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Consider the sum Y = B + B(H) of a Brownian motion B and an inde-
pendent fractional Brownian motion B(H ) with Hurst parameter H € (0,1).
Even though B(H) is not a semimartingale, it was shown in [Bernoulli 7
(2001) 913-934] that Y is a semimartingale if H > 3/4. Moreover, Y is
locally equivalent to B in this case, so H cannot be consistently estimated
from local observations of Y. This paper pivots on another unexpected fea-
ture in this model: if B and B(H) become correlated, then Y will never be
a semimartingale, and H can be identified, regardless of its value. This and
other results will follow from a detailed statistical analysis of a more general
class of processes called mixed semimartingales, which are semiparametric
extensions of Y with stochastic volatility in both the martingale and the frac-
tional component. In particular, we derive consistent estimators and feasible
central limit theorems for all parameters and processes that can be identi-
fied from high-frequency observations. We further show that our estimators
achieve optimal rates in a minimax sense.

1. Introduction. Mixed fractional Brownian motions (mfBms) were introduced by [11]
as the sum

(11) Y}:aBt—f-pB(H)t, tZO,

of a standard Brownian motion B and an independent fractional Brownian motion B(H ) with
Hurst parameter H € (0,1) \ {%} While this class of processes was originally introduced in
mathematical finance to model long memory in asset prices, it poses nonstandard challenges
from a statistical perspective: Even though the laws of B and B(H) on a finite time interval
are mutually singular, the law of their superposition, Y, can be locally equivalent to that of
oB (if H > %) or pB(H) (if H < %); see [8, 11, 43]. In these cases, either (p, H) or o cannot
be consistently estimated on a finite time interval.

In this paper, we are interested in whether these results remain valid if B and B(H) are
no longer assumed to be independent. The answer to this question is negative.

arXiv:2207.10464v2 [math.ST] 25 Oct 2024

THEOREM 1.1. Suppose that Y is given by (1.1) with o, p > 0 and
t 1 ~
(12) B =Ky [ (="l aB, t20
—0o0

is the Mandelbrot—van Ness representation of standard fractional Brownian motion (see e.g.,
[35, Chapter 1.3]), where (B, B) is a two-dimensional Brownian motion with Var(By) =
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Var(B)) = 1 and A = Cov(By, B1) € [0,1] and Ky is the normalizing constant given in
(2.3). Then the process Y has the same distribution as Y given by

2A\po

(1.3) Y, =oW, + | —2F
t t KH(H—F%)

W(H); + pW (H)z,

where W is a standard Brownian motion, W (H) and W (H) are fractional Brownian mo-
tions with Hurst parameters H and H = %(H + %) respectively, and all three processes are
independent. Moreover, if A >0, Y is not a semimartingale and its distribution is locally
singular to both 0 B and pB(H) for all H € (0,1) \ {3}.

The newly emerging fBm with Hurst parameter H significantly changes the properties of
the model. In particular, for all values of H, we have \F — %\ < i, which has two conse-
quences for the correlated case: first, the mixed process will never be locally equivalent to
either of the two pure processes, and second, H (and therefore H) is identifiable from high-
frequency observations in all cases. Our asymptotic results below show that this also upholds
for negative correlation coefficients .

Fractional processes have a long history of applications in fields such as hydrology
[24, 36, 39], telecommunications [29, 34], finance [11, 17, 22], turbulence [9, 18] among
others. In these applications, superpositions of fractional processes arise naturally when mul-
tiple sources have a cumulative effect. For example, [44] describe a continuous GPS signal
affected by both white noise and fractional noise. The same phenomenon is found by [45] in
a range of astronomical data sets. Another example is found in hydrology, where fractional
Brownian motion is commonly used to model river runoff, with varying Hurst parameters for
different rivers [39]. In a system of multiple connected rivers, the runoffs add up downstream,
which leads to a superposition of fBms with different Hurst parameters. Due to the spatial
correlation of rainfall, these constituent fBms will be correlated, analogous to the mixed fBm
model studied in this paper. The results of this paper highlight that correlation between the
fBms is not negligible, as it alters the statistical properties significantly.

Our interest in mixed fractional Brownian motion of the specific form (1.1) is motivated
by recent applications of mixed processes in financial econometrics. In [15], it is shown that
for a large set of high-frequency stock return data, observed prices are contaminated by mi-
crostructure noise that locally resembles fractional Brownian motion with Hurst parameter
H e (0, %) Like in most microstructure noise models in the literature, the two innovation
processes driving price and noise (which are B and B(H) in (1.1)) are assumed to be in-
dependent of each other. However, both economic theory [20] and empirical evidence [23]
suggest that efficient price and microstructure noise should be contemporaneously cross-
correlated.

Against this background, the main contribution of this paper is to develop an infill asymp-
totic theory for semiparametric extensions of the mfBm model (called mixed semimartin-
gales) where o and p can be stochastic and time-varying. The fundamental statistical ques-
tion we address is the following: what parameters can be inferred from local observations of
the sum of a martingale and a correlated fractional process, and what are the optimal rates of
convergence as the sample size increases? To this end, we first derive in Section 2 a stable
central limit theorem (CLT) for the empirical autocovariances of the increments of a mixed
semimartingale process as the sampling frequency increases to infinity (Theorem 2.1). In line
with Theorem 1.1, the population autocovariance consists of three terms with different scal-
ing exponents. Most importantly, the leading order term only contains information about the
parameter o (if H > 3) or (p, H) (if H < ). To optimally estimate all parameters, it is thus
necessary to utilize the information in the asymptotically smaller contributions to the autoco-
variance. In particular, in Section 3, we combine the results of Theorem 2.1 with an optimal
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generalized methods of moments (GMM) procedure to construct consistent and asymptoti-
cally mixed normal estimators for all identifiable model parameters in Theorem 3.1. Interest-
ingly, the rates of convergence are non-standard and depend on the parameter value H. This
phenomenon can be traced back to the utilization of autocovariance information of smaller
asymptotic order than the leading term. To make the GMM method feasible, we exhibit in
Corollary 3.3 consistent estimators of the asymptotic (co-)variances. In Section 4, we return
to the parametric setting of mfBm and show in Theorem 4.1 that the rates of our estimators
in Theorem 3.1 are optimal in the minimax sense. Section 5 presents Monte Carlo evidence
for the estimators from Theorem 3.1. Sections 6 and 7 contain the proofs of our main results,
except for Theorem 2.1, which is proved, in a more general setting, in Appendices A-D.
Appendix E contains additional simulation results.

Since our principal aim is to analyze the impact of cross-correlation, we do not include
jumps [1, 28], irregular observation times [6, 10, 25] or rounding errors [19, 31, 40] in our
analysis. To simplify the exposition, we further refrain from studying mixed fractional models
with more than two components. In what follows, C' denotes a constant in (0, 00), whose
value may change from line to line. We also write A < B if A <CB.

2. Central limit theorem for sample autocovariances. On a filtered space ({2, F,[F =
(Ft)e>0, P) satisfying the usual conditions, consider a mixed semimartingale

t t t t
@1 Y= Yo+/ asds+/ asst+/g<t—s)psst+/ g(t - )p,dBl,
0 0 0 0

where B and B’ are two independent one-dimensional standard F-Brownian motions and a,
o, p and p’ are one-dimensional predictable processes. Moreover, we assume that g: R — R
is a kernel of the form

(2.2) g(t) = Kg't" 310y +90(t),  teR,
where H € (0,1) \ {3},

I'(H+1)
V/sin(rH)D(2H + 1)

(2.3) Ky = \/ 2—(r—1)H—%)2dr:

and go: R — R is a continuously differentiable function with go(x) = 0 for all z < 0. By

(2.2), the kernel g behaves as a power-law kernel around 0, but due to the addition of gg, the

behavior of g outside of 0 is not further specified. In particular, because ¢ is not specified at

infinity, the increments of Y may have long or short memory, irrespective of the value of H.
Let A, be a small time step such that A, — 0 and define

2.4 AYY =Yia, = Yi—a,

(and similarly for other processes). Our goal is to prove a CLT as A,, — 0 for the (normalized)
autocovariances of the increments of Y, given by

[t/An]—r R i
Vrt—Al - Z ATY ALY, V;Zt: Z AFY ALY
i=1 i=1

for r € Ng. This will then be used in Section 3 to derive feasible estimators of H and

T T T T T
Cr= / csds = / O'z ds, Ar= / Asds = / ospsds, Tlp= / (pi + pf) ds,
0 0 0 0 0

whenever possible. We impose the following structural assumptions:



ASSUMPTION (CLT). Consider the process Y from (2.1) and let
(2.5) N(H)=[1/|2H — 1]].

1. The kernel g is of the form (2.2) where H € (0,1)\ {3} and go € C'(R) satisfies go(z) =
0 forall z <0.

2. The drift process a is locally bounded, F-adapted and cadlag. Moreover, B is a standard
[F-Brownian motion.

3. IfH > %, the volatility process o takes the form

t t t
(2.6) o =0 + / 5,dB, + / 5. dB, + / 5/dB!,  t>0,
0 0 0

where
a) ¢ is an F-adapted locally bounded process such that for all 7' > 0, there are v €
(3,1] and K7 € (0,00) with

2.7) ElAle” —cO| < Ki|t—s|",  s,te0,T);

b) &, 0’ and ¢” are F-adapted locally bounded processes such that for all 7' > 0, there are
g€ (0,1) and K5 € (0,00) with

(28) E[l/\‘at_&SHSKﬂt—S‘a’ s,te [OvT]a

and an analogous bound for ¢’ and o”.
¢) B” is a standard F-Brownian motion that is independent of (B, B’).
If H < %, we have (2.6) but with o, (@, 5, 5 and " replaced by p and some processes
p), 5, 7’ and p” satisfying conditions analogous to (2.7) and (2.8).
4. If H > %, the process p is [F-adapted and locally bounded. Moreover, for all 7" > 0, there
is K3 € (0,00) such that

2.9) E[LA|p— pol] < Kalt —s|z,  s,t€[0,T].

IfH < %, we have the same condition but with p replaced by o.

These assumptions are fairly standard in high-frequency statistics (cf. [2, 26]). As usual,
the most restrictive assumptions are (2.6) and (2.9), which essentially demand that the volatil-
ity processes o and p be no rougher than a continuous Itd semimartingale. In particular, they
do not cover the case of rough volatility (see [22]). However, we conjecture that the CLT's
do remain valid even in the presence of rough volatility. This is due to the special structure
of quadratic functions, which has been exploited for instance in [16] in a slightly different
context.

For the following theorem, which is the main result of this section, we use the notation

1
(2.10) ¥ =1 and TH= 5((7«+ 1)2H _9p2H | (p 1)2H>, r>1,
and

-1 -1

2K K 1 1 1
@1 off =, off = (4 1) — 2T 4 (r 1)), rz L

RS B

Note that (T'),>¢ is the autocovariance function of fractional Gaussian noise (i.e., of

(B(H)py1 — B(H)p)nen) and @ = @5@?. We also use =% to denote functional sta-
ble convergence in law in the space of cadlag functions equipped with the local uniform

topology.



RATE-OPTIMAL ESTIMATION OF MIXED SEMIMARTINGALES 5

THEOREM 2.1.  Suppose that Assumption (CLT) holds and let Vi* = (Vg . .., Vﬂu)T
and ‘7;” (‘70"“ e, ‘77,”_1 t) for some fixed v € N. Further define T = (T¥,... . TH )T
o = (off,... 7 YT and ey = (1,0,...,0)T e R".

1. IfH>f then

2.12) An® {‘7!‘ —e1Cy - A, A, - AiH‘IPHHt} =z,

where Zf’ = (Zéltzo is an R"-valued process, defined on a very good filtered extension
(Q, F, (Ft)t>0,P) of the original probability space (2, F,(Ft)t>0,P) (see [26, Chap-
ter 2.1.4]), that conditionally on F is a centered Gaussian process with independent in-

. 117 — .
crements and covariance process C; = (C,"”)! jio given by

t
(2‘13) C/zy E[Z/z /] |]_—] 21{1,0}/(; 0-3 ds ]l{i:j}'
2. IfH < %, then

A2 {th —THI, - Az et A, - elA;—QHct}
(2.14)

:Aﬁ_QH{‘Zn _elct _AE_E(I)HAt _AiHll—\HHt} %Z,

where Z = (2;)¢>0 is an R"-valued process defined on (0, F, (F¢)i>0, P) that condition-
ally on F is a centered Gaussian process with independent increments and covariance
process Cy = (C, J)l j—o given by

t o0
.15) ¢ =E[2iz) | F]=C¥ /0 (P2 +p2)%ds,  CT=v[0+ > (wftF +ufh),
k=1

with

H,k H H H
(216) UZ] = Fk? F‘l —j+k| + P|k_]‘rk+z

Theorem 2.1 is a special case of Theorems A.1 and A.2, which are stated and proved in the
Appendix. Note that if H > 2, the term A2 ~1T'HTI, in (2.12) is dominated by the Gaussian

fluctuation process A}/ %2 and can thus be omitted in this case. The same comment applies
to (2.14), where the term e C} can be dropped if H < i.

3. Semiparametric estimation of mixed semimartingales. In order to construct rate-
optimal estimators of ©p = (H,Cp, Ap,Il7), we combine Theorem 2.1 with a GMM ap-
proach. The idea is to choose r lags and, at stage n, a symmetric positive weight matrix
W, € R™*" (which can be a random statistic) and to obtain an estimator of ©7 by solving
the minimization problem

~ _1 2
3.1) argmin HW}/Q <VT" —e ATy AZH—IPHH) H ,
0=(H,C,A,II) 2

where ||-|[2 is the Euclidean norm. More precisely, we construct an estimator O, =
(H™,C%, N}, 117 of ©p by solving the estimating equation

(3.2) F,.(0) =0,
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where F,(0) = Vo[ Wa'>(VF — jim(0))[3 = ~2Dpsn(0) " Wa(Vf — 11 (6)) € R* and

pn(0) = pn(H,C,AII) = e,C + AFTRH) 4 A2H-ITHTT ¢ R". Using the theory of
estimating equations (see [27, 33]), we can derive the asymptotic properties of this estimator.

