generalized de la Vallée Poussin kernel v, : [-1,1] = R, n €N, for the system
of ultraspherical polynomials which was defined in [15] as
K|, |(OK| 3, (D)
N E b
@, Ky, (M
L E

v, (1) =

>

where K, is the Christoffel-Darboux kernel defined in (2.2). The generalized de la Vallée Poussin kernel v, is a polynomial of degree
2n that reproduces polynomials P € ITZ, up to degree n viz.

P(x)= / P(y)v,(x - y) dug(y),
Sq

as it does the Christoffel-Darboux kernel K,,. Additionally, the kernels v,, n € N, have bounded qu’ {-norm

/|u Ol -2 (4.1)
and satisfy
2-a+l(| 2] 4 gy
sup |Un(’)| < L# < LM 4.2)
re[-1,1] @41 TG +D @y 1"( G +D

For the proof of these statements we refer to [15, Section 3.3]. We prepare the proof of Theorem 4.1 by first showing an integral
bound of the derivative of the generalized de la Vallée Poussin kernel.

Lemma 4.2. For n,q € N with q > 2, the following estimate holds
s
’ . n+ 112
/ |v) (cos(z))sin(z)!| dr < C,
)

0

q-1

where C, =34/27t+ 2 + 3 as in Theorem 4.1.

Proof. Let 6§ :=1/max {n,2q}. We split the integral over [0, 7] into three parts
7 -6 n
/ [/ (cos(r)) sin(z)?| dr = (/+ / + ) [/ (cos(r)) sin(r)?| dz.
0 0 6 78
By the trigonometric Bernstein inequality (Lemma 2.1) and Equation (4.2), we obtain for the first integral
0 0
A= / [/ (cos(r))sin(z)?| dr = / ‘(vno cos) () sin(r)?"! | dr

0 0
0

§2n||unocos||Tw/rq*1drs+5 2n .
' 0, 1qTGITG + 1) @y

0

Thanks to symmetry the same upper bound is valid for the third integral

s
= / |/ (cos(z)) sin(z)?| dr.
-0
Using the product rule followed by the triangle inequality we split the middle integral into
-0

= / |/ (cos(z)) sin(z)?| dr
)



F. Filbir, R. Hielscher, T. Jahn et al. Applied and Computational Harmonic Analysis 71 (2024) 101651
—0 -0

< |((unocos)sin‘1*‘)’(r)(dT+ /

0

3

v,(cos(t))(g—1) sin(r)"_2 cos(7)|dr

S

=1 =0

Applying the trigonometric Bernstein inequality to (v, 0 cos) sin?"! we obtain in conjunction with Equation (4.1)

v,(cos(z))sin(z)¥~! | dr < 2n+q — 1)£

s
I, 5(2n+q—1)/
0

Wy
and
-0
I=(q-1) / |U,,(COS(‘L'))| Sin(q:)q*1 _|C_OS(T)| dr
sin(7)
0
-6 .
pE o R
< 1)2‘9 / v,(cos(z))sin(r)?™" | dr < (g 1)29 ®g

(4

1 7T s 7 1 s 7T s
S < — << <r<Z < <= Z<r<n-6.
where we made use of |cos(7)] <1 for all T €R, o S 2 S 2 when 6 <7 < > and o S 2 S 26 when > STEm [
Finally we arrive at
7T

/ |0 (cos(z))sin(z)?|dr <A + Az + 1) + I,
0

g
< dn +3—2(2n+(q—1)<1+7tmax(ﬂ,q>))
Wy Wy 2

442.37 4 4! g
T2+ 33(g - 1)(1 +mg)
n+

[0)

<

q-1 @g-1

q
32m+2g+2
< &(n +4%)
o)
which concludes the proof. []

A key step in the proof of Theorem 4.1 is to show that for every compatible pair (8, Z)

Ts 7, ())(x) = / D12, (0,6 3) = 1, ) FGIH, ), (4.3)
Sa ==
defines a bounded operator Tz 7 , : L,(S7, p,) = L,(S9, u,) for all p € [1, oo]. We concentrate on the extreme cases p=1 and p = co
in the following two lemmas and start with p = 1.

Lemma 4.3. The mapping Ty 7, defines a bounded linear operator from L(S7) to L,(S?) with norm

24q+4
7= zalli - < < T+ 1)

provided that (n+ ¢%) || Z|| < 1.

