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Abstract

We consider blind ptychography, an imaging technique which aims to reconstruct
an object of interest from a set of its diffraction patterns, each obtained by a local
illumination. As the distribution of the light within the illuminated region, called
the window, is unknown, it also has to be estimated as well. For the recovery, we
consider gradient and stochastic gradient descent methods for the minimization of
amplitude-base squared loss. In particular, this includes extended Ptychographic
Iterative Engine as a special case of stochastic gradient descent. We show that all
methods converge to a critical point at a sublinear rate with a proper choice of step
sizes. We also discuss possibilities for larger step sizes.
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1 Introduction

In recent years, ptychography [1] became a prominent technique in diffractive imaging.
Instead of a single illumination of the object of interest, multiple local illuminations of the
different parts of the object are performed and for each the diffraction pattern is captured
by a detector placed in the far field. Consequently, the object must be reconstructed from
the obtained diffraction patterns. Furthermore, it is often the case that the distribution
of light called the probe or the window, is also not known and has to be estimated as
well. In this case, the corresponding recovery problem is sometimes referred to as blind
ptychography.

The locality of illuminations allows to achieve better resolution and recently even reach
a sub-Angstréom scale [2]. This led to a rise in popularity among practitioners and its
numerous applications in fields such as crystallography [3, 2|, biology [4, 5] and material
science [6, 7]. At the same time, an interest in ptychography sparked the development of
efficient reconstruction methods. One proposed technique, Ptychographic Iterative Engine
(PIE) [8] and its extended version (ePIE) for blind ptychography [9, 10] became especially
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popular among practitioners. Over the years, it has been adapted for other measurement
scenarios such as multislice objects [11], multimodal illumination [12] and tomographic
ptychography [13]. An apparent reason for ePIE’s success is its simple explanation, imple-
mentation and computational complexity as the algorithm iteratively updated the object
and the probe by processing a single diffraction at the time. However, ePIE is still not
supported by a mathematical convergence analysis, which makes its success seem like a
miracle.

On the other hand, there has been a lot of progress in understanding ptychography as an
inverse problem. When the window is known, it can be seen as a special case of phase
retrieval with the short-time Fourier transform measurements [14, 15, 16]. In the past
decade, there has been a series of studies on the uniqueness and stability of ptychographic
phase retrieval both in continuous [14, 17, 18] and discrete cases [19, 20, 15, 21, 16], i.e., the
object is a function or a vector, respectively. Most of these works to some extent depend on
the Wigner distribution deconvolution [22, 23, 24], the representation of the ptychographic
measurements as a convolution of the Wigner transform of the object convolved with the
Wigner transform of the window. This procedure leads to the constructive noniterative
procedure for the reconstruction of the object [24, 25, 26, 27, 28, 29]. Besides, there
are many iterative algorithms [30, 31, 32, 33, 34, 35, 36], which can be applied to solve
phase retrieval. The most prominent group is algorithms that pose the recovery as an
optimization problem, and among them - are gradient methods. It includes famous Error
Reduction [37, 38, 39], Wirtinger [40, 41] and Amplitude [42, 43] Flows and the above-
mentioned PTE, which can be seen as the stochastic gradient descent [44].

In contrast, blind ptychography is much less discussed in the literature. In [45] the authors
study the ambiguities resulting from regular scanning grids and search for possible cures.
The uniqueness of reconstruction can be guaranteed for generic objects and windows [46,
47]. With few exceptions, reconstruction algorithms for blind ptychography exploit an idea
of alternating minimization [48, 49, 50, 51]. That is the object or the window is fixed, while
the other unknown is being optimized and after some iterations the fixed and optimized
unknowns are swapped. In this way, the recovery problem reduces to consequent phase
retrieval problems, which are well-understood. In [52], Wigner distribution deconvolution
is combined with blind deconvolution. Some algorithms [9, 10, 53, 54] perform joint
optimization of the object and the window, however, the convergence of such methods is
not guaranteed.

In this paper, we study gradient methods for joint optimization of the object and the
window. We show that with carefully selected step sizes gradient descent and stochastic
gradient descent converge to a critical point of the loss function at a sublinear rate. The
second result is particularly valuable in the context of ePIE, which, just as PIE, can be
seen as a stochastic gradient descent. To our knowledge, this is the first result in the
literature regarding the convergence of ePIE.

We start with preliminaries in Section 2. That includes a mathematical description of the
measurements and the choice of the loss function in Section 2.2 as well as an overview
of ePIE and its connection to the stochastic gradient Section 2.3. Then, our results are
presented in Section 3 and we also discuss the possibility of larger step sizes in Section 3.1.
All proofs can be found in Section 4 followed by a short conclusion.



2 Preliminaries

2.1 Notation

The set of d-dimensional complex vectors is denoted by C¢ and d; x dy matrices by
C%*dz_ For a complex number z, its real, imaginary parts and absolute value are denoted
by Re z, Im z, |z|, respectively. For v € C¢ let v, vT and v* denote the complex conjugate,
transpose and complex conjugate transpose, respectively. The entrywise (Hadamard)
product is denoted by o. Notation |lv]|,, 1 < p < oo denotes the £,-norm of the vector
v e CY.

For a vector v € C?, the diagonal matrix diag(v) € C¥? contains entries diag(v);; = v;
on the main diagonal and zeros elsewhere. Let F' be the discrete Fourier transform matrix
with entries F}; = e~ 2mk/d The shift operator S,, r € Z can be treated either as circular
shift (S,v); = Vj_rmoad O as noncircular shift (S,v); = v,_, for 0 < j —r < d and
(S;v); = 0 otherwise. The only equation, where its definition is used explicitly is (30) and
the bound holds in both cases. The identity matrix is I € C%*9. For a matrix A, ||A]
denotes its spectral norm, ||Al| = max,—1 [|Av],.

We set min{a,b/0} = a for the step sizes below, e.g., in (15).

For a function f : C? x C¢ — R : (z,v) — f(z,v), the notation Vf = (V.f,V,f)
denotes its generalized Wirtinger gradient. While this superficial definition is sufficient
for understanding our results below, we also provide a proper definition and selected
properties in Section 4.1.

2.2 Mathematical model, losses and gradients

To describe the ptychographic measurements mathematically, let us introduce the nota-
tion. We denote the object and the window as z € C% and w € C%, respectively. Each
of the illuminated regions corresponds to a shift of the window S,w by some r and the
set of all shifts is R with R elements. The interaction between the object and shifted
window is modeled by entrywise multiplication, resulting in the exit wave x o S,w. The
propagation of the exit wave to the far field corresponds to an application of the discrete
Fourier transform F. Finally, the intensity of the captured wave is given by a square of
its absolute value. The resulting measured noisy intensities are described by the following
equation

Yok = Noisy(|[F(z o S,w)il?), r€R, k=1,...,d. (1)

Consequently, our goal is to recover x and w from the measurements y,;. We note
that unique recovery is understood up to several ambiguities naturally arising from the
measurements (1).

Theorem 2.1 (General ambiguities arising in blind ptychography [45]). Consider x,w €
C? and the corresponding ptychographic measurements (1). Then,

1. (global phase ambiguity) for all a,b such that |a| = |b| = 1 the pair ax,bw produces
the same measurements (1),

2. (linear phase ambiguity) for all p € R the pair z,v € C? with z, = e~ xy, and

v = eP*wy,. k=1,...,d, produces the same measurements (1),



3. (scaling ambiguity) for all v € C\{0} the pair yx,w/vy produces the same measure-
ments (1).

Furthermore, other ambiguities may arise depending on the set of shifts R, e.g., when R
forms a regular grid [46].
In order to pose the recovery problem as an optimization problem we consider the loss

ZZ[\/| (z 0 S,v)] |2+€—\/yr,k+8r, e>0. (2)

reR k=1

If the measurements are noiseless, we get L.(z,w) = 0 and L.(z,v) > 0, so that the pair
z,w is a global minimum of £.. However, as the loss function (2) is nonconvex, its global
optimization is a nontrivial task. Moreover, we would only consider a convergence to a
critical point VL. = 0, with the gradients of (2) given by

d
v) = Zdiag(S,@)F* I — diag {\/‘ Vrk 1 e —1—5} F(z 0 Sw),
k=1

reR ZOSU

d
. X . VYrk T E
Vo Le(z,v) = Z diag(z)S_,F™* |I — diag { JIE i A } F(z 0 Sv),
1

reR ZOSU

where in the case ¢ = 0 and F'(z 0 S,v), = 0 the fraction F'(z o S,v)/|F(zo S,v)| is set to
Zero.

Intuitively, the squared error between the simulated and measured intensities would be the
first choice, i.e., without additional square roots as in (2). Our choice is motivated by the
three following facts. The function (2) with ¢ = 0 is a second-order Taylor approximation
of the maximum likelihood function for Poisson noise [55, 56]. The minimization of Lo
is also equivalent to finding a barycenter of positive-semidefinite matrices with respect to
the Bures-Wasserstein distance [57]. Lastly, the partial gradients V,£. and V, L. admit
Lipschitz-like properties, which is essential for the analysis of the convergence of the
gradient methods [48; 43, 39, 44]. A nonzero smoothing parameter € makes the gradient
Lipschitz continuous, which is mostly needed as a technical step in the analysis [43, 49, 39],
but it also has an impact on the convergence to a critical point for stochastic gradient
descent [44].