THEOREM 3.1. Suppose that conditions 2-5 in Assumption (CLT’) hold for the processes
specified in (A.2). Further assume that v > 5 and that W and W, are (possibly random)
symmetric positive definite matrices in R™" such that W, . If H < % suppose that
II7 > 0 almost surely; if H > % suppose that A # 0 almost surely.

1. If H € (%, %) there exists a sequence oen = (ﬁ”,@%,f\%,ﬁ%) of estimators of O =

(H,Cy, Ap,I17) such that P(F, (O%) = 0) — 1 and

(3.3) D;Y (0% —07) =% E-Y 0T Iy, e, 7 T W27,
where
Az 0 0 0
Do 0 AT 0 0
(3.4) ! 0 0 Af o |

2A§L log Ay 0 0 Aé
E = (0T 10y, e, @7 THYTW (0T Iy, 1, @7 TH) € R,
and Z is the same process as in Theorem 2.1. The matrix E in the last display is regular.
Moreover, the sequence ©7. is locally unique in the sense that any other sequence ©7. of
estimators such that P(Fn(é%) =0) 251 and IP(H@% — 072 <1/(log A, H)?) 1
satisfies P(é? = @)?p) )

2. If H € (0,%), define F,(Ll)(ﬁ(l)) = V(;HW%/Q(‘A/]? - ,u%l)(H(l))) 2, where u%l)(ﬁ(l)) =
ug)(H,A,H) = AnH_l/Q(I)HA + AZH=ITHTL, Then there is a locally unique sequence
(:)7%’(1) = (ﬁ”’(lkﬁ%(”,ﬁ%“)) of estimators of @g}) = (H,Ar,II7) with the property
P(F,gl) ((:);’(1)) =0) 25 1 such that (3.3) remains valid for (:)7Tl’(1) - @g}) with the second
row and column (out of four) deleted from all vectors and matrices appearing in (3.3) and

(3.4).
3. IfH e (%, %) Part 1 of the theorem remains true if (3.3) and (3.4) are replaced by

(3.5) D108 —0r) =% B (0p®" Ar, eq, @7 THYTWZE,
and
AL 0 0 0
Do 0 A: 0O 0
(3.6) " Al-Hlog(ATHAr 0 AL-H 0 ’
0 O

E = (0g®" Ap, e, @ TEYTW(0y 0 Ap, e, ®F TH) e R4,
respectively, and Z' is the same process as in Theorem 2.1.
4. 0f H e (3,1), define Fy)(0P) = Vo [Wa2(V — P (02)|3, where i (9?)
u?(H, C,A)=eC+ A§71/2<I>HA. Then there is a locally unique sequence @);’(2)
(f]"’@), 6;’(2), K;’(Z)) of estimators of @E,?) = (H,Cp,Ar) satisfying IP’(FT(;)((:)?@)) =
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0) s 1 such that (3.5) remains valid for én,(2) @g?) with the last row and column (out
of four) deleted from all vectors and matrices appearing in (3.5) and (3.6).

5. Inthe setting ofPart 2 (resp., Part 4), if a sequence of estimators on = (H” C%, A%, H”)
satisfies P(F, (G)") =0) — 1, then the weak convergence statements in Part 2 (resp., Part
4) remain valid with ©7. = (H",A’%,H%) instead of @T (resp., O = (H" ,C:?,A%)
instead of (:);’(2)).

The proof will be given in Section 6. Note that a nondiagonal rate matrix also occurs in
similar situations where a self-similarity parameter is estimated; see [7, 12, 33], for example.

In the case H € (4 1 4) all parameters of the model are identifiable, and Parts 1 and 3
of Theorem 3.1 describe how the exact value of H affects the asymptotic behav10r of the
estimators. In the case H ¢ (%, 3), the model is only partially identifiable: if H < 1 (Part 2),
we cannot consistently estimate C, while if H > 3 (Part 4), we cannot consistently estimate
II7. Parts 2 and 4 of Theorem 3.1 state that in these partially identifiable cases, one may
obtain asymptotically normal estimators by reducing the GMM equations to only include
identifiable parameters. However, these estimators are infeasible if the regime of H is not
known. Fortunately, by Part 5, the feasible GMM estimator (3.1) can still be employed in the
regime H ¢ (% I 4) to derive asymptotically normal estimators for all identifiable parameters.

REMARK 3.2. The assumption A7 # 0 is important in Theorem 3.1 if H > % to en-
sure identifiability of all parameters. For example, in the case of an mfBm as in (1.1),
if A =0, then by [43] there is no way to consistently estimate H and p if H > %.
Moreover, by Theorem 1.1, it will not be possible to asymptotically distinguish the
model (H,o,\,p) = (Ho, 00,0, p0) € (3,1) x (0,00) x (0,1] x (0,00) from the model
(H,0,\,p) = (H1,01,0,p1) if Hy = 5(5 + Hy), 01 = 00 and p1 = (2hopooo/ (K, (Ho +
1)))1/2. To see this, note that the process Y in the model (Hy, o9, o, po) has the same
law as ogW + p1W(Hy) + poW (Hy) by Theorem 1.1. Moreover, by [43], the laws
of ooW + poW (Hy) and ooW are locally equivalent, so we deduce that the laws of
ooW + poW (Hp) + p1W (H;) and ooW + p1W (Hy) are equivalent by noting that con-
volution of measures preserves equivalence. However, since ¢ remains the same in both
models, this local equivalence has no consequence for estimating o, which often (e.g., in
econometrics) is the main parameter of interest. We also note that if % <H< % and A =0,

then the rate of convergence for estimating H will be slower (equal to A,?;/ 272H, see [21]),
as one can no longer rely on the fictitious fBm for inferring H.

In order to make the CLTs of Theorem 3.1 feasible, we adapt the results of [30] to construct
consistent estimators of the involved asymptotic covariance matrices. This further allows us
to choose an optimal weight matrix W,,. We choose two integer sequences k;,, and ¢,, and



define
(3.7)
Ly
S =30 43w, 6,)(EP + D7),
/=1
[T/A,]—r+1
20 = A, PO E=NT errr . 0 = (4 )T,
=041

k1
. o ~ 1%
1/;]@ = APY ALY —m) i = . Z Al Y Al gy Y,

o = (AT O — 2(log AET) + AT 2R (040" — (log A, 1)),
Ager, AT 120 H" A2H"DH) ¢ grxd
for some deterministic weight function w.
COROLLARY 3.3. Assume the conditions of (any part of) Theorem 3.1 and suppose that

kn,ln — 00 with £y /\/k, — 0 and {,\/k,A,, — 0. Further assume that w is uniformly
bounded and satisfies w({,¢,,) — 1 for every £ > 1. If we denote the diagonal entries of

(3.8) Vi = A (W) " 05 W S Wit (GE Wi )~ € R4

by VE YV VA and VI, then asymptotic ~y-confidence intervals for H, Cr (if H > i ), Ar
and Iy (if H < %)for*y € (0,1) are given by

[+ @71 (1—)/2)/VE), O+ 87((1-7)/2)y/ V),
R+ (1 —7)/2) V), [T+ & (1 - 7)/2)y/ V1,

respectively, where ® is the cumulative distribution function of the standard normal law and
@% = (H" C’%, A%, H") is the solution fo (3.2).

REMARK 3.4 (Optimal GMM). If we choose W,, = f] and we have H € (1 1 2) (resp.,
H e (2, 4)) then the right-hand side of (3.3) (resp., (3. 5)) has a centered Gaussian distribu-

tion with mean 0 and covarlance matrix E~! with W = CT (resp., W = (CL)™1). Analogous
statements hold if H € (0,1) and H € (3,1).

4. Statistical lower bounds. To derive a statistical lower bound, we consider the para-
metric setup of an mfBm

t t t
4.1 Yt:/ Ust—i-p/ hH(t,s)st—i—p’/ hy(t,s)dBL.,
0 —00 —0o0
where hp (t,s) = K5'[(t — )H 1/2 (—s)f_l/z], o>0,p,p €R,and B and B’ are two
independent standard Brownlan motions. Note that this model is a special case of (A.1) but
with as = (H - f rH=3/2(pdB, + p' dB.), which is unbounded as s | 0
if < % Nevertheless, one can show that any small neighborhood around O only has a
negligible impact on the asymptotics in V;", so Theorem 2.1 remains valid.
The methods presented in Section 3 therefore yield estimators of the parameters H, o2,
II = p? + p'? and A = po, with rates given in Table 1. We show that these rates are optimal,
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TABLE 1
Rates of convergence of the estimators presented in Section 3.
Parameter H e (0, %) He (%,1)
1
H AZ AL-H
2 2H—3 . 1 3
o A, 2 (GfH> 1) A2
A Af Ay Hllog An|
1 3_oH
II AZ|log An| A2 GfH < 3)

by establishing matching minimax lower bounds. To this end, consider model (4.1) with
parameter vector § = (H, o2, A, II) C © for the open parameter set

©={(H, o>, A, eR*: He (0,1)\ {1}, 0% >0,A#0, 11> 0, A? < 1T}
We use the notation H (#) = 61, 0%(6) = 05 etc. For 0y € O, define the local parameter set
Dn(f0) ={0 € ©: (10 — o[l < 1/[log Anl}

and the rate vector

Rot0) = {

(A2, A5 AH AL /log An)) if H(0p) < 1,
1—

1 3 9H, .
(AL A AL Jllog A |, A7) if H(6p) > 2.

n

For the regime H € (0, i), the parameter o2 is not identifiable, as evidenced by the deterio-
rating rates of convergence. The same holds for II in the regime H € (%, 1).

THEOREM 4.1.  Let 0y € © be such that A(6y) # 0. If H(0o) € (3,2) \ {3}, there exists
some ¢ > 0 such that

42)  limsupinf sup Py (I@ —0)| > cRn(Ho)k> >0, k=1,2,3,4,
n—oo 0, 0€D,(0o)

where the infimum is taken among all measurable functions 6y, of {Yia, :i=1,...,[1/A,]}.
If H € (0, %] (resp., H € [%, 1)), then (4.2) remains true for k =1,3,4 (resp., k =1,2,3).

While our current methods do not allow us to determine the sharp value of the constant c in
(4.2), we conjecture that the GMM estimators from the previous section (if the weight matrix
is chosen as in Remark 3.4) are close to being asymptotically efficient. Figure 1 plots the
value of the constant /C(H ) as a function of H, where C'(H) is the asymptotic variance of

the optimal GMM estimator H™ from Theorem 3.1 in the mfBm model (1.1), that is, C'(H)
is the constant that satisfies Afll/Q(fI” —H) LN N(0,C(H)/T)if H < % and AH~! (H" —
H) % N(0,C(H)(L)?/T)) if H > L.

As we can see, while the rate of convergence of H™ for H > % improves as H | %, the
associated constant deteriorates. This happens because in the limitas H | %, mfBm converges
in distribution to Brownian motion, with the consequence that the fBm and the BM parts can
no longer be separately identified. The same argument clearly applies when H 1 %, except
that here the convergence rate itself does not change with H. The divergence of C'(H) as
H— % will have an impact on the finite-sample performance of our estimators, as we shall

see momentarily in a Monte Carlo simulation. Besides the singular behavior at H ~ % we

also find the asymptotic variance to be very large in absolute terms. This demonstrates the
intrinsic difficulty of the statistical problem.
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FIG 1. Constant in the asymptotic variance of the optimal GMM estimator of H in an mfBm model.

5. Simulation study. In order to evaluate the performance of the estimators from The-
orem 3.1, we simulate {Y;a, :i=1,...,[T/A,]} from the mfBm model (1.1) with A,, =
1/23,400 and T" = 20, which in a typical financial context corresponds to sampling every sec-
ond and aggregating one month of data. We consider H € {0.1,0.2,0.3,0.4,0.6,0.7,0.8,0.9}
and A € {—0.9,—0.5,0,0.5,0.9} and further take o = 0.02. In order to simulate from a set-
ting that is representative of the magnitude of noise in high-frequency financial data (see e.g.,
[3]), we fix the signal-to-noise ratio to 2 : 1, that is, we assume that the increments of Brow-
nian motion are responsible for 2/3 of the variance of A"Y" and compute p accordingly. We
also include H = 0.5, in which case we let p = A = 0. In Appendix E, we present additional
simulation results where we fix o and p instead of the signal-to-noise ratio.

Regarding the tuning parameters, we choose r» = 31 and k,, = 300 ~ 2A,, /2 in 3.7,
which corresponds to considering autocorrelations up to half a minute and computing the
local autocovariance estimates ;" over 5-minute blocks (if A, has the meaning of one
second). We also experimented with » = 16 and obtained similar results. In (3.7), we
further choose the Parzen kernel w(/,4,) = w(¢/(£, + 1)), where w(z) = (1 — 62% +
6x3)]l{x§1/2} +2(1 - SU)3]1{$>1/2} and the sequence ¢, is chosen according to the opti-
mal procedure by [37] (with the details given in Table I B and Table II C of the reference).
With this choice, in is positive semidefinite in finite samples and /,, is of order A, 1/5 and

hence satisfies ¢,,/v/k, — 0 and ¢,\/k,A,, — 0 if k,, is order A;lm.

