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Abstract. The work is devoted to the global well-posedness in W<1’4)’2(R x RT) of the integro-differential problem involving
the square of the one dimensional Laplace operator along with the drift term. Our proof is based on a fixed point tech-
nique. Moreover, we provide the assumption leading to the existence of the nontrivial solution for the problem under the
consideration. Such equation is relevant to the cell population dynamics in the Mathematical Biology.
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1. Introduction

The present article is devoted to the global well-posedness of the nonlocal reaction-diffusion equation
with the constants a > 0 and b € R, namely

ou o*u ou b
5= g+ taut [ G- pFul0.0dy. ek (1.1)

relevant to the cell population dynamics. We assume that the initial condition for (1.1) is
u(z,0) = ug(z) € HY(R). (1.2)

The similar problem on the real line involving the fractional Laplacian in the context of the anomalous
diffusion was treated in [16]. Note that the existence of stationary solutions of the integro-differential
equations with the bi-Laplacian and the biological applications of such models but without a transport
term were discussed in [24]. The cases on the whole real line and on a finite interval with periodic bound-
ary conditions involving the drift term and the square root of the one dimensional negative Laplacian were
covered in [15]. The work [14] deals with situation of the normal diffusion and the transport. Solvability
of certain integro-differential equations with anomalous diffusion, transport and the cell influx/efflux was
considered in [25]. Spatial structures and generalized traveling waves for an integro-differential equation
were treated in [2]. Spatial patterns appearing in higher order models in physics and mechanics were
covered in [22]. The article [23] is devoted to the emergence and propagation of patterns in nonlocal
reaction- diffusion equations arising in the theory of speciation and containing the drift term. Pattern
and waves for a model in population dynamics with nonlocal consumptions of resources were studied
in [18]. The existence of steady states and travelling waves for the nonlocal Fisher-KPP equation was
covered in [3]. In [4], the authors estimated the speed of propagation for KPP type problems in the peri-
odic framework. Important applications to the theory of reaction-diffusion equations with non-Fredholm
operators were developed in [7,8]. Fredholm structures, topological invariants and applications were cov-
ered in [9]. Evolution equations arising in the modeling of life sciences were considered in [11]. In work [17],
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the reaction-diffusion systems with the nonlinearity depending on u and Vu were systematically stud-
ied in unbounded domains. The large time behavior of solutions of fourth order parabolic equations
and e-entropy of their attractors were discussed in [13]. Lower estimate of the attractor dimension for a
chemotaxis growth system was performed in [1]. The theory of finite and infinite dimensional attractors
for evolution equations of mathematical physics was developed in [10]. Attractors for degenerate parabolic
type equations were investigated in [12]. Exponential decay toward equilibrium via entropy methods for
reaction-diffusion equations was established in [6]. Local and global existence for nonlocal multispecies
advection—diffusion models were covered in [19].

The space variable z in our article is correspondent to the cell genotype, u(x,t) denotes the cell
density as a function of the genotype and time. The right side of (1.1) describes the evolution of the cell
density via the cell proliferation, mutations and transport. The diffusion term corresponds to the change
of genotype due to the small random mutations, and the integral term describes large mutations. The
function F'(u, x) stands for the rate of cell birth depending on u and x (density dependent proliferation),
and the kernel G(x — y) gives the proportion of newly born cells which change their genotype from y to
x. Let us assume that it depends on the distance between the genotypes.

The standard Fourier transform in our context equals to

~ 17 »
o(p) := N / d(x)e”"P*dz, peR. (1.3)
Clearly, the estimate from above
~ 1
[6(P)l| Lo r) < \/T—FIW(JJ)”D(R) (1.4)
is valid (see, e.g., [21]). Evidently, (1.4) implies that
~ 1 ||d*o
Ip* o)l L~®) < —=| 7= (1.5)
V2r || dx? LiR)

Let us suppose that the conditions below on the integral kernel contained in equation (1.1) are satisfied.

d4
Assumption 1.1. Let G(z) : R — R be nontrivial, such that G(z), dcjcix) € L'(R).
This allows us to define the auxiliary expression
G ()|
x
g:= HG(x)”%l(R) + dt (1.6)
LY(R)

Thus, 0 < g < 0.
From the perspective of the applications, the space dimension is not limited to d = 1 since the space
variable corresponds to the cell genotype but not to the usual physical space. We have the Sobolev space

d4
H*(R) := {qb(x) ‘R — R | ¢(x) € L*(R), 721 € LQ(R)}. (1.7)
It is equipped with the norm
2
d*¢
1915 gy = 161y + || s (18)
L*(R)
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For establishing the global well-posedness of problem (1.1), (1.2), we will use the function space
wED2(R % [0,77)

ot 0
— {u(x,t) ‘R x[0,T] — R | u(z,?), aTZ’ aiz € L*(R x [o,:r])}, (1.9)
so that
) o0 o)
oul|” otul”
u u
= ‘ ot Rl iy + [l 72 @ xgo.7)) (1.10)
L2(Rx[0,T7) L2(Rx[0,T7])
where T' > 0. In definition (1.10), we have
T oo
JulFsesgormy = [ [ Tut, ) Pdat.
0 —oo
Throughout the work, we will also use the norm
a1 qey = [ fute e
—00