Note the loss function (2) is prone to the ambiguities described in Theorem 2.1. The first
two ambiguities only affect the phases of the object and the window and the scaling ambi-
guity also affects their norms. As the gradients of L. are not scale invariant, it is possible
to make V,L. arbitrarily large and V,L. proportionally small and vice versa, while the
loss function remains constant. This later complicates the analysis of the convergence.
A possible cure to the scaling problem is to impose a constraint on the norm of z and
v. This can be done explicitly by adding constraints to the optimization problem, for
instance, see [48] or Section 4.2.4 of [29]. An alternative is to impose the norm constraint
implicitly by including the Tikhonov regularization,

T (2,0) = T (z,v;e,ar, Br) = Lo(z,0) + ar ||[l5 + Br [[vll5, (3)



for some ag, fr > 0 with gradients
sz(z,v) = VZ;C&-(Z,'U) + arz, ij(z,v) = VU'C&‘ + 6T'U~

It was shown that the norms of the iterates of Alternating Amplitude Flow for [J [51] are
bounded and we will use a similar argument in our proofs later.
For the minimization of (3), we employ the gradient descent scheme

Zt+1 = Zt - ,utvzj(zta Ut)? Ut+1 = Ut - VtvUj(’Zt? Ut)’ <4)

with initial guesses 2°, v and step sizes ji, v,. While it is simple and not the most efficient

optimization method, understanding its convergence is the first step toward the analysis
of more involved methods such as [54] or ePIE.

2.3 Extended Ptychographic Iterative Engine

Extended Ptychographic Iterative Engine (ePIE) is an iterative algorithm which extends
the idea of Error Reduction [37] for blind ptychography. Starting with initial guesses
2% 1%, to construct the next iterates for an iteration it selects a single region 7* € R and
computes the exit wave z' o S,«v'. Then, a single Error Reduction iteration is performed,
which gives a corrected exit wave. Finally, new object 2! and the window v'*! are

decoupled from the two exit waves. The detailed iteration is summarized in Algorithm 1.

Algorithm 1: ePIE iteration, version of [9]

Input: Measurements y, previous iterates iterates z¢, v € C?, step sizes
Qg 6t > 0.

1. Select a shift position r* € R.
2. Construct an exit wave 1) = 2% o S,+vt.
3. Compute its Fourier transform U = F'.
4. Correct the magnitudes of U as W) = | /y.e V. /|Wy].
5. Find an exit wave v’ corresponding to ¥’ via ¢/ = F~10’
6. Return
=y DG T gy B Ay

Parameters oy and f; are often set to a constant value for all iterations, e.g., ay = 3; =
0.05. There are two common ways to choose 7!, either as a neighboring position to rf=1
or it loops through the set R, which is randomly shuffled after each loop.

As it follows from Algorithm 1, an iteration of ePIE only performs two Fourier transforms
and accesses one diffraction pattern {y,;}¢_,, which makes it extremely efficient.

There are several interpretations of ePIE in the literature [58, 10] and the one in [48,
Section 4.1.2], [54, Section F.1] or [29, Section 4.3] is particularly useful and links ePIE
to the function L.. For this, let us consider supplementary error functions

d

L= Z [\/HF(zo Sr)|kl? + € — \/Yrk +s]2, reR,

k=1




corresponding to the squared error for r-th illuminated region. Then, the ePIE iteration
can be interpreted as a gradient step

B

ZtJrl —_ Zt L ,Crt70(2’t,vt), 'UtJrl = 'Ut — 2
d 2|5

_ AV
d vt

vvﬁrt,O(Zta'Ut)' (5)

While representation (5) connects ePIE to Lo, in this form is not convenient to analyze
ePIE as a gradient method for L.

Let us assume that that each r! is sampled independently at random from some distribu-
tion p € (0,1)% over R. Then, we are able to reinterpret ePIE as a stochastic gradient
descent for L. First, let us formally introduce the stochastic gradient.

Consider a function f : C? x C* — R with decomposition f = > . f, and generalized
Wirtinger gradients Vf,.. Fix K € N to be the number of summands to be sampled
and let p € (0,1)% be a distribution over R. Then, the stochastic gradient g[f](z,v) is
constructed as

L ! 9l1:(zv)
2,0) = — —V /fx(z,v) with 2,0) = = , 6
G = Do th ) i gl = [AFED] @
where indices 7!, ... 7 are sampled independently with replacement from p. When work-
ing with iterations, we would write ¢* with independent indices r%!, ... 7% to indicate

the dependence on ¢. Note that for K = 1 the equation (6) simplifies to

1
g[f](z,v) = p_rvfr(zvv)'

for a sampled index r. Consequently, we can rewrite (5) as

Qi Pt Bprt
ot O ), o = - PPt ()
d o' d |25

Thus, ePIE can be understood and analyzed as a stochastic gradient descent for L£y. This
motivated us to study the convergence properties of stochastic gradient descent for 7,

=2t gl TN, o =0t =gl [T, (8)

were the decomposition of J =" _x J; is given by

Tr(zvie,ar, Br) = Ly.o(2,0) + arpe |25 + Brp, [v]]; - (9)

From now on, we would use a shorter notation g instead of ¢g[J].

As the stochastic gradients are random, their convergence can be only guaranteed in
probabilistic terms. Let us briefly introduce a few notions from probability theory, while
more details on the topic can be found in [59]. Consider the probability space (S, F,P)

induced by the random indices {r®}7° ’ol,(kzr Let Fy be the trivial o-algebra and for ¢t > 1

let F; be the o-algebra generated by {rs’k}i;g’le. By construction, Fy C F; C ... F
so that {F;}i>0 is a filtration. We say that a sequence of random variables {X;};>¢ is
adapted to filtration {F;};>¢ if for each ¢ X; is F; measurable. Essentially, all random



. . . t—1.K .
variables which are F;-measurable can be expressed in terms of {r** Voo 1. In particular,

2t v are Fi-measurable and, consequently, J (2, v") and ||V T (2%, v")]|, are adapted to the
filtration {F;}s>0. Note that {g(z,v%)};>0 is not adapted as it also depends on {r®F} .
We say that a random event is almost surely (a.s.) true if its probability is one. We
would denote expectation by E and conditional expectation with respect to o-algebra F;
by E[-| F¢]. With this, we are ready to state our results.

3 Our contribution

Let us start first with the analysis of the gradient descent (4). It was shown that the
suitable minimal requirement for the convergence of gradient methods for nonconvex
optimization is the so-called descent lemma [60, Assumption 3], which controls the change
in the loss function in terms of the change in the argument. In fact, it can be seen as a
weaker version of Lipschitz continuity of the gradient. For J we are able to establish the
following version of the descent lemma

Lemma 3.1 (Descent lemma for J). Let &, ar, Br > 0. For all z,v € C* and u,h € C¢
we have

J(z+u,v+h) < J(z,v) +2Re(u"V,T(2,v)) +2Re(h*V,T (z,v))
2 2 2 2 2 1/2
o+ d (% ol + 3 IRI + 211205+ 3 ully + ly/dll?)]
183 |Br +d (11205 + 3 Hully + 2 0l + 4 1415+ lly/d11?)] -
Unlike the standard decent lemma [61, Lemma 5.7], we observe the fourth-order terms
appearing in Lemma 3.1. This can be explained by viewing 7 as an “almost” fourth-
order polynomial. That is z0.S,v is a quadratic polynomial and /|[F(z o S,v)];|2 + € is an

“almost” quadratic polynomial, which gives total quartic dependency on the arguments.
For further convenience, let us define

B(z,v) =3 [2 ]2+ 2 ol + ly/d}] +3max{ar, fr}. (10)
and .
Jmt.— inf J(z,v). (11)
z,0eCd

With Lemma 3.1, we are able to choose the step sizes j;, 14 such that the gradient descent
provably converges.

Theorem 3.2 (Convergence of the gradient descent for blind ptychography). Let e, ap, B >

0. Consider a sequences {z'}i>0, {v' }i>0 generated by (4) with arbitrary starting points

20,09 € C? and the step sizes

o < min (B4, G VTGO G 9.7 0)
(12)

Then, we have

J () < T 0N — Hvzj(zt,vt)H; — vaj(zt7vt)H§a t=>0,



If ar, Br > 0 and, additionally, p; and v, are precisely equal to the minimums in (12),
then
HVj(zt,vt)HQ —0ast— o0

and

mln HVJ (2%, H2 < maX{C’lT_l[j(zo,vo) — g, (C1T_1[j( v°) — jmf])g/Q}

t=0

where C, = C1(2°,v°, d,y, ar, Br) is given by
Cy = max {d |20(az" + B7)T (", 0°) + 6 ly/dl}/?| +2max{ar, Br}, (154} . (13)

In contrast to the nonblind case [43], in which the step size is constant, in Theorem 3.2
the step sizes have to be chosen adaptively and depend on the norm of the gradient.
This is a consequence of the much more volatile behavior of J described in Lemma 3.1.
Note that similar choices of step sizes with partial gradient normalization are necessary
to guarantee convergence of the gradient descent for certain classes of loss functions [41].
With the convergence results for gradient descent established, we can turn to stochas-
tic gradient descent (8). Using ideas from [62, 63] and [44], we are able to establish a
convergence result for scheme (8). To state the results, we introduce two new bounds.

Lemma 3.3. Define

djv]

B.(z,v) = Edl/Z{ 2 (z vll, + d1/2)+oz z|l, |, 14
(20) = () | e (|l ol + /) +or 1|, (14
d||z]] 1/2
sz,vzﬁdlﬂ{ 2 < vl + d/>+ vll,] .
(20) = (52 | e (el ol + /) + B ol

Then, for any z,v € C* we have
Rdg.(z0)l5 < Bi(z,0) and  Rdllg,(2,0)]5 < B} (z,0).