+4Cq> n+aHIZI,

Proof. Using the triangle inequality, Fubini’s theorem, and Holder’s inequality, we obtain

172200,

=/ /2lzé(X)(v,,(x-y)—v,,(§~y))f(y)d#q(y) dpy(x)

Sa |$a ées
< [ [ B 1n0le = o6 )] 17002y
$a $a {=c)

10
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< “f"yq,l €ss Sup/ Z lzg_(x) |Un(x ‘ y) - Un(g : y)l dﬂq(X).
yeSq

$a =)

Now fix y € S4. The fundamental theorem of calculus and the triangle inequality give

/ D12, [v,(x - ) = 0, - )] dity(x)

& EeE

= Z IZE (x) / (v,0 cos) (1)dt d,uq(x)

§o €€F d(x,1).dE )]
dx+IZI
< / leé(x) / |(v,0 cosY ()] dr du, (x).
§o €€= dx)-I1Z]

Now integration is independent of &, and since ceg 1 Z (x) =1 for p,-almost all x € S, this factor can be omitted. Parametrizing
S? with north pole y yields

7 +|| Z]|
=wq_1/sin(r)q_1 / |(v,0 cos) (1)] dtdz
0 = Zl|

where we only resolved the outer integral in the last step. Having in mind that || Z|| < %, we split the integration over [0, 7] into
pieces:

7 =+ Z||
/ sin(7)4™! / |(v,0cos) ()| ditdz = By + B, + Bj.
0 =~z

Upper bounds for the summands

21121 =+ ZII
B, := / sin(z)?"! / |(v,0cos) (1)| dtdr
0 |1 ZIl
21211
<2121 |[(wyoc08) |7 oo / sin(z)?"dr
0
20121
<dn || Z|l||vyo o8|t o / 97 ldr
0

=4n|Z|l [|v,0 cos||y o, a7 " 24 12
q+3
<nmax {n,29)¢ | 2| —=———
g, T(H)IG +1)
2q+3
S+ 2 ——————
qo,_ T()IG +1)

and likewise

s +|| Z||
B, := / sin(7)?™! / |%(vnocos)’(1)|dtdr
=21 Z| —|IZIl
7T
<21 ZIl||(w,o cos)'”mw sin(r)4"'dr
n=2||Z||
211+3

<(n+ 2)q+1 z g+l <« =
I O+ D

are due to Lemma 2.1, Equation (4.2), and sin(z) < 7 for all € R with = > 0.

11



F. Filbir, R. Hielscher, T. Jahn et al. Applied and Computational Harmonic Analysis 71 (2024) 101651
Now, if 7 — || Z|| <t <7+ ||Z|| and 2 || Z|| < 7 <t —2]|| Z||, we have || Z|| <t < t— || Z]|, and thus
sin(r) = sin(z — t + t) = sin(¢) cos(z — t) + sin(z — ) cos(t)

<sin(?) + sin(|| Z]|) < 2sin(?).

This yields the following upper bound for the third summand

=21 Z]| 7+ ZIl
By := / sin(r)?7! / |(v,0 cos) (1)] drdz
21 Z1l =|IZ|l
m=2||Z|| 7+ Z]l
<2 |(v, 0 cos) ()] sin()?~ " drdz
2021 ==lIZIl
7=2[1Z] I ZIl
=2 |0/ (cos(t + 7))| sin(t + 7)7drdr
20ZI =Nzl
IZII =2]|ZI|
=2 |0/ (cos(t + 7))| sin(t + 7)7dzdr.
=zl 20z

Another change of variables and enlarging the integration interval yields

IZII =2]|Z]+1
=2 / |V! (cos(r))| sin(z)?dzdr
=IZI 20Z0+
Izl =
<2 |/ (cos(r))| sin(z)?dzdr.
=zl o

=4||Z||/|v;(cos(1))|sin(r)"df
0

2
n+gq
<412l ——.

q—1

where we used Lemma 4.2 for the last step. Using (1 + ¢%) || Z|| < 1, we obtain

ITzzaO,,, .

24+3

<Nl o, | 20+ 12— ———
S g, T(NE +1)

n+q2
+4lzIc, >

q—1

1Al Nz —2—— 4ac
=|f Mq,l(" q m q

and the proof is finished. []
We now turn to the other boundary case p = co.

Lemma 4.4. The mapping Tg 7, is a bounded linear operator from L (S7) to L,(S?) with norm

17220l S4C, 1+ gD 121

12
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(a) g=1

Fig. 3. For non-antipodal points x and & on SY, the sets U, and U, each take two opposite quarters of the sphere. In the left panel the dashed thin line shows the sine
of the geodesic distance to & and the solid thin one depicts the sine of the geodesic distance to x. In the right panel, the dashed and solid thin lines show the boundary
of U,.