For every simulated path, we first use a classical Ljung-Box test statistic Q7 =
| T/AL([T/A] + 2) z;i(Rg)Q/(LT/AnJ — (), where R} is the sample autocorrela-
tion coefficient of {A?Y :i=1,...,|T/A,|} at lag ¢, to discriminate whether H = 1 or
not. Indeed, if H = %, we have ST, i> X72~71’ while S7. P, 50 in the case H % % because
R} LN Ff # 0. If the Brownian case H = % is not rejected, we let (H,,Cy, Ay, I1,) =
(%, %"T,O, 0) be the estimated parameter vector. This initial test is necessary because as
H— %, the mfBm model collapses to Brownian motion. Thus, if H = % (or close to %), sim-
ply minimizing (3.1) typically produces a value of H which is very close to % and arbitrary
splits the total variance among C, II and A. This is in line with the behavior of the asymptotic
variance as H — % depicted in Figure 1. Therefore, the initial test we perform can be seen
as shrinking our estimators towards the Brownian model to circumvent the weakly identified
regime.

If H= % is rejected, we let (H,,C,, Ay, I1,) be a numerical solution to (3.1) found in
the following way: For each candidate H, we first we run a weighted linear regression of
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TABLE 2
Median and interquartile range of Hn, based on 1,000 simulated paths.
A
H -0.9 -0.5 0 0.5 0.9
0.1 0.0995 0.0989 0.0960 0.0976 0.1492
[0.0939, 0.1058] [0.0860, 0.1133]  [0.0467,0.1364] [0.0582,0.1951]  [0.1123, 0.2499]
0.2 0.2000 0.1996 0.1975 0.2104 0.2590
[0.1959, 0.2038]  [0.1868, 0.2121]  [0.1139,0.2443] [0.1769, 0.3203]  [0.2237, 0.3646]
0.3 0.2999 0.2992 0.2902 0.3292 0.3603
[0.2953, 0.3044]  [0.2806, 0.3166]  [0.2071, 0.3615]  [0.2887, 0.4081] [0.3184, 0.4198]
0.4 0.3994 0.3981 0.3789 0.4019 0.4148
[0.3818,0.4084] [0.3192,0.4157] [0.3493,0.4287] [0.3699, 0.4389]  [0.3775, 0.4679]
0.5 0.5000
[0.5000,0.5000]
0.6 0.5999 0.5986 0.5954 0.5977 0.5818
[0.5942,0.6133] [0.5888, 0.6441] [0.5726, 0.6463] [0.5663, 0.6255]  [0.5428, 0.6151]
0.7 0.6994 0.6991 0.6983 0.7044 0.6629
[0.6922,0.7071] [0.6888,0.7107]  [0.6739,0.7336] [0.6298, 0.7332]  [0.6012, 0.6962]
0.8 0.7978 0.7975 0.7981 0.7975 0.7879
[0.7916, 0.8055] [0.7897,0.8072] [0.7856,0.8126] [0.7688, 0.8364] [0.7354, 0.8081]
0.9 0.8918 0.8913 0.8905 0.8895 0.8885

[0.8819, 0.9058]

[0.8801, 0.9062]

[0.8778,0.9074]

[0.8727,0.9118]

[0.8635, 0.9067]

11

}/ 217%1 on ,1/ 261, Ag -1/ TIL/ 2pH and A?LH _1)/\/%/ H (with intercept forced to be
0 and the optimal weight matrix W,, = f]; 1) with the constraint that C', A and II must
satisfy IT > 0, C' > 0 and A2 < TIC. This is to reflect the fact that p2 >0, 62 >0 and
A2 < TIrCr. Denoting the resulting coefficients by C,,(H), A, (H) and II,,(H), we con-
struct H,, by minimizing the objective function H > score(H) on the interval (0, 1), where
score( H) is the sum of squared residuals in the regression analysis associated with H but set
to score(H) = 0o if Cp (H)/(IL,(H)A2H=1 4 ®H A, (H)AF /2 + €, (H)) > 0.99. In the
latter case, we consider the fractional part as practically absent if the Brownian motion part
accounts for more than 99% of the variance of increments. Indeed, if H is close to or equal to
%, it can happen that adding a tiny fractional component with H very close to 0 can achieve
a higher score value, which is undesirable in practice.

Finally, we define the remaining estimators by C, = C,(H,), A, = A,(H,) and
IT,, = 11,,(H,). If score(H) = oo for all H, we let H,, = 0.5 and (H,,C,,A,,II,) =
(%,YA/()’}T,O,O). Comparing with Theorem 3.1, we note that (H,,C),,A,,II,) is equal to

(ﬁ " A;ﬁ, A%,ﬁ’%) unless one of the constraints or exceptions above occur (which happen
with asymptotically vanishing probability). Having obtained these estimators using 7" = 20
days of data, we further estimate integrated volatility on the last day, that is, Cog — C'19 = o2,
by rerunning the weighted and constrained linear regression mentioned above, but using only
data of the last day and with H fixed at H,, (which was previously obtained using 20 days

of data). We denote this estimator by CL19’20]. In a financial context, this mimics daily esti-
mation of integrated volatility based on an estimate of H obtained from a moving window of
one month.

Table 2 summarizes the results for H,,. If A = —0.9 or A = —0.5, the estimator H,, is
centered around the true value of H with only low to moderate dispersion uniformly for all
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Median and interquartile range of

TABLE 3
19,20]

CT[1 / o based on 1,000 simulated paths.

A
H —-0.9 —-0.5 0 0.5 0.9
0.1 1.0005 1.0009 1.0064 1.0199 1.0229
[0.9614,1.0390] [0.9539, 1.0461] [0.9585,1.0553] [0.9728, 1.0738]  [0.9698, 1.0940]
0.2 0.9994 0.9984 1.0103 1.0442 1.0465
[0.9532,1.0491] [0.9325,1.0753] [0.9506, 1.1020]  [0.9774, 1.1547]  [0.9604, 1.1942]
0.3 1.0004 1.0029 1.0302 1.0759 1.0722
[0.9232,1.0882] [0.8592, 1.1809] [0.9414, 1.2249] [0.9576, 1.3396]  [0.9246, 1.4233]
0.4 0.9092 0.8077 1.0487 1.1634 1.2228
[0.4252,1.3912] [0.5862, 1.4440] [0.8745,1.4470] [0.9696, 1.6896]  [0.9840, 2.0461]
0.5 1.0007
[0.9942,1.1068]
0.6 0.8722 0.8084 1.0727 1.1545 1.1850
[0.3602, 1.7096]  [0.4232,1.5999] [0.8752,1.6210] [0.9570, 1.5893]  [0.9590, 1.7388]
0.7 1.0109 1.0158 1.0128 1.0727 1.0874
[0.7115,1.3561] [0.7783,1.2695] [0.9008, 1.2201]  [0.9859, 1.2302]  [0.9627, 1.3477]
0.8 1.0240 1.0058 0.9995 1.0215 1.0297
[0.8769, 1.1752] [0.8721, 1.1419]  [0.9220, 1.0882] [0.9783, 1.0730]  [0.9862, 1.0846]
0.9 1.0305 1.0005 0.9879 1.0035 1.0208

[0.9144, 1.1296]

[0.8994, 1.1160]

[0.9251, 1.0768]

[0.9647, 1.0469]

[0.9875, 1.0553]

considered values of H. At A=0 or A = 0.5, H,, is still relatively centered around its true
value but there is a noticeable increase in the variability of the estimates. At A = (0.9, the
estimator H,, exhibits a clear upward (resp., downward) bias for H < 0.5 (resp., H > 0.5). It
is interesting that this bias together with an increase in the spread only appears at the positive
end but not at the negative end of \. In fact, additional plots (not shown here to save space)
reveal that for negative values of A, the empirical distribution of H,, has a symmetrical bell
shape around the true value of H, while for positive values of A, the empirical distribution of
H,, becomes bimodal, with one local maximum around H and another one at some value not
far from %(% + H). We believe that this is due to the fact that the original fBm with Hurst
index H and the fictitious one with Hurst parameter % (H + 1) in the case of positive (resp.,
negative) A introduce return autocorrelations with the same (resp., opposite) sign, making it
harder (resp., easier) to separate them.

The situation is different for the volatility estimator Cr[ng’zO], as Table 3 reveals. Here the
results vary much less with A but mainly with the value of H itself. Both the median bias
and the interquartile range tend to increase as H gets closer to but does not reach % This
is because the fBm, the fictitious fBm and the Brownian motion collapse to one in the limit
as H — %, making it harder to distinguish the three as H approaches % (see the discussion
at the end of Section 4). It is interesting to note that the volatility estimator performs quite
well even if H < %, even though in theory volatility is not identifiable in this case. This, of
course, is due to our simulation setup, in which we fix the signal-to-noise ratio rather than o
and p. Indeed, if we fix ¢ and p instead, then the signal-to-noise ratio decreases sharply with
H (e.g., if 0 = p and A,, = 23,400, the signal-to-noise ratio will be in the range 1:3000 to
1:3200, depending on A, at H = 0.1). In additional simulations in Appendix E, where we fix

[19,20]

o and p, we do see that the variance of Cf, increases as H becomes smaller.
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TABLE 4
Median and interquartile range of An /+/Cnlln (defined as 0 if Il = 0) based on 1,000 simulated paths.
A

H -0.9 -0.5 0 0.5 0.9

0.1 -0.9005 -0.5007 0.0104 0.5690 0.5619
[-0.9069, -0.8949]  [-0.5248,-0.4749] [-0.1297,0.2866]  [0.0162,0.9707]  [-0.0461, 0.7417]

0.2 -0.9001 -0.4999 0.0113 0.5377 0.4909
[-0.9050, -0.8945]  [-0.5382,-0.4569] [-0.1839,0.4411] [-0.1937,0.6355] [-0.3396, 0.6186]

0.3 -0.8996 -0.4970 0.0162 0.4539 0.4700
[-0.9089, -0.8903]  [-0.5864, -0.3905] [-0.4076,0.6350] [-0.4873,0.5873] [-0.4875, 0.6017]

0.4 -0.9040 -0.4844 0.5423 0.5490 0.5130
[-0.9265, -0.8240]  [-0.6839, 0.8631]  [-0.4863,0.6871] [-0.3783,0.6134]  [-0.5045, 0.9777]

0.6 -0.9209 -0.5482 -0.1145 0.6914 0.6545
[-0.9997,-0.9035]  [-0.6673,0.9978] [-0.4754,0.8584] [-0.3639,0.7694] [-0.3771,0.9811]

0.7 -0.9020 -0.5082 -0.0196 0.6289 0.4570
[-0.9171, -0.8824]  [-0.5955,-0.3894] [-0.2687,0.3519] [-0.2415,0.8973]  [-0.4257, 0.8507]

0.8 -0.9046 -0.5117 -0.0089 0.4797 0.8148
[-0.9166, -0.8866]  [-0.5536,-0.4564] [-0.1019,0.1021]  [0.2148, 1.0000]  [0.2354, 0.9998]

0.9 -0.9071 -0.5226 -0.0317 0.4544 0.8219

[-0.9174, -0.8929]

[-0.5552, -0.4771]

[-0.0952, 0.0486]

[0.3233, 0.6273]

[0.5653, 1.0000]

Next, we report simulation results for A,,/+/C,II,, as an estimator of A in Table 4. Here
the picture is closer to what we observed for H,,. For nonpositive values of A, the estimator
performs relatively well (with exceptions), while biases start to show up as A moves into the
positive range. In fact, comparing the results between A = 0.5 and A = 0.9, it seems that the
estimator A,,/+/C,1I, has a hard time distinguishing between these two cases. We do not
have a plausible explanation for this behavior.

Finally, we consider the simulation results for II,,, which can be found in Table 5. Here
the impact of A is particularly striking: the estimator shows a relatively good performance for
negative values of A and is practically useless for positive values of . We conjecture that the
cause is the same as before: with positive values of A, both the original and the fictitious fBm
components lead to autocorrelations of the same sign, making it difficult to separate them.

In summary, we draw the following conclusions from the simulation study for a scenario
where the signal-to-noise ratio is fixed:

» The statistical estimation of mixed semimartingale models is a hard task in general.
Even in a parametric mfBm model, the behavior of the estimators H,, 11, 07[119,20]

A, /1L, C,, is quite different for different true parameter values.

e If X is negative and H is bounded away from %, all estimators H,,, II,, C’,[ng’QO] and
A, /1L, C,, perform relatively well. This is exactly the case where the statistical prop-
erties of the fractional component, the fictitious fractional component and the Brownian
motion component are sufficiently distinct to separate them from each other.