Now, we can state the main result regarding the convergence of the stochastic gradient
descent.

Theorem 3.4. Let e,ap, 7 > 0,0 <60 <1 and k < 0/(1+0). Consider a sequences
{2} 50, {v' }i>0 generated by (8) with arbitrary starting points 2°,v° € C? and define

2 2

7 = min {(1 )BT (2 ), BL T (2 o), By T (2 of), (1 — %)*”} . (15)

1. If the step sizes uy and vy are adapted to the filtration {F;}i>0 and satisfy pe, vy <
" then, the sequence J(z',v') converges a.s.

max

2. If ap, Br,0 > 0, k > 0 and the step sizes are given by pu, = - iy
for some 0 < p,v <1, then

max

and vy = v - 1y

kC2
. — ., k>0,
. mln HVJ 2t ) )H; < {mm{u,uc}£(1+T) —1] 0 a.s.,
- min{u,v} In(1+7)° K=

for an a.s. finite random variable Cy and

meij vh) HQZO a.s.

t>0 2



3. If, in addition to assumptions in 2, € > 0, then |[VJ (2", v")|, = 0 as t — oo a.s.

Let us elaborate on the statement of Theorem 3.4. In comparison to Theorem 3.2 two
additional parameters x and 6 appear. The first parameter x controls the decay of the
step sizes over time and the speed at which the minimal gradient converges to zero. This
is similar to the stochastic gradient descent convergence properties observed for PIE in
nonblind ptychography [44] and stochastic gradient in general [62]. The second, 6, controls
the power of the partial gradient normalization by the step sizes. In view of bounds in
Lemma 3.3, the second and the third cases in (15) correspond to the norms of stochastic
gradients, ng(zt,vt)H;Q/(?’*e) and ||g, (2", vt)|];2/(379). If 6 is set to zero, the power —2/3
would precisely correspond to the same powers in Theorem 3.2. However, for stronger
convergence guarantees 2 and 3 of Theorem 3.4, we require a slightly stronger scaling
6 > 0. In the literature [60, 62, 44], # is commonly chosen as one. Yet, in our case, this
leads to small updates in (8),

HztJrl — thZ = L ng(zt,vt)HZ <1, Hle - UtHQ = Hgv(ztavt)HQ <1

and motivates the restriction 0 < 6 < 1.

Similarly to the nonblind case [44], we observe that the convergence speed of the stochastic
gradient descent (8) is much slower than the gradient descent (4). This is compensated
by a much larger computational complexity for the latter as the full gradient has to be
evaluated. We also observe that smoothing ¢ > 0 is necessary to guarantee that the
gradient vanishes.

Coming back to ePIE, we showed in (7) that it can be seen as stochastic gradient descent
with steps sizes i = arpy /d |[0']%, and vy = appy/d 2|7, Note that they depend on 7
unless p is a uniform distribution over R. In such a case, we are able to apply Theorem 3.4
by choosing parameters «; and (3, appropriately. This would only provide the weakest
convergence that the loss function eventually stops at a certain level. Hence, a stronger
convergence properties can be obtained for ePIE by including Tickhonov regularization
and smoothing € > 0.

3.1 Existence of larger step sizes

The main criticism of our results above is the choice of step sizes, which have to be
sufficiently small to control the right-hand side in Lemma 3.1. However, the bound in
Lemma 3.1 significantly simplifies if one of the variables remains fixed.

Theorem 3.5 (Version of [51]). Let ¢, ar, Sy > 0. Consider zy = z— L;'V.J(z,v) and
v, =v— L'V, J(2,v) with L, and L, given by

— |2 < 2

L, =d max, EER |(Srv);” +ar < dljvll; +ar, (16)
- |2 < 2 )

L, =d max EGR |(S—r2);|" + Br < d|l2lly + br

Then,

T (2,0) € T (2,0) = L IVT (2,0)l; - and - T(z,01) < T (2,0) = L[ VoI (2,0)]5 -



The step sizes L;! and L' are much larger than their counterparts in (12). Therefore,
alternating minimization procedures for blind ptychography such as in [48, 49, 51, 29] are
more efficient than joint optimization. This naturally leads to a question if the step sizes
for joint optimization (4) can be chosen larger, preferably as in Theorem 3.5. Since J is
continuous, it attains its minimum on the closed interval connecting (z1,v) and (z,v;)
consisting of the points {(z(vy),v(7)) : v € [0, 1]} given by

2(y) =249z = 2) = 2 = 7L, VT (2,v), (17)
v(y) =vy +y(v—vy) =v— (1 —-9)L 'V, T(z,0).
Hence, there exists . € [0, 1] that for a point (2(74), v(7)) the values J(z(7«), v(7:)) <

min{J (z4,v), J(z,v4+)} and, consequently, both inequalities in Theorem 3.5 hold. If the
iterates are selected this way, we obtain the following convergence guarantees.

Theorem 3.6. Let ¢ > 0, a7, Sy > 0. Consider the sequences {z'}i>0 and {v'}i>o to

be the sequences where pair 21 v s constructed via (17) with z = 2*, v = v’ and v
chosen such that
J (20" = T (2(7),v(7)) < min{J (24, 0), T (2,04)}. (18)

Then, we have

T ) < T ) = SLEH VLT )|, = 3L Ve Gy, 6= 0

27 p 9

IV T (2, 015 = 0 as t — co and

IVT (4 o)ls < 77 [dmax{az?, 8713 (2°,0°) + max{ar, fr}] - [T(2",0°) — 7] |

min
#=0,..,T—1
Proof. The first inequality follows from (18) and Theorem 3.5. The rest of the proof is
similar to the proof of Theorem 3.2 or Theorem 3.4 in [51]. O

Theorem 3.6 is similar to Theorem 3.4 in [51], but it allows for simultaneous change of 2
and v’ unlike the alternating minimization procedure in in [51]. However, it comes with
extra computational costs resulting from a search for v at each iteration. The minimal
increase is two times as 7 can be chosen as v = 1 if J(z4,v) > J(z,v4) and 7 = 0
otherwise, which requires two evaluations of the loss J instead of single evaluation in
[51]. An additional outcome is that the continuity of the gradient is not necessary, i.e., &
can be zero, unlike in [51].

This idea could potentially be used for stochastic gradient descent. However, in this case,
the evaluation of the function value is costly and is almost the same as the computation
of the full gradient, which negates the computational speed-up of the stochastic gradient.

4 Proofs

4.1 Wirtinger derivatives and derivation of descent lemmas

The proof of descent lemma consists of several steps. Firstly, we rewrite £. from (2) in a
more general form
m 2
Lo(z,0) =) {« [|ZTQ|2 4+ — \/y; + g} . (19)

Jj=1

10



In order to do so, let us first define vectors f* with fF = e2™**/d ¢ ¢ [d]. Then, we can
rewrite

[F(z050)], = (f*)*(z 0 5w) = (f*)* diag(2)S,v = (diag(z) f*)" S,
= (diag(ﬁ)z)TSrv =T diag(ﬁ)Srv = zTQr,kv. (20)

Hence, with the indexing j = (r,k), r € R,k € [d] and m := dR, we can instead work
with (19).

The analysis of L. is based on the Wirtinger calculus, which becomes handy for the
optimization of real-valued functions of complex variables. Note that the class of such
functions is not holomorphic [64, Proposition 4.0.1]. Let us consider a differentiable (in
the real sense) function f : C — R with an argument z = Rez + iIlmz. Then, the
Wirtinger derivatives are defined as

of 18f iodf of 10f _idf

92 20Re 20Im’ 0z 20Re  20Im’

They are a linear transformation of the derivatives with respect to real and imaginary
parts Re z and Im z and, hence, the standard results such as derivation rules, extension to
the multivariate case and etc. hold for Wirtinger derivatives. In addition, the conjugation
rule applies,

of _of
- =, 21
0z 0z (21)
Now, let us consider f: C¢ — R with Wirtinger derivatives
of _(of ofy 4 9 _(9 9f
0z  \ 0z 0z 0z \oz, T 0z4)°
The differential of f is given by

L Tof f aof of . 1_0f,  0f of .
df:;[%daj+ Bdﬁj]—;[a dz; +8zd} 5ode+ -dz —2Re[82 }

where (21) and real-valuedness of f were used in the last step. Consequently, the direction

of the steepest ascend dz is aligned with the conjugate transpose of %, which is why
Wirtinger gradients in direction of z and Z are defined as

V.f = (g‘z) (%) and V. f := V. f.

Furthermore, for twice differentiable f we would need the second-order Taylor expansion

flz+5) = f(2) + 2Re(s"V.f(2)) + E} / (1 — )V2f (= + ts)dt E} C(22)
0
where z,s € C? and V2f is the Hessian matrix

Gop VS VS| |EVSE AV | &YS VS

Vizf Viif =Vaf %Vif =V 5V.f

11



where the last equality follows from (21). Consequently, the second-order term in (22)
simplifies to

S

H V) H = 2Re (V2 [(2)s + s"V2_[(2)5) . (23)

The descent lemma is generally established by bounding from above the second-order
term in (22) and (23) is a convenient representation to work with.

Returning to £. and J, we start with the case ¢ > 0 so that L. is twice continuously
differentiable. Since the argument of L. is two variables z and v we will use notation

VL. = VLo = [sz’a] and VL. = VL.

VL.