Proof. The triangle inequality yields

”TE,Z,n(f)“y ,00
-ess sup / 2 12,0, (x - 3) = 0, - D F D))
xeSq =
< Hg-esssup / 2 12,0, 3) = 0, - 0y 171,00

EeB

-esssup / 12,60 |@, 0+ 9) = 0, D] g3 11 0

4=

For p,-almost all x € S9, there exists a unique element ¢ € E with x € Z,. For such pairs (x,£), the integral
Jsi ez 12.(x) |0, (x - y) = 0, (€ - )| dp,(y) reduces to
2
/Ivn(X-y)— v, (& - »)| duy () = Z/lyj(y)lvn(x-y)— v, (& - )| duy () (4.4)
S =l
where we split S? into the two sets U; :={y € S? : sin(d(x,y)) <sin(d(&,y))} and U, :=S?\ Uy, see Fig. 3 for an illustration.

Denoting by y(z, ) = cos(z)x + sin(r)y, T € [0,7], 7€ {z€S? : x-z=0} = S9! the polar coordinates of y € S¢ with respect to
x as the north pole we obtain

[ 160169 =06 ]y

N
= / / Ly, (2, ) [0,(x - (2, 5)) = v, - y(z, )] sin(2)? dr dp,_ ()

sa-1 0
= / / 1y, (¥, 7)) / |0 (cos()) sin(r)| dt sin(z)?~'drdp,_, ().
sa-1 0 [d(x,y(z.5)),d (€. y(z.5))]

As the sine function is concave on [d(x, y(z, 3)), d(&, y(z, $))] C [0, 7], it attains its minimum on the boundary, which is d(x, y(z,y)) =7
in the case of y(z, ) € U;, and thus sin(z) < sin(¢?) for all ¢ € [d(x, y(z, ¥)),d (&, y(z, $))]. This leads to the upper bound

|0 (cos(t)) sin(1)?| drdrdpu -1

sa=1 0 [dCx.y(z.7).d(E.y(7.9)]
7T d(x,8)

< // / |07 (cos(t + 7)) sin(r + 7)? | dedrdp,_; (§)
sa-1 0

0
7t d(
<o, / / [/ (cos( + 7)) sin(t + 7)7| drdr
0 0

13
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d(x,&)
=w, / / [/ (cos(t + 7)) sin(t + 7)7| dzdt.
0 0

Utilizing the periodicity of (/ o cos)sin? and Lemma 4.2, we obtain

d(x,E) T+t

=w, / /|v;(cos(r))sin(r)"|drdt
0t
d(x.8) 2m
Lo, / /|U;(cos(r))sin(r)‘1|drdt
0 o
=0, -d(x,é)-Z/ |/ (cos())sin(r)?| dr
0

<2d(x,)Cy(n+¢°).

The same manipulations can be applied to the second summand in (4.4) but with £ as the north pole. We obtain
/Ivn(x-y)—vn(§~y)|dﬂq(y)
Sq

2
> / Ly, () [04(x - ) = 0,(& - )| dpy ()
i=lgq

<42l Cy(n+q7).

This means that

Tz 20, 00 SN0 4C 0+ g 121

which finishes the proof. []

Remark 4.5. A modification of the technique used for the case p =1 in the second step of the preceding proof can also be applied to
the case p = oo. In contrast to the above strategy we would generate an additional summand of order (n || Z||)?*!.

Now we are ready to prove Theorem 4.1.
Proof of Theorem 4.1. We first show that

1Pl = 1Pl e 20| < T2 2nP,, , (4.5)

holds for all 1 < p < co and every P € II.. For 1 < p < oo, the triangle inequality, the reproducing property of v,, and Hélder’s
inequality give

|11y~ 1Pl 2.2

1
» P

-3 [ 1rcoranem| - T [ iper e
Zg Ze

[{=C [{=c

1
P

IA

I{=c)

> / |P(x) = P(&)|” du,(x)
Ze

P »

> / / 0,(x - Y)P(y) dp () - / 0,(& - PP dpy ()] dpay(x)
N4

éeB
Z: |S4

14
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1

P »

/ / (0u(x - ¥) = 0, - PP, (V)| dug(x)
ISq

1
p P

/Z 17, ()@, (x - y) = 0,(E - YIPP) Ay (D] dpy(x)

{=)

Sa |s4
=|7=z.(Pll,, ,

If p = o0, the same arguments yield

1Pl 0 = 1P 2 270

< supﬂq esssup | P(x) — P(&)|

ez xE:

< sup p,-ess sup / W, (x - y) = v, (& - MPY)dp,(y)

éeE XEZ,

-ess sup / > 17, ()@, (x - ) = 0,(E - Y P)dp, ()

xeSq 1=

= Tzz.P,,,

which proves (4.5).
In order to show that the linear operator Ty 7, : LP(S‘I JHg) — LP(S‘I JHg) 1S bounded for every p € [1, 0] with operator norm
less or equal to 5 we first note that this follows for p=1 and p = oo from Lemmas 4.3 and 4.4 and 6C,(n+ @) |IZ|| £ 5. (Note that

4
tﬂ%ﬁgﬂ) +4C, <6C, for g € N.) For 1 < p < oo, the statement follows by the Riesz-Thorin interpolation theorem. We conclude
PRV
that
1Pl = 1Pl @ 205| SHIPI,,

for all P € I1 whenever 6C,(n+ ¢®) || Z|l £ #. This is equivalent to the assertion. []

The condition 6C,(n +4%) || Z|| < n appearing in Theorem 4.1 gives a lower bound on the number N of samples through volumetric
arguments of the partition. Namely, if || Z|| < W 1, then u(Z) <w,_, /0 sin(r)9~'dt for each Z € Z, and as Z is a partition

2)
of S9, the cardinality of Z is

N> _ % >
(@, Jy sin(tya=1dr) ~*

As a corollary, we obtain a seemingly partition-free variant of Theorem 4.1 with the upper bound on the partition norm || Z||
replaced by an upper bound on the mesh norm 3. It relies on the construction of a partition Z from the sample set = such that the
partition norm and the mesh norm satisfy a two-sided inequality, and hiding the partition in the weights of the discretized norm.

Corollary 4.6. Let n,q € N and n € (0, 1). Let further Z C $4 be a finite set satisfying

2
48qu\/2q(q +D(n+q°)oz <n.

Then there exist non-negative numbers ag, EE, such that

»
(1—n)IIPII,,q,,,S<Za¢IP(€)I"> <a+nlPl,,,

{==}

forall pe[l,00] and P € TTL.

Proof. Let E = {cfl, ,éN} C $4. Then [27, Proposition 3.2] gives a partition Z = {Zl, ,ZM} of S? for some M < N such that
there exists an M -element subset Z of E for which the pair (&, Z) is compatible, and the inequality

oz < || Z]1 £8qV2q(q + 1)ég

15
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is satisfied. We plug this into 48C,_q+/2q(q + 1)(n + ¢*)éz < to obtain 6C, || Z|| (n + %) < 5. Set

_ {uq@) if ¢ €5,
aé—

0 else,

and apply Theorem 4.1. []

Via equal-area partitions of the sphere, we can also get an equal-weight version of Theorem 4.1.

Corollary 4.7. Let n,q €N and n € (0, 1). For a, = 8 ( M) ! and

o]
N <6Cq(n+q2)aq>q
> ——— .
n

there exists a finite subset E = {51, ,éN} of S? with

1

o N »\’
(1—n>||P||,,q,ps<W211P<s,->1 ) <A+mIPl,,,
i=
forall pe[l,00] and P € TT..

Proof. Using [22, Theorem 3.1.3], there exists a number a, (which may only depend on ¢) and a partition Z = {Z Loeer Z N}
1

1
and || Z|| < an_E. According to [5, Teopema 6], one may have a = g((jﬂ) ‘. Plugging this into
q—1

of §7 such that u,(Z;) = %

6C, (n+q* q . . . . . .
N > <w> , we get 6C, (n + ¢*) || Z|| £ . For assembling the set Z, just take one interior point of each Z € Z. It remains to

apply Theorem 4.1. []

5. How good are random points?

In the previous section we have seen that the performance of sample points (regarding the distortion parameter # > 0) im-
proves with smaller partition norm ||Z|| of the corresponding partition, or, differently, with a smaller mesh norm éz. By [29,
Corollary 3.3], the expected mesh norm of N points on the sphere S? drawn independently and identically distributed according to

—1/q
o, is asymptotically equivalent to ( ) . In the present section, we show that, when drawing enough points, we obtain a good

N
log(N)
Marcinkiewicz-Zygmund inequality for all 1 < p < oo simultaneously, with the parameter 7 depending on (log%) l/q. Compared
to the consideration in Section 3 we obtain a worse scaling of the number of points with respect to 5. Note, that in Section 3 we
considered only p =2 and observed a scaling of #~2 independently of the dimension ¢ and explicit constants at the price of an
additional logarithm in the dimension.