* In all other cases, at least two of three are statistically similar, making it intrinsically diffi-
cult to disentangle them.

and

6. Proof of Theorem 1.1, Theorem 3.1, Corollary 3.3 and Theorem 4.1.

PROOF OF THEOREM 1.1. One could derive the first statement of the theorem from gen-
eral results about multivariate fractional Brownian motion [4]. For the sake of complete-
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TABLE 5
Median and interquartile range of 11y / (20p2) based on 1,000 simulated paths.
A
H —-0.9 -0.5 0 0.5 0.9
0.1 0.9868 0.9726 0.9040 0.8409 3.8838
[0.8626, 1.1509] [0.7019, 1.3861]  [0.2543,2.5844] [0.2994, 14.5667]  [1.5175, 84.0271]
0.2 0.9998 0.9858 0.9354 1.1647 6.7238
[0.9008, 1.1021]  [0.7025, 1.3560] [0.0912, 3.5754] [0.4954,44.1307] [2.5029, 323.7322]
0.3 0.9954 0.9829 0.8002 2.0526 8.1592
[0.8723,1.1385] [0.5547,1.6563] [0.0457,8.3227] [0.6617, 81.7545] [2.5609, 228.6105]
0.4 0.9831 0.9140 0.1906 0.8187 2.8029
[0.4771,1.4473] [0.0331, 2.0469] [0.0851, 4.9195] [0.2751, 13.0497] [0.6495, 97.6562]
0.6 1.0076 1.0299 1.1053 0.8441 1.5601
[0.8997,1.0551] [0.7188, 1.1265] [0.5266, 1.5510]  [0.6166, 3.2883] [1.1024, 6.5762]
0.7 0.9935 0.9992 1.0033 1.0671 1.3798
[0.9484, 1.0526]  [0.9406, 1.0637]  [0.9400, 1.0914]  [0.8951,1.2127]  [1.0304, 1.9491]
0.8 0.9669 0.9662 0.9681 0.9780 0.9236
[0.8898,1.0709] [0.8805, 1.0889] [0.8674,1.1212]  [0.8290, 1.1729] [0.8048, 1.0568]
0.9 0.8405 0.8333 0.8348 0.8388 0.8157

[0.6926, 1.1298]

[0.6825, 1.1369]

[0.6746, 1.1419]

[0.6578, 1.1673]

[0.6453, 1.1054]

ness, we give a short direct proof here. Since both Y and Y are centered Gaussian processes
with stationary increments, it suffices to study the variance of increments. On the one hand,
E[(Yirn—Y1)?] = 02h+2\po (K (H+ %)) 27 + p2h2H ; on the other hand, we can com-
pute E[(Yy45 — Y2)?] via Itd’s isometry. Writing by (¢, s) = K [(t — 5)571/2 - (—3)271/2],
we have that B(H); = ffoo hy(t,s)dB; and

t+h
6.1)  E[(Yign — Y)Y =0%h+ p?n* + 2/\pa/ [ha(t+h,s) — hu(t,s)]ds,
t

where the last integral equals foh[hH(h,s) — hp(0,8)]ds = K foh(h —s)f~ids =

BT J(K g (H + 1)). Thus, E[(Yin — Y0)2) = E[(Yar - ¥2)?) and (¥)izo < (V).

It remains to show that Y is not a semimartingale for A > 0. To this end, we may employ
the same arguments as [11]: If H < % the process has an infinite quadratic variation, which
contradicts the semimartingale property. If H € (%, 1), then the law of oW + pW (H) is lo-
cally equivalent to that of oW. Thus, Y is locally equivalent to oW + (2Apo/(Ky(H +
D)Y2W (H). Since H € (3,3), [11, Theorem 1.7] shows that Y is not a semimartingale.
If H e (%, %], then Y is the sum of three independent (fractional) Brownian motions. The
proof given in [11, Section 4], which is presented for two components, straightforwardly
generalizes to the case of three fractional Brownian motions, showing that Y is not a semi-

martingale. O

PROOF OF THEOREM 3.1. We want to apply [33, Theorem A.2], so we verify the asso-
ciated conditions called (E.1) and (E.2)’. Note that the latter theory is formulated for classi-
cal weak convergence but readily extends to stable convergence. We only consider the case

H € (£,3)U(%,3) as the other two cases H € (0,1) and H € (3,1) are analogous. For
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(E.1), define the matrices A, = A, (0), B, = B,(0) € R** as

AL=2H o 0 2A2H jog(ASDIT
1 on 0 1 0 0 .
An:ATL Bn, Bn: 0 OAEL_H 0 fOI'H<§,
0 0 0 AL—2H
Az Toaz Mog(Az)A 0
Av=07B,, By=| 0! P_H 0 for H > 1.
0 0 A7 0
0 0 0 Al-2H

Since Doy, (0) = (Af*%(qu)H — ®H1log ATHA + AZH=1(9yTH — 2T H log A1), e,

AnH_Eq)H, A2H=1TH) ¢ R™*4 we have by Theorem 2.1 that

);

{An(@T)Fn(@T) S (O THIL e, @7 THYTW 2y for H € (1,
).

An(O7)Fn(©7) =5 —2(05 A, ey, 7 THYTWZ].  for H € (1,
This proves (E.1) in [33].

For (E.2)’, note that continuous differentiability of F,,(#) around ©r is clear. Next, we
observe that

Dy Fp(0) = —2D3 11 (0) " Wi (Vi — 11 (6)) + 2D (0)" Wi D11 (6).

[Nl
IN[JCl T

A straightforward computation shows that 2B,,(©7)[ Dty (0)T Wy, D pin (0)] Bn(©1) N
2E, locally uniformly in a shrinking neighborhood of size r,, = 1/(log A, 1)? around Or.

Applying Theorem 2.1, we further have B,,(O7) D211, (0)T Wy (Vi — 11n(0)) B (61)T N
0 locally uniformly. Hence,

6.2) sup |1 B(©7)DgF,(0) B (07)F — 2E| — 0.
0:10—67|<1/(log Ant)?

Finally, by (3.4) and (3.6), we can check that || B,,(©7)7|||| Bn(©17) A (©7) 7| /rn — 0in
the range of H we consider, which proves (E.2)’ in [33], with C,, = Bz and W =2F.

The matrix E is regular because the vectors e1, 0", ® T'H ¢ R" are linearly indepen-
dent. For  — oo, this is evident as all four vectors have different decay rates. For r > 5 fixed,
we can check that the 3 x 3 submatrix consisting of the entries two, three, and five (i.e. lags
1,2,4) of 0T, & TH has a non-zero determinant. We have verified that this is the case
for H # %, using a computer algebra system. Analogously, we have verified the regularity of
the same matrix based on 6H§>H, <I>H, ' Thus, [33, Theorem A.2] yields, for H € (%, %),

An(07)Bn(07) " E(By(07) )T (08 — 07) =% (05T 1y, e, @ T WZ,,
which is equivalent to (3.3). For H € (%, %), we obtain (3.5).

Part 2 (resp., Part 4) of the theorem can be derived along the same lines, but with the second
(resp., fourth) row and column (out of four) deleted from all vectors and matrices. For Part
5, we restrict ourselves to the setting of Part 3, where H € (%, 1) (the proof in the setting of

Part 2 is similar). On the event Fn((:)%) = (, which happens with probability converging to
1, we have

~ ~

0= Fn(@%) = —2D9un(@%)TWn(V{f — 1 (O7)).
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Next, we introduce the matrix Gy, () = ((OgT'H — 2I' log A1) A2H~111,0,0) € R™3 and
denote the restriction of a matrix M € R*** to the upper left 3 x 3-corner by M () and the
restriction of a vector v € R* to the first three entries by v(2). Now, applying (-) to both

sides of the previous display and multiplying the result by Ag) (@EF2 )) (recall the definition of
Ay (0) and B,,(6) from the beginning of this proof), we obtain

0=—242 (O (Dyer P (O7) + G (O8N W, (Vi — P (O7) — A2 11" 1)
= 2420 Dyer u@ (O3 Wi (V3 — 1P (OF)) + 0p(1)

— AP FP (©7) + op(1).

For the second equality, note that H € (3,1) and that A,(lz)(@g)), A%Q)(@g))Gn((:)%)T and
Dy 12 (©1) have matrix norms of order Ay, /%, A=11og A=1 and 1, respectively, while
Vr — 1P (©4) = Op(AL/?) by Theorem 2.1. With high probability, Fi2 (6%:*)) = 0, so in
this case, Taylor’s theorem gives us some (:5" between @; and @;’(2) such that
(Oh)(©F ~ O5) + oz (1)
= AP (OB OF) T B2(OF ) Dy FLY O1 BY(OF)T]
)"

x (BR(©P)) 1@ — 05:P) + op(1)

0=A2 02Dy FP

As in (6.2), one can show that B,@(@Q)ng FT(L2)((:)%)B£L2)(G)¥))T L, 2E®@ . Since
Ag)(@(TQ))B,(f)(@g?))_ = A, *1ds, AI/QB,(LQ)(@(TZ)) =D and E? is regular, we con-
clude that (D%Q))_l(@T o (2)) — 0. O

PROOF OF COROLLARY 3.3. As before, we only consider one case, namely when H &€
(,32). The other cases are similar. Let

m; ’jzaé—m Lij=0) + 0-1)a,Pa-1a, 05 A ™2 4+ (0 _iya, +pG0ya, TS AT

and @ZJ (resp Z( ), >.n,) be defined in the same way as 1#3@ (resp., Z,(f ), >.,) but with m?’j

(resp., w , Egl )) substituted for fh;” (resp., w(i), EAL(f )). Then, because o, p and p’are at least
%—Hélder continuous in L2, one can borrow from classical results concerning spot volatility

estimation (e.g., [26, Chapter 13.3]) to show that A;l(m?’j — mf’j) = Op(k;1/2 VVEAy)

uniformly in j, which implies A;2(§]n -3, = Op(ﬁn(k;l/2 V VEnAr)) 20 by our
assumptions on /,, and k,,. Next, again because o, p and p’ are %-Hﬁlder continuous in L2,

we have A28, = [T (5)+ 20 w(l,6,) () (5) + ¢ (5)7)] ds + Op (/B where
i (5)j50 = 08 L {—jmjmoy + Djr—ojmgrsop) + 070 (@F R+ @[, @i A2
+ (02 + P2 (YT g+ T[T o)A
+ 0l ps (O (Mgomoy + Lpmj—jp) + 25 (Lgpmjn + Lo joy)) AT
+ 0203+ 2O (Mgemoy + Ugemjr—jy) + Uiy (Lpemjy + Lgemjmoy)) AR

t+ 0apa(0% + PN @FT g + TH @[y + @f) gDy + T,y @ AT Y2,



RATE-OPTIMAL ESTIMATION OF MIXED SEMIMARTINGALES 17

Note that all terms defining ctd) (s);; are summable in ¢ because H < 3 and X = O(r?H~2)

and &1 = O(r#=3/2) as r — oco. Therefore, we have A 2%, = diag(2,1,...,1) fOT otds+
Op(bnv/ ARV Affl/Q) LN C/.. Since A;S/QﬁnD LN (0@ Ar, e, 7 TH), we obtain

Dglvn(Drzl)T:An(DgﬁanﬁnDn) D, TW 5 2 Walln D ( nnannn n) !

£ BTN 0nd Ar, er, @ THYTWCEW(0 @ Ap, e, THYEL,

Recalling (3.5), we have shown that V), consistently estimates the asymptotic covariance
matrix of ©7, which is the claim of the corollary. O

For the proof of Theorem 4.1, we assume A, = % to simplify notation. Since Yy = Yo =0,
observing {Yj/, :i = 1,...,n} is equivalent to observing the increments {AY :i =
1,...,n}. These increments constitute a stationary centered Gaussian time series with some
covariance matrix 3, (6) € R™*". Noting that (6.1) is also valid for A < 0, we find that

(6.3) Sn(0) = 02n "', + In 275, (H) + Ab(H)n 2Py, (H),

where H = 1(H + 1), b(H) =2/T(H + %) and £, (H) = (T ‘I;I ]|)jk | is the covariance
matrix of n consecutive normalized increments of a fractional Brownian motion with Hurst

parameter H. Given ¢y € © and four nonnegative sequences 11,725,730, 74,0 — 0, We
define 0,, € © by

H(Hn):H—i-Tl,n, 0'2(9”) :0'24-7‘27”,
(64) b(H) r 2r
A(Hn) = Amn ’ (1 -+ T37n), H(@n) = Hn ’ (1 -+ 7'4771),

abbreviating (H, o, A,II) = (H, 0, A,II)(6p). The parameter 6,, is chosen carefully such that
Sn(0n) = (0% + r20)n " I+ (14 1) I~ 27 50 (H + 11 )

(1t o) A28 (7 + 7).

For now, we only assume that r; , — 0 as n — oo for 7 =1,2,3,4.

Following the general approach outlined in [42, Chapter 2], we shall prove Theorem 4.1
by deriving sharp KL divergence estimates. Recall that for two covariance matrices 1, Y9 €
R™ ™ the KL divergence of the corresponding centered Gaussian distributions is given by

det ZO
det 21 .

In the next proposition, which is the main technical estimate in the proof of Theorem 4.1, we
establish an upper bound on the KL divergence

KL(en H 90) - KL(in(en) H ij71(00»
We give the proof in Section 7.

(6.5)

KL(3Z1 || $2) = KL(N(0,%1) || M(0,%0)) = ;{tr(zolih) —n+log

PROPOSITION 6.1.  Suppose that H = H (6) € (0, %) For any § > 0 sufficiently small,
there exists a C' = C(6y,d) such that

r3 (], +13,) 34 403 nd ifHe[3,1),

KL(9 || 0 ) <C T%,nn+ (r%n +T§,n) n3_4H + Ti,nn3_4H lfH € (%7 %)7
n |1Y0) = 2 L AH-1 2 2 2 1-4(H-H) 11

702,nn +(r1,n+r4,n)n+r3,nn7 lfH€(4,2),

13,0+ (1, 1) nb g, nt D if H € (0, ).
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TABLE 6
Choice of 71 p, ..., T4 in the proof of Theorem 4.1.

He(0,1) He (L He(3,3) He(31)
n 2 n2 W2H-3 2H-3
T2,n 0 n3—2H n"3 3
T3n n2H-H)=3 p2(H—H)—3 R2H-3 L2H -3
T4n n"3 "3 n2H-3 0

PROOF OF THEOREM 4.1. For any 6y = (H,0?, A,II) € ©, we define 6, as in (6.4) and
Tin = rgnai(H ) as shown in Table 6. In view of Proposition 6.1, these rates are chosen such
that KL(6,, || 60) < r2C(6p) . Upon setting ro small enough, we find that

(6.6) KL(0, || 6p) < 5.

Moreover, from (6.4), it is simple to derive a lower bound on the errors 6,, — 63, component
by component. In particular, since r1 ,, = 0(1/logn), we have

[A(n) = A(Oo)| = Q(rinlogn+r3n),  [L(0n) —1(00)] = Q(r1,nlogn +74n),

where () denotes an asymptotic lower bound, that is, a,, = Q(b,,) if b,, = O(a,,). The resulting
bounds on 6,, — 0 are exactly the rates R, () of Theorem 4.1 (listed in Table 1).