In the case ¢ = 0, Ly is not differentiable at points where 27Q;v = 0 for at least one
j € [m]. Thus, for Ly we define the generalized Wirtinger gradient as pointwise limit

VLo(z,v) = lim VL(z,0).

e—0+

Following this logic, for the case ¢ > 0 we split the blocks of the Hessian matrix into
subblocks as

vg z‘CE v?} z£€ 2 v% Z‘CE V% z£€
v(z v),(z, U)Le - 7 7 and v(Z v),(z, U)L , 7
Vi,Le Vi.L. Vi, L. V2I,L.
Consequently, the vector s in (23) splits into two parts, s := (u,h) corresponding to

change (z + u,v + h). Hence, (23) becomes

E]*v%(z,v) E] — 2Re <{Z}*Véw),(zw)ﬁg(z,v) m n m Vi Le(z,0) [%D .
(24)

The next lemma summarizes the computation for both summands on the right-hand side
and provides a suitable lower and upper bounds.

Lemma 4.1. For all s = (u, h) € C* we have

S

* 1/2
H VL= ) H <2Zlu Qv+ 2 QhP + 4 [La(z )] [Du th|2] |

and

o e [ = e [Du @]hf] /2

= 2lly +e| L 1) Z [ Qv + 2" Q;hI*.
j=1

12



Proof. In order to reduce technical computations, we make use of the results for phase
retrieval [43]. That is, let us consider supplementary functions

j=1 j=1
Note that £.(z,v) = f.(2) with a; = Q;v and L.(z,v) = f,(v) with b; = Q7] z. Hence, we
can use the computations in [43, pp.26-27] to obtain

Ms

VY T € —

1— Yj + ZTQ]"U . ij’
VIZTQju]? + ¢ |

T Troario|t WU @iE
127 Q;v| +é]

I
NE

vz£6(27 'U) = vzfa(z)

<.
Il
—_

Vv»ce(zav) = vvfb(v) =

IMS

<.
Il
-

and

QP+ 2(TQP + )

/—j T TQ] 2 _
(|yTQ gv(P - 5)3/2 Q(@)",

2
VY T e VI T Q] =
{1 (T QP+ 2|7 Qul? + @3/2] BECEE

Vi T (' Q,v)?
> 3T, v|2+2)3/2QT Q)"

V..Lo(2,0) = V.. fol2) {1 -1 VYT E vy, +ElzT Qo ] Q;0(Qv)",

I

1

J

Il
NE

v2,2£€<z7v) ZZfa( )

1

<.
Il

||
WE

vv,vﬁe(zav) - vab

1

<.
Il

I
NE

VE,U‘CE(Za 'U) - V57vfb(v)

1

<.
Il

Now, we have to compute the cross-variable derivatives using the product and the chain
rules. More precisely,

Vo Le(z,0) = gvzﬁg(z,v) _ Z 1_ Vy; +¢€ — A(="Q;v)
| o j=1 VIZTQu? + ¢ ’ v

. 0T Qv +2) 12 0(=TQuaT Q)

_Z Vi T Q0 =g S s dv

- NOTE=G VU TelzTQjv)?
Z 1- + T 2 3/2
=1 VIEQuP+e  2(2TQuf +¢)
[ e/y; e Vi et Qiu)? | ——

J J J QjU<Q?Z)T,

Q@ )"

— 1—
2| TGP+ AT o

13



and

Vi Le(z,0) z’”‘: VU € 2TQ.v Q)
w =1 VIZTQju? + e oo

- (|27 Qv]* + &) 2 0(2"Qu2"Q,v)

= Vi +e(z"Qu)Q5v - 0)2TQ > + ¢ Jv

j=1
| -t VI FEET Q) o
1L VIZTQ;u + ¢ (=1Q;0) Q]+Z 2(]27Q; U|2+5)3/2QJU(QJ’ z)"

The last two derivatives are computed analogously,

I
NE

<.
Il

] e\/y; T € VUi T El2TQ;v|? T
V. wLle(z,0) = ; 1— (|zTij\J2 o 2(|z]Tij\2 +;)3/2} Q7 2(Qjv)",

| Vi T € Vi TE(z"Qjv)? T
VE’UEE(z’v)_; L - \zTC;jU|2+s (= QJ QJ +Z z]TQ U‘2+8)3/2QT <QJ )

With derivatives computed, we can now turn to the quadratlc terms in (24). The first
summand is given by

u u
= u*VZ,ZEE(z, V)u+u'V,  Lo(z,0)h + WV, ,Lo(z,0)u + W'V, Lo (z,0)h

_ Zm: [1 o eyite el @l } X

(lZ7QuIP +e)2  2(]z7Qjul* + )32

X [T Quul + WTQu - T Qb+ ZTQh - u Qv + |7 Qh?]
— 1. T |2
- Z { VU T i Telz Gl } Qv+ 2" Q;h|%. (25)

(2TQsu + 32 2(]2TQsuf? + )32

For the second summand, we analogously obtain

ul” s i}
Re <{h} Viw mLe(z,0) {E})

= Re(u*Vz. L (2, 0)0 + u*Vy . L(2,0)h + h* V5, L (2,0)0 + h*Vig Lo (2,0)h)
_9 Z _ VY + €
= VIZTQv2+¢

(Z Vi Fe(zTQv)? [(uTij)Q +2uTQ;uv - 2TQ;h + (ZTQJ‘h)QD

2(|2TQ,v|? + €)3/?

Re(z" Qv - uTQ;h)

_2; L gy e | e Qi) .
_'_
" 2(\2T53J1J)|Ti5)3/2 e((zTQjU)z(uTQjU+zTth)2)

1

J

14



To complete the upper bound in (24), we make the following observations. Firstly, the
second summands in (25) are nonpositive,

- eVy;+e T T 2
=Y Qe e Qe+ Tk <0,

J:1

Secondly, the third summands in (25) and the second sum in (26) added together admit
Re (=7 Q)2 (@TQuu+ 2TQ;h)?) = 12 Qv [uT Qv + 2T Q;h[? < 0.

Since /y; +¢/(]27Q;v|? + €)¥2 > 0, the above inequality applies for the whole sum.
Thirdly, we bound the first sum in (26) by the Cauchy-Schwarz inequality as

i 1 VY + €
WEDRTE:

j=1 V ‘ZTQ]'U|2—|—€

m 2
< [Z V12T Qu* +e—\/y; +¢
7j=1

1/2
<IC 1/2 [Z \uTQ]h\QI . (27)

Combining these inequalities with (24) yields

* 1/2
H VEL(2,0) H <QZ|uT@]v+zT@Jh|2+4 I [DuT@]h\Q] |

S

Re(z"Qjv - uTQ;h)

j=1

127 Q;v|[u" Q]

i:j -

|Z QJU|
Tt e

/2 o 1/2
: [Z |UTth|2]

j=1

For the lower bound, we return to (26). The absolute value of the first summand was
already bounded in (27). The second summand can be bounded using

Re (=7 Q) («" Qo + T Qsh)?) = —|=" Qv u” Qv + =" Qb

This gives

* - 1/2
Y 2 u 1/2 T 2
M(L]WE@MM@MED> —2l EJUQMI

Vi Felz" Qv
Z |2]TQ v)? + j)3/2| w Qg+ 2 Qihl

Thus, by (24) and (25), we obtain

E]*V%E(z’v) H > —4[L.(z,0)]"* [i u’ Q;hl?
i[ e L [ oY

1/2

Wl »

(127Qiul* +)*2 (|27 Qyu[* +¢)*?

15



The last step is to note that

L SYTE VY Felz"Quu* - VY T € L VUit

= >
QPP+~ [ QP +e” ~ QP e = VE

m

The term e~%/2(y; + €)'/2 — 1 is nonnegative, which gives

ETV%(Z’U) E} S Gl [ZuTQ]hQIW

— ||y + ]| 22 - >Z|uTij+zT@jh|2.
j=1

With Lemma 4.1 we are able to derive the descent lemma for 7.

Proof of Lemma 3.1. Let us start by deriving a descent lemma for £. with ¢ > 0 first.
Then, L. is twice differentiable and the result can be derived from the second-order Taylor
expansion (22) combined with the bound on the Hessian provided by Lemma 4.1. More
precisely, with s = (u, h)

L(z+u,v+h)=L(2,v)+2Re(u*"V,L.(2,v)) + 2Re(h*"V,L(z,v))
x ol
+ E] / (1 —t)V2Lo(2 + tu,v + th)dt [;] :
0

Let us focus on the second-order term for now. By Lemma 4.1, we get
s]™ ! s
[g] / (1 —=t)V?L.(2 + tu,v + th)dt [g} (28)
0

1—t uTQ v+ th) + (2 4+ tu)TQ;h|*dt
.] J

1 1/2
+4/ (1—1t) [Lo(z + tu, v + th)]"/* - Z|u th|2] dt.  (29)
0

The next step is to simplify integrands. By (20) and properties of the discrete Fourier
Transform, for any z,v € C? we have

zm:|zTij|2:ZZ|onSv => |IF(z0S0)l;
j=1

reR k=1 reR

d
=d) lzoSulz=dY Y lal o]’ = dzml > o < dllzll3 oll3 - (30)

reR reR k=1 reR

16



Consequently, using |a + 8|? < 2|a|?* + 2|8/?, the first integral in (29) simplifies to
1 m
2/ (1—=1)) " Qj(v +th) + (= + tu) ' Q;h|*dt
1 1
<4d ||u||§/ (I=t)|jv+ th||§ dt + 4d ||h||§/ (I—=1t)|=z+ tv||§ dt.
0 0
Furthermore, both of the obtained integrals can be bounded as