The main result in this section (Theorem 5.2) utilizes insights about a classical problem of probability theory: the coupon collector
problem. At each time step, the eponymous coupon collector receives a coupon, chosen at random among M different types. Un-
surprisingly, the more coupons the collector receives, the higher the probability that the collection contains each type at least once.
The time step after which the collector possesses each type at least once can be modeled as a random variable Tj, : (Q,F,P) - R,
where (Q, F,P) is some probability space, see [11, p. 36]. As we do not know the number of draws a priori, we should therefore
start with an infinite product of the uniform probability space over the set {1, ..., M} of coupon types. To circumvent this, we raise
the probability space to a sufficiently high power ¢, and model the event of not having all M types of coupons after ¢t draws directly
as a subset of a finite probability space.

Proposition 5.1. Let e € (0,1), M,t €N, and t > M log( % ) On the finite set Q := {1, ..., M'}', a probability measure P is given by the
t-fold product measure on the uniform probability measure on {1, ..., M }. Set

Apr i={(xp,.x)€Q  {x, ..., x, p={1,...,M}}.
Then P(Q\ A, p) <e.

Proof. The assumption ¢ > Mlog(%) is equivalent to Mexp(—ﬁ) < e. Since (1 + a)’ < exp(ar) for all a, € R with 1+ a >0, we

t t
have M(l - ﬁ) < Mexp(—ﬁ) <. Taking [11, p. 36] into account, we have P(Q\ 4, 5/) < M(l - ﬁ) <e. I

16
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Now a probabilistic L ,-version of the Marcinkiewicz-Zygmund inequality can be given as follows.

1
Theorem 5.2. Let n,q €N, n € (0, 1), and set o, 1= 8(%) q. Choose N € N large enough such that
-1
_1
N q 2
6C, —_ +q°)<n. 5.1
qaq<4log(N)) (n+g9)<n (5.1)

Draw points &, ...,&y € S7 independently and identically distributed according to o,. Then with probability > 1 — % with respect to the

product measure PP = af’N, there exists weights w, ..., wy > 0 such that Zj\[:] w; =1 and

1

N »
p
(1—n>||P||,,,,,,,s<2w,-1P<s,-)1 > <A+mllPl,,,
j=1
forall pe[1,00] and all P €11,

Proof. Let M := [ .From M <

_N _N
2log(N) = 2log(N)’
we obtain M = {

we infer N > 2M log(N) > 2M log(M). Furthermore, we have |z]| > %z forallze R
N J N

with z> 1. For z = m _m.

N . o
TToa(N)? Thus Equation (5.1) implies

1
6C,a,M 1 (n+ P <.
Using [22, Theorem 3.1.3] and [5, Teopema 2.3], there exists a partition Z = {Zl,...,ZM} of S? such that O'q(Zj) = iM and

1
I1ZIl < @, M 4.1t follows that

6C,(n+q") 12l <n.

Thus the conditions of Theorem 4.1 are met if there is an M -element subset E C {if] s N} such that (5, Z) is compatible. For
this, we use Proposition 5.1. It implies that after drawing N > 2M log(M) points &|,...,&y € S? independently and identically
distributed according to o,, the probability that each patch Z; € Z contains a non-zero number m; of the points &, ..., &y in its

interior is > 1 — % Collect one of the points in each patch in a set Z, and apply Theorem 4.1. This implies that, with probability
1
>1- > we have
1
1 P
A=m 1Pl <\ 27 ; PO ) <A+ Pl 5.2)
e
for all p € [1, 0] and all P €ITJ. This result is independent of which point from a given patch Z ; is put into the set E. In particular,
(5.2) holds true if & € Z; is selected such that |P(¢)|” is smallest possible or largest possible. Therefore (5.2) will also hold if we
replace the contribution | P(£)|” from each patch by the average ij dezjﬂ{ély...g[v} [P, ie.,

1

P

M
1 1 »
A=lPlo, S| 37 2o X 1POP| <A+0IPl,,,
Jj=1 Jgern{.f;l,m,le}

or, equivalently,

M
A=nlPl, <Y Y 1P| <d+nlPl,,.

4 m;
J=leezin{é),...en} J
Now set w; := —L_ > 0 and observe that
Mmj
N M 1 Mo
p— — J —
ij_z 2 Mm-_ZMmA_l' O
Jj=1 J=leezin{e....en} 7=l J

Data availability
Data will be made available on request.
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