In order to translate these KL estimates into statistical lower bounds, we follow [42, Chap-
ter 2]. Intuitively speaking, if 6, satisfies (6.6), we cannot consistently decide whether 6,, or
6y is the true parameter. Hence, no estimator can converge towards 6 faster than 6,,. To make
this mathematically precise, let §n be any measurable function of {Y/, :i=1,...,n}. Note
that 6,, € D,,(0y) for n large enough. Then, for any ¢ > 0,

sup P9(|(§n —0)i| > c|(6, — QO)I@‘)

0D, (6o)
> 1P, (10 — 00)il = el(0n = 00)i] ) + §Po, (1B — 0a)i] = cl(0 — o)
-3 o n sl n P} n n n = n
1 ~ —~
= 5P, (|(9n —00)k| = c[(0r, — 90)k|) + 3Py, <!(9n — 0| > c|(On — Ho)k\) — 1

In the last step, we used that the fact that the total variation distance between Py, and Py,
is upper bounded by \/KL(6, || 60)/2 < \/KL(0, || o) < 3. Now use the union bound to
obtain

P, (1 — 00)il = (6 — 0)x]) + Poy (1B = 00 )il = (6 — b0)x])
> P, (1B = 00)i| V(B = 00 )] > el(6 — B0)i])
> Py, (|(6n — 60)k| > 2¢](6n — b0)k|) =1,
where the last equality holds for ¢ < % Hence,

sup ]P’()(Ké\n — Q)k’ > C‘(@n — 00)k’> > %
0€D,, (6o)

Because |(0,, — 0p)r| = Q(R,(0o)k ), this establishes the claimed minimax rates. O
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7. Proof of Proposition 6.1. Let A(h) = h3n(0n) + (1= h) S, (60) and 6, = 2, (6,,) —
Y, (00). By Taylor expansion,

KL(A(1) [| A(0))

= kA 140N+ [ [ auam Ao, avds
where
DRL(AM) | A0)) = Ltr(A©0)16,) — Str(AMR)16,) = tr([A0) ! — A()1]5)
dh a7 n) =" n) =t n);
d? 1 _ _
CAKL(AR) || A(0)) = gtr(A() ™5, A() 50,
Hence,
KL(A(1) || A(0) tr(A(h) ™16, A(h)"16,) dhds
=i

< ~ sup tr(A(h) 16, A(h)716,).
helo,1]

In order to find an upper bound for (7.1), we will use the following technical lemma.

LEMMA 7.1. Let B be a symmetric matrix and A and Agy be symmetric positive semidef-
inite matrices such that A — Ag is positive semidefinite, too. Then

tI‘(AoBAoB) < tI‘(ABAoB) = tr(A()BAB) < tr(ABAB)
PROOF. Denote C' = BAyB, which is symmetric positive semidefinite. Von Neumann’s
trace inequality yields tr((A — Ag)C) > > | aibp—i+1, where a; and b; are the descending

eigenvalues of A — Ay and C, respectively. Since a;,b; > 0, we conclude that tr(AyC) <
tr(AC'), which proves the first inequality and, consequently, the second. O

To bound (7.1), we therefore need a lower bound on A(h) and an upper bound on &,,.
LEMMA 7.2. Forany 0y € © and § > 0, there exists ¢ = c(6y,0) > 0 such that

(7.2) A(h) > e[n 'L, +n 28, (H - 06)],  helo,1].

Here, > denotes the Loewner partial order on the cone of positive semidefinite matrices.

PROOF OF LEMMA 7.2. Since A(h) is a convex combination, it suffices to establish the
lower bounds for A(1) and A(0). Note that by definition,

Ho2b(H)n 27, (H) 1

A"B  _A"B(H) ArB —A}B(H)
—cov<\ayA1/2,\/ﬁ kAnH >+cv<\ay 1/2,\/ﬁ JAnH >

where B(H); = [*__hu(t,s)dBs. Since XYT +YXT < XXT + VYT for X,Y € R™™,
it follows that vIIo2b(H)n 2%, (H) < 0?n I, + IIn~2H%,,(H) and therefore, by (6.3),

Sn(0) > (1 - |§LQ>(02nIIn+Hn2HZn(H)).
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If we apply this to 0~: o, we immediately obtain (7.2) for A(0) = in<60). To derive the
estimate for A(1) =X, (6,,), we apply the above to 6 = 6,,, which yields

1 A
A(l) > = (1 — H) (o*n ', +TIn 28, (H 4+ r1,,))
2 o2 7

for all sufficiently large n. Since A? < Ilo2, this implies (7.2) for h = 1. 0
We proceed to finding an upper bound on §,,.

LEMMA 7.3. For any 0y € © and § > 0, there exists C = C(0y,0) > 0 such that 6,, <
CBy(6o,9), where

Bn(60,8) = ron Uy + (r1p + rap)n 280 (H + 8) + (10 + r3n)n 225, (H + 6).

PROOF OF LEMMA 7.3. By [41, Proposition 7.2.9], we have that

En(H) = Tn(fH)7

where
(7.3) To(f)jr= ’ F(N)e M=kl g

and the spectral density f is given by
I'(2H + 1) sin(mH
() = LDt

™

(1—cosA) > A+ 2km|72H1,
kEZ
In particular, by (6.5),

6n =20 (0n) — 20 (0) =ro,n I, + Tn 2B [(1 + 14.,) S0 (H + 1r1.) — S (H)]

+ AD(H)n 2T (14 173,) S0 (H + 52) — S, (H)) = T (G0),

where

Gn = TQ,H% + Hn_QH[(l + 7”4,71)JCH+7“1,” — fu]+ Ab(H)n_2H[(1 + r3,n)fﬁ+”7=” - fﬁ]
< C(00) [remn™ " + 0yl frgr, |+ 072 | frge, — fH]

g fp e |40 e — fﬁq

and C(fy) may change its value from line to line. For large n, we have that

| fram . (V)] < C(0) | N 2H2rn < C(6p) | AP 2020,

[ mse (V] < CO) 2 < QB A2,
trn 0 = V] < C00)r1n A1 =2=2 log [A]] < C(B0)r1nl A 272,
|fﬁ+r12z (A) = V)] < < C(00)r1n A2 T1n log ||| < C(Bo)ry | AV 2%

for all A € [—m,7]. Hence, g,,(A) < C(60)gn(A) for all A € [—7, 7|, where

gn < C(6) [T2,n% + (P ran)n 2H fris + (ria + Ts,n)n_2Hfﬁ+5 ,

which yields the claim. O
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LEMMA 7.4. Let g: [—7, 7] — R be a symmetric function such that g(\) = O(|]\|77) as
X — 0 for some B € [0,1). Then, forall 6 >0 and H € (0,1),

tr(T,(9)Tn(g)) = O(n v n*+9),
(S0 (H) YT (g) S (H) 1T (g)) = O(n v 28 -2H 143

PROOF OF LEMMA 7.4. We apply [32, Theorem 5 in the full version] to the spectral den-
sities f = f and g with o« = «(0) = 2H — 1 and [ as above. O

PROOF OF PROPOSITION 6.1. By (7.1) and Lemmas 7.2 and 7.3, we obtain for 6 > 0,

2tr(B,,B if H>1
KL(B, || 0) < { 00 rBnBn) Ly
C(6o)n*ftr (S, (H — 6)'B,Xn(H —6)7'B,) if H <3,

where B,, = By, (6p,0) as in Lemma 7.3.
ItH > %, the Cauchy—Schwarz inequality yields

tr(B,By) < 3r§7nn_2tr(1721) +3(ripm + r47n)2n_4Htr(En(H + 5)2)
+3(r1pn + rg,n)Qn_‘lﬁtr(Zn(F + 5)2).

Clearly, tr(I2) = n. Moreover, since ¥, (H + &) and ¥,,(H + §) satisfy the conditions of
Lemma 7.4 with 5 =2H + 20 — 1 and 8 =2H + 26 — 1, respectively, we have that

tr(Zn(ﬁ + 5)2) — O(n vV n4ﬁ+5572)’ tI‘(En(H + 5)2) — O(n vV n4H+5572)‘
Since § > 0 was arbitrary, we find that tr(B,, B,,) = O(z,), where

2

20 =73, (P + ) 2TV RO () (0T v nfT2),

)

This establishes the KL upper bound for the cases H € (3,3) and H € [2,1).

IfH < %, we may again apply Lemma 7.4 to find that
tr[(Sn(H — 5)_11n)2] = O(n v n? 4H+59)
tr[(Sn(H — 6) 'S, (H 4 6))%] = O(n v nA0T -1 +50)
tr[(Sn(H — 6) 'S, (H +6))?] =O0(n v n®™).
Since & > 0 was arbitrary, we find that tr[%,,(H — ) "' B, 3, (H —6) ' B,] = O(w,), where

74H+5) + ( 2(n1*4ﬁ Vi n—4H+5)

Wy, = r%m (nil Vn Tin+73n)
+ (rip 4 rap) 2 (nt v A
This yields the KL upper bound for the remaining cases H € (i, %) and H € (0, %] O
APPENDIX A: CENTRAL LIMIT THEOREM FOR GENERAL VARIATION
FUNCTIONALS

In this section, we state and prove a CLT for general variation functionals of multivari-
ate mixed semimartingale processes. To this end, we consider a d-dimensional mixed semi-
martingale of the form

t t t
(A1) Yt:YO—i—/ asds—i—/ JsdB$+/ g(t — s)psdBs,
0 0 0
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where now B is a d’-dimensional Brownian motion, a (resp., o and p) is R%-valued (resp.,
R¥*? _yalued) and predictable and ¢g: R — R is given by (2.2). Since d’ may be larger than
d, (A.1) includes the case where the martingale and the fractional part of Y are driven by
correlated (and not necessarily identical) Brownian motions. In fact, the situation considered
in Section 2 can be embedded into the current setting by defining d’ = 2 and

(A.2) BAD = (B7B/)7 O-(A'l) = (07 0)7 p(A'l) = (p7 p/)

(the superscript stands for “from Equation (A.1)”). In particular, Theorem 2.1 then becomes
a special case of Theorems A.1 and A.2 below.

Let f: Rl — RM for some L, M € N. For Y and similarly for other d-dimensional
processes, we define
(A3) ATY =Yja, — Y, _pa, €RY, ATY = (ALY, A},Y, ... Al V) e RTE

Our goal is to formulate and prove a CLT for normalized variation functionals of the form

[t/A,]—L+1 AMY
(A4) VEY. ) =80 )] f(w) t>0,
i=1 An
where [-] denotes the floor function. In what follows, || - || denotes the Euclidean norm in R™

for any n € N. Also, if z is some matrix in R™*™ for any n,m € N, then ||z|| is defined by
viewing z as a vector in R™”*. We introduce the following assumptions.

ASSUMPTION (CLT’). Consider the process Y from (A.1) and recall N(H) from (2.5).
We make the following assumptions:

1. The function f: R™L — RM is even (i.e., satisfies f(—z) = f(z) for all ) and belongs
to C2NU+1(RIXL RM) with all partial derivatives up to order 2N (H) + 1 (including
f itself) being of polynomial growth.

2. The kernel g is of the form (2.2) where H € (0,1) \ {3} and go € C'(R) satisfies go(z) =
0 for all z <0.

3. The drift process a is d-dimensional, locally bounded, F-adapted and cadlag. Moreover,
B is a d’-dimensional standard F-Brownian motion.

4. If H > %, the volatility process o takes the form

t
(A.5) at=o§0)+/ F.dB,,  t>0,
0

where
a) 0 is an F-adapted locally bounded
there are y € (3, 1] and K7 € (0,00) with

R4 _valued process such that for all T > 0,
(A6) E[LA o — o] < Kalt =5, s,te[0,T];

b) & is an F-adapted locally bounded R%*% %@ _yalued process such that for all 7 > 0,
there are € € (0,1) and K € (0, 00) with

(A7) E[1 A |jor — 05]|] < Ka|t — s/, s,t €0,T].

If H < %, we have (A.5) but with o, 0(®) and & replaced by p and some processes p(©)
and p satisfying conditions analogous to (A.6) and (A.7).

5. It H> %, the process p is F-adapted, locally bounded and R**? -valued. Moreover, for
all T'> 0, there is K3 € (0, 00) such that

(A8) E[1A [l — psl] < Kslt — sz, s,t€[0,T].

If H < %, we have the same condition but with p replaced by o.
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To state the CLT, we need more additional notation. For suitable v = (vjg i¢ )i’il’}’?:l, q=
d,d,L,L
(ng,k/f/ )k‘:k;,ﬁ’,@:l 6 R(dXL) % (dXL) ’ deﬁne
M M
pf(v) = (E[fm(Z))m=1 € R,
_ C A Z/ M RMXM _
V1 (v,q) = (Cov(fim(2), fm (Z")))mmi=1 € o) =5(v,v),

where (Z,7') € (R¥™1)? is multivariate normal with mean 0 and Cov(Zyp, Zpp) =
Cov(Zyy, Zy,p) = Ve e and Cov(Zyy, Z1,4) = qie ke - Furthermore, given a multi-index

(A9)

d,d,L,L dXL)x(dxL
X= (sz’k/f')hk’,ﬁ,ﬁ/:l € Né )x( ), we define
d L d L d L
X~ kel
A10) xl= D> > xwewer x= [ TI xwewets o= ] I vaeric
kk'=1¢0=1 kk'=100=1 kk'=1¢60=1

and the partial derivatives

8|X|Mf o
(All) aX,U,f(U) = a X11,11 a XdL,dL (U) € R .

Ui1,11 9% arn
For s > 0, we also define
c(8)kewe = (0508 Viw Lio—ery,

(A.12) T (S)ke ke = (pspz)kkfrﬁl,g/m, T(8) ke e = T0(8) ke ke s

A8 ke e =210 (ogpl Lipcpy + Psag]l{ézl’})kk'q)g_m

for all k, k" € {1,...,d} and £,¢' € {1,..., L}, where T'2 and A are defined in (2.10) and
(2.11), respectively.