1 1
/ (1 —1t)||lv+th|3dt = / (1 —1t) ||lv]|2 + 2(1 — t)t Re(v*h) + (1 — t)£* ||| dt (31)
0 0
= L|o|l3 + s Re(v*h) + 5 |hll5 < L[oll3 + Ll[olls + L IRl5 + S 11215 = 2 (v]; + 2 |2]5,

which gives
1 m
2/ (1—-1) Z [T Q;(v +th) + (2 + tu)TQ;h|*dt
0 =1

< 4d|[ully [ llvlly + 5 1RIZ) +4d Al [F 1121l + § uls] (32)

For the second integral in (29), note that by inequalities

o — B> < o+ 3 for a, >0, and \\/a2+72—\/ﬁ2+72| <l|a-—g| for o, 3,7 € R,

the values of £.(z,v) are bounded by

Lo(z0) =Y |\ 12TQuul* +e—\/y; +e

m
7j=1

2 m
<N 1 Q0] - |
j=1

<

INGER

=T Qul” + lylly < dllzl; lvllz + Nyl (33)

7j=1

Hence, the triangle inequality with (31) gives

1/2

4/01(1—75) [L.(z + tu, v + th)]"/? - [é lW'Q;h|?| dt

1
< 4vd|full, ||h||2/O (1- t)\/d 2+ tull; o + thll; + [lyll,dt
1
< 4Vd |lull, ”h”z/o (1= t)Vd |z + tully [Jv + thll, + [y} (1 — )at

1
< [lulls + ||h||§]/0 (1= t)d(llz + tull3 + [[v + thl5) + 2v/d |yl (1 = t)dt

< [fall3+ 1003] [ (2 0203 + & ull3 + 2 oll3 + L A3 + v ly)?]

17



Returning to (29), the above inequality and (32) combined yield

H /0 (1—1)V2L, z+tuv+th)dtH

<l [ 1el3 + 3103 + 2 1213 + 3l + /)]
a3 20212+ 2l + 2 ol + 3 A0+ /2]
Substituting this into the Taylor approximation concludes the proof for € > 0,
L.(z4+u,v+h) < L(z,v)+2Re(u"V,L.(2,v)) +2Re(h*V,L.(z,v))
[ ol + 3 1BIE + 2 1203+ 4 Nl + /]
A2 [ 0oI3 + 3 ol + 2 o2+ L A0+ /)]

The case € = 0 follows by taking the limit ¢ — 0+.
Turning to J, we extend the above bound using Lemma 2.5 of [51]. Let T(z,v) :=
ar ||z]5 + Br ||v]l3. By Lemma 2.5 of [51], for s = (u, h), we have

E] V2T [;] < 20z ull2 + 287 |1,

Applying this error bound to the second-order Taylor expansion (22) of T gives
T(z+u,v+h)="T(z,0) +2Re(u*'V,T(z,v)) + 2Re(h*V, T (z,v))

x ol
- E] / (1 —t)VAT (2 + tu,v + th)dt [;]
0
< T(z,v) + 2Re(u*V.T(2,0)) + 2Re(h*V, T (2,v)) + ar ||ul + B ||h|l5-
Since J = L. 4+ T, combining two inequalities together yields the desired result. O

Note that for our specific ); the inequality (30) holds and, in general for arbitrary @),
the sum » 7", |27Q;v|* can always be bounded as

m m m

2 29,112 29,112 2
Yo 12T QuP < I QI olls < D=5 ol Y 1@l
j=1 j=1 j=1

where ||-|| denotes the spectral norm of a matrix.

4.2 Convergence of gradient descent

In this section, we derive convergence result for the gradient descent algorithm (4).

Proof of Theorem 3.2. Using Lemma 3.1 with z = 2!, v = v, u = 1, V, J (2%, 0"), h =
vV, J(z%,v") and the definition (10) of B. We get
T < T 00 = 2 || VLT (24 0 Hz — 2 ||V T (2, 0" H;

b [T 2 (B o) + 4 |97 )+ o [, 00 ]
[T G [BB o) + S VT + 498 [0, ()]

18



Recall that the step sizes p; and v; are as in (12). The first case of the minimums yields
wB( oY) <1, yB(Z ") < 1.
The second case leads to
1 VI N < <g and dd VTGO, < <5

From the last inequalities and the last case for p; we deduce that
2 2/3 2\ 2/3
S | Vo ()2 = ) |97 o2 (G 9.7 ) ) <

and, analogously, 2p?u, |V.J (zt,vt)H; < 1/3. Combining these inequalities gives the
standard descent lemma for gradient descent [61, Lemma 5.7],

T o) < T4 00 — g Hvzj(ztvvt)uz — vaj(zt,vt)Hz < J( 0. (34)

To show the convergence of the gradient, we assume that u; and v, are equal to the
minimums in (12) and sum up the above inequality for t =0,...,7 — 1,

T-1

ST |[VTE L+ v [ VoI (o)) < T (0,00 = T (T, 0T) < T (0,00 — T
t=0

This implies that the series 320° 1, [| V.7 (24, 093+ | Vo T (24, 0') |3 are convergent and
its summand , ,
I HVZj(zt,vt)HQ + 1y HVUj(zt,vt)HZ —0ast— oo. (35)

Let us show that the gradient

V. T (20

tooty
VI (') = [ij<ztjvt)

} VTN = [T O+ VTN (36)
vanishes. First, for ap, By > 0 we observe that
ar [, < L' 0") +ar [l + Br ']y = T (21 0") < T (000,
so that [|2!]2 < J(2°,v°)/ar and, analogously, ||v']|3 < J(2°,v°)/Br.
Now, we are ready to prove the convergence of the gradient to zero. Let us first consider

the case |V, J (2", 0", > ||V T (2%, v1)]],, which gives

|-G ) 2 5 (VTGO + 9. 0)3) = 319G

2/3
Vgl = (IV-TG ) = 25 VT E ]y
and o
||vzj(2 , U )HQ > Hvzj(zt’vt)H;l/B > 22% HVJ(Zt,Ut)H;l/s

IV T (24, 01) || 22

19



Then, we have

IV-T " )l
3 (a7 + 28717 (000) + y/d]/* ]| + max{ar, Br}

1

BIVTE N 4 VTG
(15d)5 " (15d)% |V, (4, 0) |22

v,

where C' is defined as in (13). In the opposite case, |V, T (2%, v")|, < [|[V.J (2, v")]],,
exactly the same inequality is satisfied for vy |V, 7 (2!, v")||2. Thus, in any case, we get

RO

L HVZJ(zt,vt)Hz > min

> C~' min { VT (20"

[t HVZj(zt,vt)Hi + 1 vaj(zt,vt)Hz > C " !min {HVj(zt, vt)’

Combining it with (35) gives,

C’lmin{HVj(zt,vt)’;, VI (2 vt)H;l/B} — 0 ast— oo,

which is only possible if | V7 (2%, v")||, — 0 ast — co. Finally, to quantify the convergence
rate we note that

2/3
min{ min HVj(zt,vt)‘z,{ mm Hij o' H} }
t=0,...,T—1 =0

4/3}

= _min min { [V 0|5,

t=0,...,
<Ct:0r,r}_17n [,utHV J (20t HQ+I/,5HV J(z ]
= C .
<C [MWszm+wava C17(0%) = g
=0

Thus, using that for all a, b > 0 the inequality
min{a, a2/3} <b e a<bora<b’? & a< max{b, b3/2}
holds, we obtain
ij (2, o) Hi < max{CT_l[j(zo,vo) _ g 32327 (0, 40 — jinf]3/2} .

O

4.3 Convergence of stochastic gradient descent

In this section, we derive Theorem 3.4. The proof follows the steps of Theorem 3.7 of [44].
However, the difference between the standard descent lemma and Lemma 3.1 affects the
proof, which has to be carefully adjusted.
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Let us start with a brief overview of the proof. The idea is similar to Theorem 3.2.
That is, we would like to show that the sequence {7 (2%, v")};>¢ is convergent and the
sequence {||[VJ (2", v")||,}i>0 vanishes. Yet, as these sequences are determined by indices
{rt’k}toi’gszl, they are random.

Our goal is to apply the next result by Robbins and Siegmund [65] with random sequences

Y, =J(0) =™ and X, = HVZj(zt,vt)H; + Hvzj(zt,vt)H;.

Theorem 4.2 ([65, Theorem 1]). Let {X;} >0, {Yi}iso and {Z:}i>0 be three sequences of
nonnegative random variables that are adapted to a filtration {F;}. Let n; be a sequence
of nonnegative real numbers such that >~ n < co. Suppose that

ED/;H*l |Ft] S (1 —+ T]t)}/;g — Xt + Zt7 fOT all t Z O, (37)

and > °0 Zy < oo almost surely. Then, Y .~y X, < oo almost surely and Y, converges
almost surely.

Thus, the proof is split into three parts. In the first part, we derive (37) based on
Lemma 3.1. In the second part, we apply Theorem 4.2 to obtain convergence of {7 (2%, v*) }i>0.
Then, we deduce that with a proper choice of step sizes, there exists a subsequence {tx } x>0
such that [|[VT (2%, v™)|, — 0 as k — co. The third part follows ideas of [63] to deduce
VT (2", v")||, = 0 using Lipschitz continuity of the gradient.