Assumption 1.2. Function F(u,z) : R x R — R is satisfying the Caratheodory condition (see [20]), so
that
|F(u,2)] < klu| +h(z) for uweR, zeR (1.11)
with a constant & > 0 and h(z) : R — RT, h(x) € L*(R). Moreover, it is a Lipschitz continuous function,
such that
|F(ui,z) — F(ug,z)| <llug —uz| for any wi2€R, z€R (1.12)

with a constant { > 0.

In our article RT stands for the nonnegative semi-axis. The solvability of a local elliptic equation in a
bounded domain in RY was covered in [5]. The nonlinear function involved there was allowed to have a
sublinear growth.

We apply the standard Fourier transform (1.3) to both sides of problem (1.1), (1.2). This gives us

ou

5 [—p* + ibp + ali + V27 G(p) fu(p, 1), (1.13)
u(z,0)(p) = W (p)- (1.14)

In formula (1.13) and below J/c;(p, t) will denote the Fourier image of F(u(z,t),x). Obviously,

o o0
L ou 1 [ ou(pt)
= — HetPT g = - iz g
u(z,t) m/ﬂ(n )e'Pdp, 5 27T/ 5 ¢ dp,

where x € R, ¢ > 0. By virtue of the Duhamel’s principle, we can reformulate problem (1.13), (1.14) as

u(p, t)
t

:et{,p4+ibp+a}a3(p)+/e(tfs){,p4+ibp+a} /27_{_@(]))};(1), s)ds. (115)
0
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Related to (1.15), we have the auxiliary equation

u(p,t)

t
_ vt it ral s ) 4 / =P ol /9 Cip) fo (p, 5)ds. (1.16)
0

Here ﬁ)(p, s) stands for the Fourier image of F(v(x,s),x) under transform (1.3), where v(z,t) is an
arbitrary function belonging to W4):2(R x [0, T)).

We introduce the operator 7,4, so that u = 7, v, where u solves (1.16). The main result of the article
is as follows.

Theorem 1.3. Let Assumptions 1.1 and 1.2 be valid and

gl\/T2e20T (1 4 20 + [b] + 1]2) +2 < 1 (1.17)

with the constant g defined in (1.6) and the Lipschitz constant | introduced in (1.12). Then equation (1.16)
defines the map 7op : WED2(R x [0, T]) — WEH2(R x [0, T]), which is a strict contraction. The unique
fized point w(x,t) of this map T is the only solution of problem (1.1), (1.2) in WHD:2(R x [0,T]).

The final proposition of our work is devoted to the global well-posedness for our equation.

Corollary 1.4. Let the assumptions of Theorem 1.3 hold. Then problem (1.1), (1.2) possesses a unique
solution w(x,t) € WID2(R x RY). Such solution is nontrivial for x € R and t € RY provided the

intersection of supports of the Fourier images of functions suppF (0, m)ﬂsupp@ 18 a set of nonzero Lebesque
measure on the real line.

Let us proceed to the proof of our main result.

2. The well-posedness of the equation

Proof of Theorem 1.3. We choose arbitrarily v(x,t) € WH4:2(R x [0,7]). It is not difficult to see that
the first term in the right side of (1.16) is contained in L*(R x [0,7]). Evidently,

oo
oA — _ 4 —
e T ) gy = [ e T () P < ol
—00
so that
T
—pi4ib —~ —p1ib —~
e P P GG () 1 2 (e 0.0y = /||€t{ PP ()| 7 gyt
0
T
< [ ol syt
0
2aT
-1
The right hand side of the last inequality is equal to c HUOH%?(R) ifa > 0 and T||uo||2L2(R) for a = 0.
a
Thus,

eHor' bl () € L2(R x [0, T)). (2.1)
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Clearly, the upper bound on the norm of the second term in the right side of (1.16)

t
/ (=) {=p"tibota} /o2 G(p) F, (p, s)ds

0

t
</
0

L2(R)

elt=9) 1=t +ibrtal or G () T (p, 5) ds.