THEOREM A.1. If Assumption (CLT’) holds with H > %, then

(A.13) A;%{vf"(y,t)—vf(Y,t)—A;”}%z',
where Vi (Y, t) = fg pr(c(s))ds and
NUH) 1 [t H-1 X
(A.14) I / 0%y (els)) (A 2A(s) + A2 () Vs
i=1 Ixl=i 0

and Z' = (Z{)1>0 is an RM _valued process, defined on a very good filtered extension
(Q, F, (Ft)t>0,P) of the original probability space (2, F, (Ft)t>0,P) that conditionally on
F is a centered Gaussian process with independent increments and covariance function

t
(A15) Cl= @2z | FYM 0y = / 74(e(s)) ds.

THEOREM A.2. If Assumption (CLT’) holds with H < &, then

) t
(A16) Agz{vf"(y,t)—/ uf(w(s))ds—Ag}%z,
0
where
N(H) - o i
(A17) DI / s (r(s) (87 Ms) + AL e(s)  ds
- JO

J=1 Ixl=j
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and Z = (2);>0 is an RM -valued process defined on (Q, F, (F4)i>0,P) that conditionally
on F is a centered Gaussian process with independent increments and covariance function
Ce= B2 2" | Fmm=1

(A.18) t >
:/0 {’Yf(c(s)) +> (v (s), m(s)) +7f(7r(8)mr(8))T)}d8-
r=1

The proof of the two results is given in Appendices B-D. Apart from the term A}, The-
orem A.1 is exactly the CLT of semimartingale variation functionals (see [26]). Similarly, if
we ignore A}, Theorem A.2 is the CLT for variation functionals of a fractional process with
roughness parameter H (cf. [5, 18]). The two processes A;" and A} respectively play the
role of higher-order bias terms (for the estimation of the integrated volatility or noise volatil-
ity functional). However, these processes are also key to identifying all other quantities of
interest in Y. If A=0 and H < % Theorem A.2 reduces to [15, Theorem 3.1]. If A # 0,
additional terms involving A appear in both A}"* and A7}
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APPENDIX B: PROOF OF THEOREM A.1

Except for Proposition B.3 below, we may and will assume that M = 1. Also, by stan-
dard localization results and since gg only contributes a finite variation process with locally
bounded density to Y, there is no loss of generality if we replace Assumption (CLT’) by

ASSUMPTION (CLT”). We have Assumption (CLT’) with gg = 0. Moreover,

sup {Hat(w)! + o @)+ llpe(@)l + llof” w) | + Hﬁt(w)H} <00
(w,t)EN%[0,00)

and for every p > 0, there is K, > 0 such that for all s, > 0,
1 1 0 1
Efloc = psll)r < Kplt =3, Ellloy” = o ]2 < Fylt = o[,

(B.1) 1
Elllor — os[|"]» < K|t — s|*.

Under these assumptions, g(t) = KﬁltHfl/Q]l{bo} and Y; = Xo + A, + X, + Z;, where

t t t
(B.2) Ay :/ asds, X, :/ osdBs, Z = K;/ (t—s)12p,dB,.
0 0 0
Furthermore, we have A'Y = ATA+ A X + AlZ. For all s > 0 and 7,n € N, define
Alg(s) =g(ildn —5) —g((i —1)An — )
Alg(s) = (A7g(s),Al119(8), -, Al _19(5)),

such that we can rewrite

A?z=< / Al'g(s)ps B, / AZ,1g(s)ps dB. .., / A?+L_1g<s>psd35)
(B.4) 0 0 0

(B.3)

o0
= [ pedbatg
0
in matrix notation. The proof of Theorem A.1 is divided into four steps.

Step 1: Truncation of fractional increments. While increments of X are given by stochas-
tic integrals over disjoint intervals, (B.4) shows that all increments of Z overlap. However, it
can be shown that only the portion of the integral closest to ¢A,, is asymptotically relevant.

PROPOSITION B.1.  Under Assumption (CLT”), if 0, = [A%] where 0 is chosen such
that

(B.5) 1 L —%_2H<0<1

' 4—4H 2-2H 2
and if we define

(i+L-1)A,
(B.6) APYT = ATA 4 APX + / padB,y Alg(s),
(i—0n)An
then
[t/An]—L+1
*% n A?Ytr L'

(B.7) A, <vf V) =AY f(m» = 0.

1=0,,+1
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Step 2: Centering and removing the fractional component. In contrast to A7'Y, two trun-
cated increments ATY™ and AZY™ are defined on disjoint intervals as soon as |i — /| >
L + 0,,. By centering with the corresponding conditional expectations, we obtain a partial
martingale structure, allowing us to show the following—in our opinion surprising—result:

PROPOSITION B.2.  If 0 is chosen according to (B.5), then

t/A]—L+1
: ATyt ATyt
Az S ) -E|f( = F
i:,,zﬂ {f( FAn> M VA, > 7 ‘9]}
(B.8) [ JAL]—L+1
t/An]—L+
1 A'B A'B 2
gAY Z {f<0'(i—1)an — = ) —E[f <U(i—1)An — = ) ]71'”_1} } = 0.
i=0,+1 An An ’

We find this result surprising because upon centering by conditional expectations, the frac-
tional component becomes negligible for all H > % Note that for H | %, the local regularity
of Z becomes closer and closer to that of X . Since we are interested in convergence at a rate
of 1/+/A,,, one would therefore expect that there is some critical value Hy such that Propo-
sition B.2 holds for all H > Hj, while there is a bias due to the fractional part if H < Hy.

Step 3: Martingale CLT. After centering by conditional expectations and eliminating the
fractional part, we obtain the following CLT:

PROPOSITION B.3.  Under Assumption (CLT”),

t/A]—L+1
3 Al'B A"B
B9 At 2 U ewna J2) B[t (e )

where Z is exactly as in (A.13).

Step 4: Convergence of conditional expectations. The last step is to show that the condi-
tional expectations

t/AL]—L+1

NS C e

1=0,+1

that appear in (B.8) converge to V(Y t), after removing the asymptotic bias term Aj;".

PROPOSITION B.4.  Grant Assumption (CLT” ). If 0 satisfies (B.5), then

[t/An]—L+1

1 ny tr t )
(B.10) A;2{An 3 E[f(%)(f;_en}/o Mf(c(s))dsft;"}éo.

i=0,+1

PROOF OF THEOREM A.1. The theorem immediately follows from Propositions B.1-B.4
and standard properties of stable convergence in law. O

Concerning the proofs of Propositions B.1-B.4, notice that since the fractional part plays
no role in Proposition B.3, it is a special case of [13, Theorem 11.2.1]. Moreover, the proof of
Proposition B.1 is very similar to that of [15, Lemma C.1] (which was for the case H < %),
so we postpone it to the Appendix C.
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The main novelty is in the proof of Propositions B.2 and B.4, which we detail in the
following. Here, the fact that the martingale and the fractional components of Y are driven
by the same Brownian motion (instead of independent ones) starts to play a pivotal role. In
what follows, we make repeated use of so-called size estimates and martingale size estimates.
While the underlying ideas have existed since the beginnings of high-frequency statistics, we
refer to [15, Appendix A] for a more formal and more explicit version of these estimates.
Another important estimate that we use many times and is true under Assumption (CLT”) is
the following (cf. [15, Equation (B.3)]): for every p > 0,

(i—0,)A, P
/ Alg(s)ps dB,
0

B.1. Proof of Proposition B.2. Since A is Lipschitz and both ¢ and p are %—Hblder
continuous in LP, it is easy to see that replacing A?YY /\/A,, by
é??tr AnB N g
=0(_
\/Fn (i—0,)A, \/F )
AP B 1 (i+L—1)A,

(B.11) E[ ] < AHHO-H)

(B.12)

=008 R T Nl P(i—6,)A, dBs A g(s)
only leads an asymptotically negligible error. Indeed, since each term in
1 [t/An]—L+1 é;@ytr é?{/tr éznytr éln?tr N
A Y (S ) (B ) (B ) - (B ) | A
1=0,,+1 An An An An

is F", ; -measurable with zero F;" , -conditional expectation, a size estimate shows that the

previous display is of order /0, [A; 1/2 + (0,4, < 9AY?7% which tends to 0 by (B.5).

The main work now consists in showing that we can drop Ef in (B.12). Then (B.8) fol-
lows by moving the time point at which o is frozen from (i — 6,,)A,, to (i — 1)A,, (which,
analogously to what we just proved, is asymptotically neghg1ble) The dlfﬁculty here is that a

simple martingale size estimate is not sufficient: since 5” is of magnitude A 172 , dropping

it would lead to an error which is bounded by Vo AH /2 And this only goes to 0 (for
the smallest possible 6 in (B.5))if H > 1 — W ~ (0.65. As a consequence, we need a more
sophisticated argument.

We start by expanding

; <A?17“> y (0(1'—9%)&1&13)
VA, VA,

K O(i— A'B _1
ZZ (( i )(@) +op(An )

INE

into a Taylor sum, Where K =N(H)+ 1 and N(H) is the same number as in Theo-

rem A.l. As K > 5 H 7. if we use a martingale size estimate, the op-term contributes

\/TLA}/ 2= 71/ 20t most, which is negligible. For the remaining terms, we make the sim-
plifying assumption that d = L = 1; the subsequent arguments easily extend to any d, L € N
but require more cumbersome notation in the general case. To give the intuition behind our
approach, consider x = k = 1 in which case (EZ")X = A;l/z féﬁg, A Alg(s)p(i-,)a, dBs.
The important observation is now the following: On the one han’;i, if s is far from iA,, say,
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1 — 0,0, <s<(1— 021) A,, for some 953) = 0(6,,), the corresponding part of the inte-
P gp
gral is of size Ag_l/Q(Gg))*(lfH) by (B.11), which is smaller than A2 0n the other

hand, if s is close to i4\,,, the .7-"?_977 -conditional expectation of the integral restricted to
s> (i — 0%1))An agrees with its .7-"Z " 9(1)—conditional expectation, which constitutes an im-
provement when we apply a martingale size estimate.

It turns out that in order to make this argument work in general, we need to choose not just

one but a certain (potentially large but always finite) number of intermediate scales 05{1) =

[A;Le(q)] for g=1,...,Q — 1, where Q € N and 09, ¢ =0,...,Q are chosen such that
0= 9(0) > 9(1) > > G(Q_l) > Q(Q) =0and

1 H-3

1 ey _Hoa 1.0

> 2 _ 2H 1 _ H b q ) 7Q

Earlier versions of this trick appear in [5, 13, 14, 15, 18]. By solving the underlying recur-
rence equation, the reader can check that such a choice exists. We also let 9,(1@) = 0. By the

(B.13) 9@

multinomial theorem, for each x =k € {1, ..., K}, we have that
. L Q / r(i-0)A, g
€= > ( . )H( / o A?g(s)pwnmndBS) :
ittiq=k MU IR G\ =0 )A,

For fixed k and j1,...,jQ, let ¢gmin =min{g=1,...,Q : j; #0}. Then

, n Q (i—0)A,, Ja
U(xen)AnAiB) (/ n "
EaXf< A”g(8)p(i—p.1a. AB,
[ ~ q|_|1 e, (8)P(i-0,)A,

n Q i—0(D)A j
0(i-0,)A, A7 B (1=6:7) n .
=K [axf ((\/)Ai> H </( Az Q(S)P(i—en)m dB5>

a1 (=0 )A,

]:zn—e]

F a1 |-
i_egl‘lmm 1)
Hence, by a martingale size estimate, its contribution to

[t/An]—L+1

: AnYE 9(i-0,)8, 875
s ¥ U(TE) ()

i=0,+1
ATY™ O(i=6,)A, A B
_E =i _ —Uln)an=0 77 ) | g
H Fm) f( VA, )‘ 9]}
1s of order

Q
\/ glamin=D) A =3k H A0 P (1-H) < anmm—l)Af—%Ae(qmixﬂ(l—H)’

q=1
which tends to zero by (B.13). O

B.2. Proof of Proposition B.4. Let us first remark that, in contrast to Proposition B.2,
we cannot drop the fractional component when we determine the asymptotic behavior of the
conditional expectations in Proposition B.4. In fact, the fractional part is precisely the reason
why intermediate limits appear and have to be subtracted to obtain convergence to V(Y )

atarate of 1/v/A,,.
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In a first step, we discretize both ¢ and p in A?Ytr. Recalling (B.13), we define
1 (i+L-1)A, @

Pli—peaA, L (-0l A, (i—0S) A, (s)dBs Af'g(s),
VB Jeaga, =" AL ( A ((=057)A)

APYES = g a0, ATB 4+ /AR

LEMMA B.5. Under the assumptions of Proposition B.4,
[t/An]—L+1

(B.14) A2 'Z {E[f<A\;£tr>‘}"" ] E[f<A;£dls>’fn Héo

i=0,+1

d_
& =

The proof is quite technical, but the dependence of the Brownian motions driving the
martingale and the fractional part of Y do not play any role here, which is why we defer it to
the Appendix C.