Throughout this section, steps of the proof are separated into lemmas. For each, the
requirements on the step sizes are stated separately to highlight how they change as the
proof progresses.

4.3.1 First half: preparations for Theorem 4.2

Let us start by establishing the inequality (37). The first step is to combine Lemma 3.1
with updates (8).

Lemma 4.3. Let e,ap, 7 > 0 and 0 < 0 < 1. If the step sizes satisfy
_1 _2 _1 2
o < min { B0, (159)75 o407, (59)75 gt
(38)
then we have

T ) < T (2 0) — 24 Relg? (2, 0) VT (24,61)) — 20 Re(g; (2, o) VT (2, 1)
2 2
1 g o), + v (g (0

Proof. The proof is analogous to the proof of Theorem 3.2 from the beginning to the
equation (34). O

Comparing the result of Lemma 4.3 with (37), the next step is to compute the conditional
expectation, which would require the following properties of the stochastic gradient.

21



Lemma 4.4. Consider the sequences {z'}i>0 and {v'};>o defined by (8) with stochastic
gradients g(z',v") given by (6). Then, we have E[g(z*,v") | F] = VI (4, v"), and

El||g. (=, o")|s | Fi] < LT 0t) — T+ p ||V T (20 || + 6
E[||g.(z5, 0))[[; | Fe] < WIT (0" — T+ p||VuT (24 01| + 67,

where J™ is defined in (11) and

d |5 ar 1 inf
Fm 5 L =1— =, 6 =~7T™ - f J,
T Kmimerpr - K o dr=rld Tzenzféc Jr(z,0)];
d |25 Br inf
v :: 57} :: v 11 _ f .
T Kminenp, T K T 7 Zziréc Jr(z:0)];

reR

Proof. The first inequality is shown by direct computation,

E[g(+',0) | Fi] = — ZE[M'E]_ S S VI o) = (o).

Prt k=1reR
For the last two inequalities, we adjust the proof of Proposition 3 in [60]. That is, the
equation (41) in [60] gives
2 2 _ 2
Bl [lg-(=", )|y | 7] < p V=T (03 + D_(Kp) [V o)
reR
Note that J,. can be seen as a copy of J with R = {r} and o/ = arp,. Thus, by
Theorem 3.5, we have
V-T2 )|, < (@ |[o!]); + arpo) [T (2, 0) = Fr(2540, o)
< (@[[o']l; + arp)[Fn(z0") = inf T(z,0)].

z,veCd

This leads to

E[[|g:(' )| | 7 < p [ 0.7 (2 )|+ 3 e Tazes

reR

(7, (2", v") — inf  J,.(2,v)]

Kpr z,0€Cd

2
d [v*[l3 ar

<p||V.TE s+

[T (2,0 — Z inf 7,.(z,0)]

Kmin,eg p, K ~ z,weCd

2 z in z
:pHvzj<Zt7vt)H2+% [j(ztvvt) _j f] +5t
The last inequality is analogous. 0
At this point, we also prove Lemma 3.3 as we would require it for the next step.

Proof of Lemma 3.3. Using the definition of the stochastic gradient (6), we observe that

K

Z VT (2,0)]),

2 =1

lg=(z,v)ll, = || ZP w VeTw(2,0)
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Let us bound ||V.J,(z,v)]|, for each 7 € R and z,v € C?. Separating regularizer gives

IV2Tr(z,0)lls < [IVaLre(z,0)lly + arpr |2l = max [u'VeLre(z,0)] + arpy 2]l

llull =1

By construction, £, . can be seen as a copy of £. with the set R' = {r}. Thus, it can
be written in the form (19) with matrices Q,x, ¥ = 1,...,d as in (20). Therefore, the
absolute value above can be bounded by repeating the computations in (27) and (30),
which yields

d
0V eLraler)l = |35 1= | ST WG
— \/ |2TQxv|% + €
1/2
1 2 1/2
<L, / [Z |uT@rkv|2] <A Loz, 0)] 2 [0l lull,

Consequently, we get
V-T2, 0)lly < & [Lre(z,0)] (0], + azpe ||2],

and

_ 1/2
l9:(z, v)]l5 < —Zp dd olly [Lorc(z,0)] 7 4 = ZaT [E1Ps

1/2 1/2
d1/2 K
||'U||2 Z Z U) Zp;f +ar ||Z||2
k= k=1
d"/? |||
< 2 1L(z, 02 +ar |z, .
= \/EminreRpr[ 5( )] T|| ||2

Then, using (33), we conclude that

d2 |Jv]l,
K172 mianR Dr
d[vll,

— K2 min,cr p,

2 2
[ 12113 111z + 1yl + az 121,

19-(2, ), <

1/2
[1=ll5 olly + lly/dIh*] + az |1zl

Multiplying two sides by (%d)l/ 2 concludes the proof for the first bound. The second
bound is analogous. O

Now, we combine the results of the previous two lemmas to get the bound of the form

(37).

Lemma 4.5. Let ¢, ap, 7 >0 and 0 < 0 < 1. Assume that the step sizes are adapted to
the filtration {Fi}i>0 and satisfy

jie, v, < min {B—l—ew,vf), BT (4, 0f), By T (4, 0f), (1 — %)*”} S (39)
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Then, we have

B[, 04) = | B < (L4 i 4o O (o) — T
— || V2T (2, vt)Hz — 1 ||Vo T (2, vt)H; + uf 067 + v tosY

with v;, v, 07,07 as in Lemma 4.4.

Proof. Note that the inequality (39) combined with Lemma 3.3 implies that the step sizes
satisfy (38) and, therefore, Lemma 4.3 can be used. Taking the conditional expectation
with respect to F; and using the fact that step sizes are adapted gives

E[J (o) | Fi] < T(240') — 20 Re(Bl g2 (2, ") | FIV.T (2, 01))
— 2, Re(E[ g5 (=", ') | F [V, T (2, 01))
+ OB ||g- (2 ) o | Fe] + vEOEL 0o (2 o0 s | F-

Next, Lemma 4.4 is applied,

E[J (0 [ F] < T ) = 20 [ V-T )]; — 20 [V (o)
+ T () = T+ | VLT Y]], + 6]
T ) = T 4 || VT ) + 6]

If p=1— K~ =0, the corresponding terms can be discarded and a trivial bound gives
—2y < —py and —2v, < —v;. Otherwise, by (39), ufp <1, v%p < 1, which gives

—2u + ,uiJ’g,o < —p; and — 2y + l/tl+9p < —u.
Subtracting J™ on both sides and grouping the terms concludes the proof. O

Note that if the step sizes were not adapted, it would be not possible to separate them
from the stochastic gradients when computing the conditional expectation. Furthermore,
to ensure that u; and v, do not depend on g(z',v") explicitly as in (38) we used the
bounds B, and B, introduced in Lemma 3.3. In this way, the right-hand side of (39) is
also adapted with {F;}:>o.

4.3.2 Applying Theorem 4.2 and establishing convergence
Finally, Theorem 4.2 can be applied, which gives us the first claim of Theorem 3.4.

Lemma 4.6. Let e, a7, >0,0<60 <1 and k < 0/(1+40). Assume that the step sizes

are adapted to the filtration {F;}i>0 and satisfy pe, vy < ™ with pi*** as in (15). Then,
the sequence J (21, v converges a.s. Furthermore,

Zut HVZj(zt,vt)H; + 1y vaj(zt,vt)H; <00 a.s.

t>0

Proof. Since py, vy < p™* and k < /(1 + 6) < 1, it holds that (1 +¢)~'** < 1 for
t > 0 and the condition (39) is satisfied. Hence, Lemma 4.5 can be used. As it was
mentioned before, our goal is to apply Theorem 4.2 for sequences Y; = J(2!,v!) — J™
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and X; = 1 ||V.T (24,005 + v |VoT (25,05, By looking at Lemma 4.5, it is only

natural to pick 7, as v 0 4+ 7T and Z; as 67pi 0 + 0vv Y. However, the sequence

n: has to be deterministic, which is not true for ;7 e +v7 v}*? as they depend on 2 and

vt. Thus, we first bound %Z,uiw + vfl/tlw by a deterministic term. That is, by (15) we

have

Y%+
(14 1)a=R(+0) 155 (2t yt)
d(||=][5 + [|v*[|3) (min,er p,) "t + a7 + Br

(1+ 0=+ K [3max{ar, B} +3d (X |23 + 2 [o]]3 + ly/d]}/*)]

Yo A < (f ) () <

<

146 °
1—0

We can split the power (1+6)/(1 — ) in the denominator as 1 and 26/(1 — 6). The first
term gives us
d(||2"]l3 + [[v"[|2) (minyer pr) " + ar + fr
3 (4 1243+ 12 ot |3+ ly/d]}/?) + 3 max{ar, b}
) 10d(412 + [[02) + 3 max{ar, Bz} min,ex p,
~ L5minger pr |10d ||2t]|5 + 10d [|vt||3 + 3d ||y/al||1/2 + 3d max{ar, BT}]

1
~ 1.5min,cr p,’

where we used in the last inequality that p, < 1 for all » € R. For the second term, we
observe that

3 (4[| 15+ 2 o'l + lw/dIi’?) + 3 max{ar, Br} > 3V |ly|}/* + smax{ar, Br}.
(40)
Combining these two bounds yields
(14 ¢)~(1-m0+0)

z 14+6 v, 1+60 .
Yeby T+ < - o —- Tt (41)
1.5 min, e pr[3\/8 ||y||}/2 + 3max{ar, Or}] =

Note that the denominator of 7; is a constant. Furthermore, since x < 6/(1 +6), we have
(1-r)(1+0)=140—-r(14+0)>1+60—-0=1,

and the series Y., 7 are convergent. The sequence Z; := 67, 7 + 671} ™% is adapted to
{Fi}i>0 and admits

Zy= (™ i tOTM =Y it Fo(z0)] <M= inf Ji(z,0)]. (42)

z,weCT
reR”’ reR”’

Thus, the condition Etzo Z; < oo is also satisfied. Also, by Lemma 4.5, we have

El Yt | F] < Q4+ + 7Y, - X+ Z, < (L4 )Y — X + Zy.