PROOF OF PROPOSITION B.4. By Lemma B.5, we are left to show that

. [t/An]—L+1 Anydls Lt
(B.15) Az {E[f( ) 7 ] VYt —A’"}:>0.
> i) | A - Vi - 4

To this end, we recall (A.12) and define v, ’i, o™ € (RXE)2 by
(B.16)
(vg Ve = c((i — 1) Ay ) ke e

+ (U(¢—1)Anp€79§b@—1>mn]l{egef} T Pi—g@ A, O-%;_l)An]l{K’gé})kk/

y /(H’Z/\Z' I)A A+£\/£, 19( )ds
(LA —2)A,, Ay

Q@ (i-6)A, An AR
T " G0 19(8) i+£/—19(3)
- q—1 . g—1 4 d
+ qzzl(lo(lg; >)ARP(Z_9; >)An)kk /(iaiq‘U)An A, S

and
(B.17) (W) = (i — 1)An) + A — DANAT 2 4 2((i = 1)An) AZH-L,

respectively. Observe that v, " is the covariance matrix of A?Y s/ /A if o and p are de-
terministic. We separate the proof of (B.15) into four parts:

[t/A,]—L+1 &
1 Any 1s i 1
B.18)  AF Y {E[f< s ) | 7 ] s (Elvg \f{‘_971]>}é>0.
i=0,+1
 [t/80]-L+1 , R
@19 AF Y {ur (BRI F,)) —nsf ) } £ o,
1=0,+1
/AL ' L
B20) Az > {up(ug”) = pp (0™} =0,
i=0,+1
. t/A,]—L+1 ' o
B21)  AZ ) {pp(0™) = V(Y t) - A"} == 0.

1=0,+1
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Concerning the first part, by a change of variable and (C.3), the second term on the right-
hand side of (B.16) equals

An A p1419(8)
-0 |41
(U(ifl)An Pz_egb@—nmn]l{ege'} + Pii—02~A, 0571)%1{@52})%/ /0 % ds

1

T T H—3 o H
= oo (J(i—l)An,p(iiaiQ—l))An]l{gge/} + p(i—eiQ*”)A”O-(z'—l)A,,Lﬂ{f’éf})k’k’An <I>|£_Z/|'

With this in mind, the remaining proof of (B.18) is completely analogous to that of [15,
Lemma D.2] if, in the notation of the reference, we define
(i+L—-1)A,, T

i \/7 P(i_Q;‘Z*l))An1((1-_95;1*”)Am(i_9;?>)A")(3) dB; Af'g(s),
q=1

(T3 Voo = (i — 1) An)kere + <0—(i—1)Anp?-_9(Qfl>) RS

(iHNE'—1)A,

Az 4 g( )
" p("—effgf”)ﬁna(g—l)An]I{Z’S@})kk’ /( e

ds
AN —2)A,, A,

(i=0D)A,  AD (5)A™

1-19(8) z+£/—19(5)

+ E i—9ED)A,, Pl g )kk’/ = ds
q= r+1 S (i—05 A, Anp

and realize upon using (B.11) that for any p > 0,
EHY” 7"’ ] A9<T)(1 H)A

H-1

E[[BIT7" | 77 yp0] - [r;mfgw_l)]p} <(OrDA,)EAT

(For the last inequality, first note that the ds-integrals in Y"" are O(AH Y 2) Then observe
that the two conditional expectations will become equal 1f we shift time in the coefficients

defining Y to i — 9( )An, which comes with an error of (9( )An)l/ 2)) Similarly, apart
from 0bV10us modifications, the proof of [15, (D.10)] can be reproduced almost identically to
show (B.19). For (B.20), the proof in our setting (with H > %) is, in fact, much simpler than
the analogous statement in [15, (D.11)]. Indeed, by (C.2), (C.3) and (C.4), vy — v™" is of
size (9(62 I)An)l/zAf_l/Q + 22921(ng—l)An)l/QAfL(‘”(2—2H)A%H—1 + AZ(2—2H)A721H—1’
which is o(v/A,) by (B.13) and (B.5) and thus yields (B.20) by the mean-value theorem.

Concerning (B.21), we recall the multi-index notations introduced in (A.10) and (A.11).
We then express the difference pf(v™) — pg(c((i — 1)A,)) in a Taylor expansion of or-
der N(H) (which is possible since f is 2(IN(H) + 1)-times continuously differentiable by
assumption, see [13, (D.45), (D.46)]) to obtain

[t/An]—L+1 A
AF D {0 = (el = 1)A0) — A" | = KT(2) + K3 (1),
0,+1

i=

where

Al = Z 3 —50%us(elli= DA (A NG = DA + AT x(i - 1A)|

Jj=1 Ix\—J
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and
[t/An]—L+1

K=ok YY) ;!amf(x?)(v”vi—c((z'—l)An»X

i=0,+1 |x|=N(H)+1

for some X between v™% and c((i — 1)A,,).
By simple size estimates and the definition of N (H) in (2.5),

H)+1)(H-3)

E[ sup |K”(t)|] <A AN ~0

t€[0,T]

as n — 0o. Our last step is to remove the discretization in time, that is, to show that

1 [t/A]—L+1

Y n n Ll

ac{an 30 {ustetti-vag)ar} - vy - ap b Lo
i=0,+1

To see this, observe that A, "/?{A,, th/éll LHuf(c((i - 1)Ay)) — Vi(Y 1)} L0 by

[26, Lemma 11.2.7]. At the same time, note that changing c¢((i — 1)A,,), A((: — 1)A,,) and
m((i—1)A,) toc(s), A(s) and w(s) for s € ((i — 1)A,,i4,,) induces an error of order /A,

respectively, by Assumption (CLT”). Because there is at least a factor of Aanl/ 2 present in
A", the mean-value theorem shows that
1 [t/An]—L+1 11 1
E[ sup |Ap? <An oA AQ”) H <aEa ) L, O
te(0,7) =0, +1

APPENDIX C: TECHNICAL RESULTS FOR THE PROOF OF THEOREM A.1

We start with some estimates on the kernel g.

LEMMA C.1. Recall the definitions in (2.2), (2.3), (2.11) and (2.10) and assume that
H e (0,1)\ {3} and go=0.

1. Forany k,n €N,

[eS) 1 k . N2
(N2 g =2 H-L . _1\H-3 2H
(C.1) /0 ng(t)?dt = K {2 +/1 (r (r—1) ) dr}An :

2. Forany k,t,n € Nwith k </,

2 | aatagg =iy

3. Forr >0,
An A 1
r119(8) A= 1oy i H
(C3) / W ds = An 27 }q)T
0 n
4. Forany 0 € (0,1), setting 0,, = [A9], we have for any i > 0,, and r € N,
(i—0n)A,
(C4) / A7 g(s)Atpg(s)ds S AFHC2D.

PROOF. The third statement follows from a direct calculation. All other statements follow
from [15, Lemma B.1] (the proof of which applies to both H < % and H > %). O
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PROOF OF PROPOSITION B.1. Note that the left-hand side of (B.6) is given by

i 0, Ay i t/An]—L+1 t/An]—L+1
A,%Zf<\/A7) DY {5?—E[5?|]—"{L_9n]}+A2 ST R,
i=1 " i=0,+1 i=0,+1
where 07" = f(ATY /V/A,) — f(ATY™/\/A,,). Clearly, the first term in the previous display
is of size A,ll/ =% and hence negligible by (B.5). Regarding the second term, note that | f(z) —

() S A+ P(z)+ P(2))||z — 2| by Assumption (CLT’), where P is a polynomial. So
by the contraction property of conditional expectations and a size estimate,

(i—0n) A,
B[ Bl | 720 )] < 4B s A7 [T IATg(s) Pas s AR,

where the last step follows from [15, (B.3)]. Moreover, 6 is F H |-measurable with van-
ishing F* , -conditional expectation. Therefore, a martingale size estimate shows that

[t/A.]-L+1

E[ sup |A2 Z {6? —E[6" | fin—en]}” < QéAf—%-W(l—H) < A%H—%)(l—e) ol
t€[0,T] =041
Next, define
ATY — ATyt 1 i=0.)A,
G = ~ =75 ), ps AW, APg(s),
. A"B (i+L—1)A, :
& =03-0,)A, A \/7/ Pii-0,)A, AWs Al'g(s).

Then Taylor’s theorem implies that

=30, (55 )@+ Z 2 FO (o)
S LR (S )

Z Bf nl 4.7,) (Czn)/ja

where o, B € {1,...,d} x {1,...,L} and ni”’l (resp., 77?’2) is some point on the line between
AMY /A, and ATY'™ /A, (resp., ATY™ /\/A,, and ). If 5?’1, 5?’2 and 5?’3 denote the
last three terms in the previous display, then

L [t/An]—L+1 /A7 L4 ;
Ar Y EEEL, ZD" with D (t)=A2 > E[67|Fly ]
=0, 41 1=0,+1

Since (}*is ;' , -measurable, E[@af(f?)(gi")a | Fito. 1= (C1)aE[0af (&) | Fity | = 0be-
cause &;" has a centered normal distribution given 77" , and f has odd first partial derivatives
(as f is even). It follows that D} (t) = 0. For the two remaining terms, we combine size esti-
mates with [15, (B.3)] and the Holder properties of o and p to obtain

-3)- 0)

IE[ sup |D’§(t)] < A;%+(H—%)+9(1—H) [A% n (QnAn)% < QA( 0,
t€[0,T]

E[ sup ]Dg(t)] < AZEA%H*%H(I*H” _ A;§+2H+0(272H)
te[0,T

— 0,



34

where the last step follows from (B.5). ]

PROOF OF LEMMA B.5. The left-hand side of (B.14) is given by H{'(t) + H%(t) where

[t/A0]-L+1

HE(t) = Az > ZE[@ f<AnYdlS>(,<y)a 3 ]
1=0,,+1 «
/AN —L+1
B =88 Y Y i B[R € 6al)s | Fla, |
i=0,+1 «,8

Here k' = (A7Y'"™" — A7Y95) /V/A,, ¢4 is some point on the line between ATY'™ /\/A,,
and AV / /A, and o and B run through {1,..., N} x {1,...,L}.
For a = (k,¢), we have

An Ak plena, 4 ,
(ki )a = ”Z ! (o — ok YdB!
s VA F (i+6—2)A,, ; (i=1)An
| 1 EQ: (=08 Ed/: %% v
+ / A?Jr@flg(‘g) (ps - p (a—1) )dBS .
VA = S0 A, — ( —0% A,

Since 6@ < % for all g, we have E[sup,cp 1 }Hg‘(t)“ < A;1/2(2Ay2 + Af_1/4)2
0 by a size estimate. Splitting H{'(t) = H},(t) + H{,(t) + Hi5(t) into three parts ac-
cording to (C.5), we can use another size estimate to show that H4(¢) is of order
A1 222:1(H,Sq_l)An)lﬂAf;q)(l_H), which tends to 0 by (B.13). In order to show that
HY, (t) and H{,(t) are asymptotically negligible, we need further arguments.

Concerning H7, (t), we decompose, for fixed o = (k, (),

[t/An]-L+1 ai N
5 ATYdisy A
A E |0, = itl= 1 f”
i=§n:+1 { f( VA, > VA, ‘ 6.,
AL ny di (i+0-1)A

3 Arydis\ .
(C6) =Aj IE[(%f( ) (afi —db_ yds | 7 ]

! [t/Ai—:L-H Anydis - )

+AZ E {aaf <Z> Anaz_e A ]—"in_en} )
=0, +1 \/Tn

By the contraction property of conditional expectations and Holder’s inequality, the uniform
L'-norm up to time 7" of the first term on the right-hand side is bounded by

[T/A,]-L+1

(i+0-1)A . p %
c H/ (af —a )ds ]
i ;rl i+6-2)A, (i=8) 2
11 [T/An] L4 (DA L
sart SB[ el
i=0,,+1 (i+£-2)A,
(T/An]—-L+1 1

A

(+-DA 1
( E {/ lag —aii_g\a, " dSD
(i+6—2)A,,

i=0,,+1



RATE-OPTIMAL ESTIMATION OF MIXED SEMIMARTINGALES 35

([T/An]-L+0)A, i . 1
=E / (g — ag e p :l
[ PV L el (S BT TANS

for some p > 2. Since a is cadlag and bounded, the last integral above vanishes by dominated
convergence as 1 — 0.
Next, we use Taylor’s theorem to write the second term on the right-hand side of (C.6) as

[t/A,]—L+1

i—1 Anéz B n
o e () )

i=0,+1
+ SE e e Ao Jh

where £/ is a point between A?Y s /\/A, and oi—1)a, AF B/VA,. A simple size esti-
mate shows that the second part vanishes as n — oo. By first conditioning on ;" ;, we further
see that the first conditional expectation is identically zero, because o(;_1)a, A} B/ VA, has
a centered normal distribution given ;" ; and 0, f is an odd function.

Thus, it remains to analyze H{(%). To keep the presentation simple, and since the general
case does not involve any additional arguments, we assume d =d =k =/ = L = 1. Then

Os = O(i—1)A, = (cl® — O'((O) DA, )+ by dr + ordB;.
DA, (

We then split H]}(t) into H{g (t) + H12 (t) + H; ( ) where o
Z[t;fiiﬂi[ <A"Yd15> Vin Jina H(Ugo) - U((?L)An)st }T_en}

HIE (1) = A [ji]lE[ f/<A5§s> ¢1rn (:A;N ( /( N 3 dr) dB, fi"@n},
Z[t;f:iE[ (A&n}f) ¢1Aj (:A ( /(j_mn A dBr) dB, f?_gn].

Given Assumption (CLT"), a size estimate shows that H]3' (£) and H}3>(t) are of size A2
and A%L/ 2, respectively, both of which go to 0 as n — oo (since v > %). Thus, the last term

to be considered is H ?23( t), for which we must resolve to a last decomposition. We write
H'(8) = i (1) + Hip () + Hiz" () with

[t/A] di
1 Anydis
HILQ,3,1 (t) — Afl Z E |:f/ < i )
i=0,+1 VAn

(3
1—0, |

1 A, /s _ _
X or —0(i—1)A, ) dB, dBy
VAR Ji-1A, (ifl)A,,L( (-Da.)

L [t/An]

n,; Anydis (1), AB
o -ai > et (Sar) - (M)}

=0, +1
1 A\, s
X O(i_ A, dB,dBs
VA, /(i—l)An /(i—l)An =D
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[t/An] n
n 1 U(i*l)An AZ B
Hy5> (1) = Aj Z E [f,< V )
i=0,+1 An

1 iAn S
i dB, dB;
VA, /(i—l)A,,L /(i—l)A,,L T6-DA.