Hence, by Theorem 4.2, J(z',v') — J™ converges a.s. and D im0 M HVZj(zt,vt)Hg +
v ||V T (24, 0|3 < 0o a.s. This implies that J (2, v") converges a.s. as well. O
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The next step is to shift our focus on the convergence of the gradient and to prove the
second claim of Theorem 3.4.

Lemma 4.7. Lete >0, ap, 7 >0,0< 0 <1 and 0 <k < 8/(1+86). Consider the step
sizes py = - p™™ and vy = v - P for some 0 < p,v <1 and p™ as in (15). Then we
have

rC
_min VI, < {min{u,vc}gfww—u’ ’{:8 a.s.,
0,reT min{u,v} In(147T)’ K ’
and
meVj 2t ot H2_0 a.s.
>0

Proof. Since p,v < 1, the step sizes satisfy conditions of Lemma 4.6, which gives
Zut HVZj(zt,vt)Hz + 1y HVUj(zt,vt)Hz =: (5 <00 as.
>0

Thus, we get

Lo [V Hz—mto ..... VT E O+ v VT )]

>ico 1 lIV=T (2 )||2+Vt||V J ()]s

min{p, v} 32,50 pe
Cs

min{y, v} 320 pp

Let us show that the series 23;01 e diverges a.s. By Lemma 4.6, we also obtained that
{T (2", v") }+>0 converges a.s. Hence, it is bounded and let us denote the upper bound by
JP such that J°"° < +o00 a.s. Since ar > 0, we get

<

ar[|l2'f; < L") + ar [[]]; + Br [[o']l; = T o) < T, (43)
so that ||zt||§ < ap' I and, analogously ||vt||§ < BpET®®. Consequently, we can bound
B(',0") = 3d (K[| #]]; + 2 o'|l; + ly/dIy/) + 3 max{ar, 57}

< d (10(az" + 8717 + 3 ly/dl}”) + 3maxfar, Br} = Cu,

and
B.(+!,0') = (2d)"/2 [mﬂnw (111 H”tHﬁlly/dllw)+04THZtHz:
< (3 [T g ey} + VT = O
By(',0') = ()2 [ﬁﬂﬂ’;pr (111, Hthﬁuy/dum)+/3THthQ:

dy/ T _ . _
=G [\/{IT—Kmin (BT ) + 51 j] i
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Hence,
1 2 __2
™ = min {(1 )T T OO (1 - %)*/e} (44)
1 2 __2
> (14 t)" " min {04711-9,04,;-6,04;-9, (1— %)1/9} = (1+t)7""C, > 0 as.,

and

Cs
HQ - : T—1 14+ :
Crmin{n v} Sl gL+ 015

As 0 < &, the inequality 1 — x < 1 holds and the series >, (1 + t)~1** diverges. This
implies that

min ||V (2", "

t=0,...,T—1

(45)

i V7400

,=0.

In order to transform the bound in (45) in terms of 7', we consider cases k = 0 and k > 0
separately. For the case k > 0, we have

(14t)~ 1" = Z/ (1+41) 1+“d$>2/ (14 s)""*"ds

:/ (14 s) " ds = [(14+T)" —1].

ﬂ

t

Il
o

Therefore, we have

KJC3
in_ [V, < Cymin{p, v}[(1+ T)" — 1]’
If Kk =0, then
T-1 T
1+t > / (1+s8)'ds =In(1+17T)
t=0 0
and .
2 3
< .
t=0,..., HVJ (h,f H2 — Cymin{p, v} In(1+7T)
Setting Cy = C3/C}y, which is finite a.s., concludes the proof. O

Note that while # = 0 was allowed in Lemma 4.6, it leads to unfeasible condition 0 < k < 0
in Lemma 4.7 and has to be excluded.

4.3.3 From the convergence of a subsequence to the convergence of sequence

Lemma 4.7 only provides that inf,>q |V T (2, vt)||§ = 0, which is equivalent to existence
of a subsequence {t}r>o such that V.7 (2", v') vanishes as k — oo, see Corollary 3.9 of
[44]. In order to get that VT (2%, v") as t — oo, we follow the arguments of Theorem 2 in
[63]. The cornerstone of their argumentation is the following lemma.
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Lemma 4.8 ([63, Lemma 1]). Let {&}>0 and {0 be two nonnegative sequences and
{q'} >0 be a sequence in C?. Assume that

Sl oo S—se and <o
t=0 t=0
for some p > 1 and some norm ||-||. If there exists L > 0 such that for all t,k > 0 the

inequality
t+k—1

‘§t+k - ft‘ S L Z ngs + L
s=t

t+k—1

> g’
s=t

holds, then lim; ., & = 0.

Applying Lemma 4.8 for & := ||V, T (2%, 0")]], + ||V T (2%, ") ||, gives the desired conver-
gence. Note that in [63], L is the Lipschitz constant of the gradient. However, J only
has locally Lipschitz continuous gradient as stated by the next lemma.

Lemma 4.9. Let ¢ > 0. For arbitrary zi, 22, v1,v2 € C¢, we have
VT (21,01) = VT (22, 02) [

< \2L2(or, 22,01, v2) + 2 et B3 21 — 2l + fon — a2,

with

1/2 1/2 _— 2 2 2 2
L(z1, 22,01, v2) = d|ly /Il +max{5, lly + 207 = 311115+ [l =2ll5 + o l[5+ oall3])

Proof We start by showing the local Lischitz continuity of VL.. Denote by aRe and

m standard derivatives with respect to real and imaginary parts of the argument of

a function. Moreover, let Vi p, be a Hessian of the function with respect to these
derivatives. By computations in the proof of Lemma 2.1 on p.17 of [39] it holds that

[(‘”f; >T<zl,vl>] - [<3§;>T<z2,v2>]

B
(55 (o) ] [(550) (22 02)
Furthermore, by the fundamental theorem of calculus

%)T(zm]
0

1
”v‘c€<z17v1) - V£5<227U2>H2 = —

e}

™

2

2

R )
N (/01 ViemmLe(z1 + (22 — 21), 01 + t(vg — U1)>dt) (s vlg
)

2

IA

(/ Ve Le (1= t)z1 4 t22), (1 — t)vy + tvg)dt )

[\

IA

/ HVReIm (1 —=t)z1 + tze, (1 — t)vg + tvg) Hdt

22 — 21
V2 = V1] ||,
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where ||-|| denotes the spectral norm of the matrix. The calculations on page 16 of [39]
yield the following formula for the spectral norm

[f] V2L(2,0) [f] .

g 5

HvRe Im <Z7U)H = secgl,ﬁbs)L:l

Thus, we have

IVL:(21,v1) = VL(22,v2) (46)
1 [t s o s 29 — 21
— - (1=t tze, (1 —t tuy) ||| dt .
2/0 secgl,ﬁ;ﬁgzl {E} VL (( )21+ Lz, ( Ju1 + tvs) L} ’ LJ? — |,
Let s = (u, h) € C? be arbitrary. Recall that by Lemma 4.1, we have
. 1/2
s s
] vt [ <22 e o +atte o [Z o @]hf] |
7j=1

with L. := max{1, |y +&]|/* /2 — 1}. Using (30) and (33), it is further bounded as

S - ) S

] veeold
1/2

< ddLe[|lully lolls + 12115 1l15] + 4 [@ 105 10ll3 + lyll] " a7 [lully 1Al

< 4dLe[[[ull; + 1All5] - [ll=ll5 + llolls) + 2d [H I ||v||2+||y/d||1/2] (el + [1A15)]

< d(@Le + D105 + ol + 2 ly/dli?] - sl

1/2
< 4L Z [T Qul* + |27 Qh)%) + 4 [La(z,0)] - [Z [u @]m?]

Therefore, we obtain

E} * V2Le(z,v) E}

Next, we substitute z = (1 — t)z; + tzp and v = (1 — t)v; + tvy, apply convexity of ||-||3
and integrate for ¢ € [0, 1],

max
s€C?,||s]l =1

< (L + DIz + ol + 2 ly/dly?)

/0 d[(4Le + D1 = t)z1 + tz23 + 11— t)or + toall3] + 2 [ly/d]*)dt

1
< / dl(AL + D)[(1 =) |21]l3 + t 22015 + (1 = ) [Jor 3 + ¢ [vall3] + 2 ly/d]; )t
0
= d[3(4L + V)[|21 3 + 12215 + Noall3 + lleall3) + 2 ly/dlL*)-
By combining the above inequalities with (46), we obtain

|V L(21,v1) — VL(22,02) ],

Y

< d |(Le + Dlllzallz + 2y + loalls + [lozll3] + Hy/dHW}
2

22— 2
V2 — V1
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with the coefficient being precisely L(z1, z2,v1,v2) defined in the statement of the lemma.
Turning to J, we have

IV.T (21,01) — sz(zzﬂb)H; = |V.L(21,01) + arzy — VL (29, v2) — OZTZ2H§
< 2||V.Lo(z1,01) — VaLo(z2,00) |5 + 205 |21 — za]l5 -

and, analogously,
IVoT (21,01) — ij(zz,w)H; < 2||VoLo(21,v1) — Vo Le(22, v2)|!§ + 25% v — U2”§ :
Combined, it gives

IVT (21, 01) — VT (22, 0)]2
< 2||VL(21,01) — VL(22,v2) |5 + 207 |21 — 225 + 267 [ — va;
< (2L2(z1, 22,01, v2) + 2max{ad, B7})[||z1 — zoll3 + [|v1 — vall3).

O

However, despite the gradient being Lipschitz continuous only locally, we are still able to
show that the gradients vanish.

Lemma 4.10. Let ¢,a7,r >0,0< 60 <1,0 <k <8/(1+0). Consider the step sizes

pe = po- 1 and vy = v - P for some 0 < p,v <1 and p*™* as in (15). Then, we have

max

tlgglo HVj(zt,vt)HQ =0 a.s.

2

Proof. Let us start by establishing the inequality in Lemma 4.8 for & := ||V, J (2%, v") ||, +
VT (28, v")|l,. For any ¢t > 0 and k > 0, by the reverse- and triangle inequalities and
Lemma 4.9, we have
197G 09+ 1976, 9.0, ~ 9.7
< VT 0ty = L g (|, + |V (25, 0 = 9, (2 0,
S \/§ ij(zt-‘rk’ vt-i-k) o Vj(zt, vt)”2

< 22 2t 005k o) el B[ — |+ o — ot 1

< 2\/L2(zt+k, 2otk ot) + max{ad, BRY|| 20 = 2|, + ot =,

Next, we show that the square root is bounded from above for all ¢ and k. Since the
assumptions of Lemma 4.6 are satisfied there exists a random variable 7P < +o00 a.s.
and by the arguments in the proof of Lemma 4.7 (see (43)) we have

HZtH;SOGIJS“p and HthzﬁﬁEljS‘lp for all ¢.

t+k

Consequently, the constant L(z'"*, 2! v'™* v!) from Lemma 4.9 is bounded by

L(E, 24,0, 0t) < AR max{3, g + <1272 = 3zt + 577 + y/dl )
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Let us set L5"P > 0 as
(LP)? = 4d?[27°"P max{2, ||y + e[| [* e /2 = 3}z + 8]+ [ly/dlly*)* + 4 max{a, B3},
which leads to

[[VT (0 )], = [VT G )|, ] < 2 [[]27F = 21, + [l =2,

Furthermore, by construction

t+k—1 t+k—1
(B R B P > Hsgx(2",0%)
s=t s=t
t4k—1 t+k—1
< D mlIVTE )+ || D peloa(=*0%) = VT (25 0]
s=t = 2
and, analogously,
t+k—1 t+k—1
HUHk - thQ < Z Vs [ Vo T (2%, 0°)|l, + Z Vs [90(2°,0°) = V. T (2%, 0%)]
s=t s=t 2
Define ¢4, s > 0, for Lemma 4.8 as
L Mgz(zsv US) - ,uvzj<z87 US) 2d
qs ‘= [VQU(ZS,US) _ I/vvj<28,’l]8) € (C . (47)

The corresponding norm in Lemma 4.8 is the Euclidean norm and by (a +b)? < 2a? + 2b?
we have

t+k—1
Z Hs [gZ<z87 US) - sz(zsv US)]
s=t 2
t+k—1 t+k—1
{1 YD velool=0?) = VoI (50| < V2 Z g,
s=t 2 2

max

Now, we combine the last few steps together and use that p; = p - p}
p,v <1,

, Uy =V ™ and

t+k—1 t+k—1
s = 61 S 2 3 I IV 00l 0 V0T (0] 4 VRL™ 3
s=t
t+k—1 t+k—1

< \/_Lsup Z Iursnaxgs 4 LS Z lumax

Let us now show that the rest of the conditions in Lemma 4.8 hold for the constructed
sequences. For the first condition with p = 2, by Lemma 4.6, we get

> Zum (V=TGN + [ VeI & 0h)]],)°

t>0 t>0

Z,ut ’ij vt H2+1/tHij vt H2<oo a.s.
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The series ) o, pu™ diverges a.s. by the comparison test and the lower bound (44). For
the last condition, we consider a sequence

t—1
MO = 0, Mt = Z”?axqs, t Z 1.
s=0

By construction, it is adapted to the filtration {F;} and by construction of p"** and
Lemma 4.4 admits

- Mt-

_ max ME[QZ(ZsavS) | ft] - MVZJ(ZS, vs)
B 7] = M |t T

max

Hence, M, is marginal. Its increments p;"**¢q; satisfy
El||#™all5 | F]
= B} [lg:(z"0) = VoT (o), 07 [lgu(', o) = Vo T (1, )|, | Fi]
2 2
= W[ ||g-(2',0") = VoI (0 ||, | Bl + 7B 9o (2, 0) = Vo T (200 ||, | .
Let us expand the first expectation. By Lemma 4.4, we get
2 2 2
E[[|g-(z",v") = V. T (", 0)|[, | Fe] = E||g: (2", 0")]|[, [ F] = || V=T (=1, 0 |
< 7§[j<zt7vt) o jinf] - K Hvzj(zta Ut)Hz + 557
and the second expectation is analogous. Thus, the tower property yields
E (1" gill; = E[E[ |58 all5 | F 1] < 2E[(17F + vird)[T (24 0") = T™]
_ 2 2 , v
— K i [[V=T (00, + v [ VoI (o)) + (67 + v07)-

Consequently, by [59, Problem 13.27], the expected squared norm of M; is bounded by

t—1 i—1
E(M5=> Elur=ql <2) E (v +viy)T (20 = T (48)
s=0 s=0
-1 — 2 t 012 2 t 012 — 2 2
—2K ZE [,ut |V.T (00|, + v || Vo (25 v )HQ] + QZE[Nt5t + v; py.
s=0 s=0

We recall that by construction and (40),

__1
s v < i < 3V |y )ly? + 3max{ar, Br}] T = fiup.

Also, recall the definition (41) of 7, from the proof of Lemma 4.6. Then, by the inequality
(41) we have

-1 —1
D E (i + )T (o) = T < DR [kl (w07 A v )T - M)
s=0 s=0
t—1
1-6 su inf
Susup[Ej p_j ]Zns
s=0



and, similarly, by (42) the inequality

ZE 5t+1/tpt <Msup [jmf Z inf ‘77" Z ’U Zns’

TG'Rz JweCd

holds. The second summand in (48) can be bounded from above by zero. This gives

t—1
E || M2 < 2l [ET™ — Zziféfc T (z,0)] Y n..
reR s=0

Since J*P < +o00 a.s. and the series ) (7 is convergent, E M]3 < co. By the
Jensen’s inequality [59, Proposition 6.2.6], each of its coordinates (M;);, j = 1,...,d,
admits

sup E[max{(M;);,0}] < supE\(Mt) | < supE | M, < sup \/E HMtH2 < Q.

>0
Thus, by [59, Theorem 13.3.2], there exists a random vector M such that E|M;| < oo
for all 7 = 1,...,d, which implies M; < oo almost surely. Therefore, we obtain the last
condition of Lemma 4.8,
- J 1/2
HX%MS = |1 g = 1), = [Z ME| <oo as
5= 2 j=

Hence, by Lemma 4.8, lim; ,, & = 0 a.s. This gives
0< lim [V.T (o) + VeI )]
< m[[[9-7 G, + [ 9 ()2 = im gF =0
O

Remark 4.11. If indices r*, k = 1,... K are sampled from some other sampling scheme
with p > 1 wn Lemma /./, we ccm no longer discard the second sum in (48). Instead,
consider the sequence Hy := S"'_1 s | V. T (2%, 0%) o4 | Vo T (25, 0°) |3, Then, the second
term in (48) is bounded by

ZE[N? HVZj(zt,vt)H2+l/t Vo T (2", ") H |1 < sup | hm E[Ht]
s>0

The sequence H; is nonnegative, nondecreasing and by Lemma /.6 converges to a finite
value Y o IV.T (2505 + v |[VeT (24 00)|5 a.s. Therefore, the monotone conver-
gence theorem [59, Theorem 2.3.4] states that there exists a limit

i B, = B | 9.7 (A0 0 | 9.7 400 2| = B

s>0

and BE[H,| < oo. Consequently, E ||Mt||§ is finite and the rest of the proof of Lemma /.10
remains the same.

Finally, we summarize all results together.

Proof of Theorem 3.J. Each of three claims follow from Lemmas 4.6, 4.7 and 4.10 respec-
tively. O
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5 Conclusions

In this paper, we analyzed the convergence of gradient descent and stochastic gradient
descent with the motivation to understand the performance of extended Ptychographic
Iterative Engine [9]. While we were able to derive its first convergence guarantees, there
are still a lot of open questions left to answer. For instance, the common practical scenario
is when oy, §; are constant. This somewhat links ePIE to stochastic gradient descent with
constant step sizes, which current state-of-the-art optimization literature is not able to
explain without additional assumptions on the objective J [66, 67, 68]. Considering the
discussion in Section 3.1 we naturally ask ourselves if it is possible to find larger steps
sizes for gradient methods without involving too many additional computations. Another
interesting direction of future research is to consider regularized PIE (rPIE) [10] and
extend our analysis for it.
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