By the Holder properties of o, we can use a size estimate to see that H?Q’S’l(t) is
“1/2 \1/24e" _ Ac
n n -

n°

X

)

of size A which vanishes for large n. Similarly, since (A?Ydis —

oi—1ya, AP B) VA, = 5?’(1, we can use the mean-value theorem and a size estimate to
see that Hf2’3’2(t) is of size Ap, 2AHTV2AL? which goes as n — oo by (B.13). Finally, if
we first condition on F* | in H&’?”g (t), then because f is even and o(;_1)a,, ATB/VA, is
centered Gaussian given F)* |, it follows that f’ (0(i—1a, AT B /V/A,,) belongs to the direct

sum of all Wiener chaoses of odd orders. At the same time, the double stochastic integral
in H ?2’3’3(t) belongs to the second Wiener chaos (see [38, Proposition 1.1.4]). Since Wiener

chaoses are mutually orthogonal, conditioning on F;* ; shows that H ?2’3’3(t) =0. ]

APPENDIX D: PROOF OF THEOREM A.2

If \(s) =0, Theorem A.2 is exactly [15, Theorem 3.1]. If \(s) # 0, there are only two
places in the proof that require modifications: one is the proof of Lemma C.2 and the other
is the statement of Lemma C.3 in the reference. Concerning the latter, the only difference
is that we now have an additional term A((i — 1)An)k47k/@A}/27H in [15, Equation (C.7)].
Note that the same term (with % — H replaced by H — %) appeared in (B.17) in the case
where H > % Thus, a straightforward combination of the proof of Proposition B.4 with the
proof of [15, Lemma C.3] yields an “update” of the latter that covers the case A(s) # 0.

In the following, we detail how to prove the statement of [15, Lemma C.2] if A(s) # 0. As

shown at the beginning of the proof of [15, Lemma C.2], it suffices to prove [ é 0, where

[t/An]—-L+1 n n,dis n,dis
—=n 3 9(i-1)a, A7 B+ &
To=a 2 {f<( )y

i:9n+1

o8, A7 B+ PN
) )

and ﬁf’dis = f((.HL*l)A” Pii-0,)A, ABs Al g(s). We further decompose 5?’&8 = 5?’1 + 5?’2,

(D.1)

i—0,)A,
where
(i—1)A, (i+L—1)A,
n,1 n n,2 n
§ = Pii—o.)A, ABs Afg(s), £ = Pai—0,)A, ABs Af'g(s).
(i—0,)A, (i—1)A,

Since (N(H)+1)(5 — H) > 3 by (2.5), applying Taylor’s theorem twice, we obtain

ol 1ya, ATB + € grdis
f _f AE

gn,dis

1 i O-i—lAnéan X 1
=) ZX!aXf( AH)( ( )AH ) +0p(AR)

n
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N(H) n,l n,2\ X’ n
1 , 7, m, i A? B\ X 1
= Z Z Z I /|8X+Xf ng : e +op(An).
x!'! AL AH AH

5:3'=1|x|=3 Ix|=5" "

For each i, if we condition on F;* ;, It0’s representation theorem implies that

5?’2 X o(i—1)A, AF B\ X
A Al

57’;7,,2 X/ o i1 Ané:bB X (Z—‘,—L—l)An n ,
:EKAH % ‘fzn—l ‘1’/(' A ;" (s)dBs

n (2

(D.2)

for some process sz,x,x’(s) that is Op(A,; ), uniformly in x, X/, 4 and s, because |x| > 1.
The stochastic integral in the last line is .7-';1”|r 1,_-measurable with a zero F;* ;-conditional
expectation. Therefore, by a martingale size estimate, its contribution to U is of magnitude

A,ll/ Q_H, which is negligible. Therefore, it remains to consider the conditional expectation in
(D.2). Note that

&\NY (oi-a, ATBYY | _,
EKAH All 7
EMNX (oo A AFB\X |

EMNX (oig A, AFB\X | __
() () 5. sty

with exact equality between the last two conditional expectations. Clearly, the last conditional
expectation does not contribute to U", since it is removed by the second line of (D.1). So the
proof is complete upon noticing that the contribution of the Op((6,,A,,)/?)-term to U is
negligible by a martingale size estimate. 4

W |-

)

0 |-

APPENDIX E: ADDITIONAL SIMULATION RESULTS

In this appendix, we report additional simulation results in a setting where o and p are
fixed (instead of the signal-to-noise ratio). Everything is chosen and defined in the same way
as in Section 5 with the following exceptions: We take o = 0.02 and p = 0.02/+/10 if H < %

and o = 0.02/4/10 and p = 0.02 if H > % Moreover, as the noise can become small now as
H — 1, we do not set score(H ) = oo if in the estimated model, noise accounts for less than
1% of the return variance. Tables 7-10 summarize the results in this new setup.

The results for H,, are similar to those in Table 2, except that for A = 0.5 and A = 0.9, the
bias is smaller now if H < % and bigger if H > % This makes sense because with fixed p, the
noise accounts for a higher (resp., lower) percentage of the total return variance if H is small
(resp., large), making inference of H easier (resp., more difficult). The situation is different
for C),: since p is fixed, estimation of volatility faces two challenges at the same time. On the
one hand, if H is small, volatility can no longer be estimated consistently according to our
theory. On the other hand, if H gets closer to %, separating the fractional and the Brownian
components becomes increasingly difficult (see the discussion at the end of Section 4). This
is why in Table 8, we can see that the performance of C" worsens both as H gets close to 0
and as H gets close to %, with this effect being stronger for positive values of A. Regarding
estimation of \ itself, we can see as in Section 5 that estimation is easier for negative values
of A\ but now also if H is small, leading to a good performance on the upper-left part of
Table 9. Finally, as we can see from Table 10, the estimator II,, performs well if H is small
or larger but close to %, with better results for negative values of A.
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TABLE 7
Median and interquartile range of Hyn, based on 1,000 simulated paths.
A
H -0.9 -0.5 0 0.5 0.9
0.1 0.1001 0.1001 0.1001 0.1002 0.1010
[0.0979,0.1031] [0.0968, 0.1034]  [0.0966, 0.1039]  [0.0977,0.1042] [0.0993, 0.1044]
0.2 0.2000 0.2000 0.2000 0.2001 0.2022
[0.1956,0.2046]  [0.1939, 0.2058] [0.1916,0.2076] [0.1933, 0.2095] [0.1982,0.2112]
0.3 0.3000 0.2999 0.2999 0.3004 0.3064
[0.2948,0.3049] [0.2867,0.3115] [0.2710, 0.3208]  [0.2835,0.3309] [0.2967, 0.3383]
0.4 0.3996 0.3958 0.3979 0.4218 0.4317
[0.3787,0.4200] [0.2733, 0.4641] [0.3516,0.4916] [0.3806, 0.5053]  [0.3955,0.5111]
0.5 0.5000
[0.5000,0.5000]
0.6 0.5996 0.5970 0.5948 0.5838 0.5732
[0.5880,0.6119] [0.5639, 0.6558] [0.5394, 0.6306]  [0.5223,0.6113] [0.5116, 0.6010]
0.7 0.7001 0.6985 0.6969 0.6918 0.6802
[0.6901,0.7099] [0.6762,0.7244] [0.6532,0.7783] [0.6334,0.7323] [0.6205, 0.7047]
0.8 0.8010 0.7997 0.7974 0.7735 0.7534
[0.7691, 0.8264]  [0.7509, 0.8441] [0.7221,0.9220] [0.6934, 0.8178]  [0.6791, 0.7879]
0.9 0.8911 0.9002 0.7437 0.8160 0.7956
[0.8527,0.9219] [0.7834,0.9734] [0.5000, 0.9780] [0.7006, 0.8887]  [0.6963, 0.8558]
TABLE 8
Median and interquartile range of CT[L19,20] / o2 based on 1 ,000 simulated paths.
A
H —-0.9 —-0.5 0 0.5 0.9
0.1 1.1205 1.0224 1.0854 1.2041 1.4105
[0.6911, 1.8850] [0.2629, 1.9885]  [0.2288, 2.1059] [0.5416, 2.3145] [0.8991, 2.5605]
0.2 0.9998 1.0129 1.0062 1.0993 1.2680
[0.7152,1.3542] [0.5855, 1.4849]  [0.4822, 1.6647] [0.6873, 1.8406] [0.9197, 2.0637]
0.3 0.9964 0.9950 1.0260 1.1928 1.3398
[0.8904, 1.1313] [0.7486, 1.3184]  [0.7168, 1.5686] [0.8755, 1.8944] [0.9798, 2.1662]
0.4 0.9796 0.9339 1.3600 2.0031 2.6196
[0.7744,1.3489] [0.7267,3.4177]  [0.9757,7.7919]  [1.1330, 12.5047]  [1.2537, 15.6350]
0.5 1.0006
[0.9942,1.0070]
0.6 1.0247 1.0804 1.5038 2.3624 3.3730
[0.6932, 1.4451] [0.5475,3.4861] [0.8567,11.9466] [1.0950,31.4528] [1.2548, 40.4074]
0.7 0.9995 1.0032 1.0183 1.0879 1.1341
[0.9527,1.0548] [0.9245,1.1143]  [0.9502, 1.1973] [0.9906, 1.3255] [0.9882, 1.4884]
0.8 1.0040 1.0011 1.0083 1.0243 1.0237
[0.9734,1.0394] [0.9692, 1.0436] [0.9861, 1.0540] [0.9828, 1.0821] [0.9742, 1.1045]
0.9 1.0078 1.0038 1.0055 1.0128 1.0119

[0.9930, 1.0252]

[0.9871, 1.0290]

[0.9953, 1.0206]

[0.9888, 1.0533]

[0.9830, 1.0619]
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TABLE 9
Median and interquartile range of An /+/Cnlln (defined as 0 if I, = 0) based on 1,000 simulated paths.
A
H -0.9 -0.5 0 0.5 0.9
0.1 -0.9130 -0.5415 -0.0022 0.4947 0.8934
[-0.9998, -0.8791] [-0.6219, -0.4669] [-0.2094,0.4411]  [0.1439, 1.0000]  [0.4077, 1.0000]
0.2 -0.9055 -0.4986 0.0004 0.4948 0.8875
[-0.9181, -0.8934]  [-0.5836,-0.3861] [-0.2166,0.3359]  [0.1079,0.9999]  [0.3431, 1.0000]
0.3 -0.8994 -0.5003 -0.0085 0.4986 0.9108
[-0.9122,-0.8860] [-0.6107,-0.3427] [-0.3566, 0.6503] [-0.2141,0.9998] [-0.1568, 0.9999]
0.4 -0.8991 -0.4771 0.0549 0.5632 0.5502
[-0.9251, -0.8742]  [-0.9071, 0.2298]  [-0.9277,0.7623] [-0.9263,0.9942] [-0.9356, 0.9974]
0.6 -0.9013 -0.5357 -0.1335 0.1554 0.2608
[-0.9310, -0.8597]  [-0.8635,0.5909] [-0.9319,0.9977] [-0.9630,0.9981] [-0.9626, 0.9982]
0.7 -0.9010 -0.5013 -0.0178 0.3951 0.6199
[-0.9029, -0.8989] [-0.5617,-0.4484] [-0.3057,0.5923] [-0.2607,0.9602] [-0.3045, 1.0000]
0.8 -0.9147 -0.5159 -0.0105 0.3719 0.5060
[-0.9453, -0.8897] [-0.5441,-0.4991] [-0.1827,0.4771] [-0.0893,0.6337] [-0.0772,0.7574]
0.9 -0.9988 -0.8723 0.0000 0.2020 0.2100
[-0.9999, -0.9503] [-1.0000, -0.4769] [-0.1706, 0.1241]  [-0.1490, 0.4384]  [-0.1413, 0.5077]
TABLE 10
Median and interquartile range of 11 / (20p2) based on 1,000 simulated paths.
A
H -0.9 —0.5 0 0.5 0.9
0.1 1.0034 1.0015 1.0006 1.0023 1.0243
[0.9521, 1.0769]  [0.9257, 1.0872] [0.9206, 1.0968] [0.9454, 1.1051] [0.9825, 1.1117]
0.2 1.0027 0.9974 1.0006 1.0018 1.0565
[0.8924, 1.1230]  [0.8500, 1.1664] [0.8002, 1.2292] [0.8289, 1.2977] [0.9521, 1.3675]
0.3 1.0023 1.0005 0.9923 0.9878 1.1980
[0.8586, 1.1562]  [0.6625, 1.4375] [0.3942, 1.9990] [0.5689, 2.8596] [0.8900, 3.8269]
0.4 0.9888 0.8557 0.7420 1.9439 4.5755
[0.4800, 2.1476]  [0.0096, 28.9549]  [0.0986, 109.5318]  [0.3489, 160.2848] [0.8019, 196.3857]
0.6 1.0066 1.0344 1.0434 0.9439 1.0730
[0.9526, 1.0821]  [0.7128, 1.6410] [0.6644, 3.0806] [0.8191, 4.0318] [0.9700, 4.2804]
0.7 1.0017 0.9969 1.0364 1.0590 1.1455
[0.9178, 1.0935]  [0.8803, 1.1761] [0.9405, 1.1606] [0.9048, 1.2191] [0.9799, 1.4538]
0.8 0.9999 0.9977 0.9899 0.8877 0.9944
[0.6222, 1.4662]  [0.5992, 1.6541] [0.6365, 1.8533] [0.7572, 1.0697] [0.8877, 1.1227]
0.9 0.7287 0.9678 0.3615 0.6399 0.7288

[0.3366, 1.5829]

[0.1343, 2.4936]

[0.0000, 1.7291]

[0.4181, 1.0834]

[0.5455, 1.0401]
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