L2(R)

holds. We have
2

e(t—s){—P4+ibP+a}m@(p)ﬁ)(pv s)

L2(R)

= [ et 2 G P ) P,

—00
Let us use inequality (1.4) to derive the estimate from above on the right side of (2.2) as
2=)27]| G (p) | o gy | F (v, 8), ) | 2y
< NG @)Ly 1P (02, 8), 2oy

Hence,

(=) =p'+ibpta} \ox G () T (p, 5)

L2(R)
< e TNG@) @) IF (v(z, 5), )| L2 w)-
By virtue of (1.11), we obtain
1 (v(2, 8), 2) | L2y < Fllo(z, $)l[L2@) + [[(2)]| 22 @) -

Then
(1 P oG ) fo )
L2(R)
< eG@) | L@ {kllv(@, s) || L2y + [1R(2) |22 (%)}
so that

¢
/ et=s){=p"+ibp+a}, /5 (p)ﬁ) (p, s)ds

0

L2(R)
T

< ke[| G()]| 1 ) / [v(, 8)|| 2wy ds + Te* |G (@)l| 1wy 1 ()| L2 (r)-
0

By means of the Schwarz inequality

T T
/||v(:c,s)||L2(R)ds < /Hv(x,s)H%Z(R)dS\/f
0 0

234

(2.2)

(2.3)
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This yields
t
/ e(t=s){=p*+ibp+a} \/ﬂ@(p)fu (p, s)ds

0
< 7| G(@)|[31 gy {EVT v (z, 5) L2 @xpo,1) + TlA@) | L2 ()}

2

L*(R)

We derive the upper bound on the norm as

t

/ e(t=s){—p"+ibp+a} mé(P)ﬁ) (p, s)ds

2

0 L2(Rx[0,T))
Tt 2

:/ /e(t_s){_p4+ibp+“}\/ZW@(p)ﬁ(ns)ds dt
oo L2(R)

< TG @) 7 gy {kllo(@, )l 2@ x o)) + VTIA@)] L2 T < 00

under the stated assumptions for v(z,s) € W4:2(R x [0, T]). Therefore,

t
/e(tfs){fpﬂibp*a}v27r@(p)ﬁ,(p, s)ds € L*(R x [0,T7]). (2.5)
0

By virtue of (2.1), (2.5) and (1.16), we have

a(p,t) € L*(R x [0,T)). (2.6)
This means that
u(z,t) € L*(R x [0,77). (2.7)
Let us recall formula (1.16). Thus,
pap,t)
t
= ettty p) 4 [ o G ) s (28)
0

Consider the first term in the right side of (2.8). Clearly,

T oo
oA — _ 4 —~
et P T ) oy = [ [ € T Pap

0 —oo
T oo
< [ [ et Pap
0 —oo
20T _ 1 g4 2 d4 2
Obviously, this equals to eiH ﬂ‘ for a > 0 and THﬂ‘ when a = 0. Therefore,
2a dz?* L2 (r) dz* L2 (r)

HoP b al piT (p) € LA(R x [0,T7)). (2.9)
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We proceed to analyzing the second term in the right side of (2.8). Evidently,

t
/e(t—s){—p4+ibp+a} \/ﬂp‘l@(l?)fv(n s)ds
0

L2(R)
t
< e(t_s){_p4+ibp+a}mp4§(p)fv(p, s) ds.
| L2(R)
Note that
2
o(t—5){—p"+ibp+a} mp4@(p)ﬁ)(p, s)
L2(R)
_ / e 2" 29| G p) | o, ) 2. (2.10)

The right side of (2.10) can be estimated from above via inequality (1.5) as

2762 [ pAG (D) |2 ) / Fop.9)|2dp
—o0

2
@G

< e2l1T
dz?

IF (v(z, 5), 2) 72 )
LY (R)

By means of (2.3) , we have

(=) {=p"Fibpta} /ord Gp) £ (p, 5)

L2(R)
@G

< eaT
dz?

{kllv(z, s)z2@®) + 17(@) | L2 ®) }-
L'(®)

Then

t
[ et B G . . 5)ds

0

L2(R)

26

dz4

d*'G

< ke{lT - -
- dz?

T
/HU(:L‘7S)||L2(R)dS+T€aT
L'(R) "o

17 ()| L2 r)-
L(R)
Let us recall estimate (2.4), which implies

t
/ (P ) o G(p) o (p, 5)ds
0

2

L*(®)
2

‘G
vy

2aT

IA

{kllv(@, s)|l L2@x o, VT + [10(@)]| L2 ) T}
L(R)
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This means that
2

t
[ e e G )
0

L2(Rx[0,T7)

2
@G

S eQaT
dx?t

{kllv(z, s)|| L2@xo,r)) + |h(@)] L2y VT F2T? < 00

L (R)

under the given conditions with v(z,s) € W14:2(R x [0, T]). Therefore,
t

/ =) {=p"Fibrta} /ordG(p) o (p, s)ds € L2(R x [0, T)). (2.11)
0
(2.9), (2.11) and (2.8) yield that
p'u(p,t) € L*(R x [0, TY), (2.12)
so that
Ou e L*(R x [0, 7). (2.13)
Ozt '
Using (1.16), we easily derive
o R PO
8*1; = {=p" +ibp + a}u(p,t) + V2rG(p) fo (p,1). (2.14)
According to (2.6),
ati(p,t) € L*(R x [0,T)). (2.15)

We obtain the upper bound for the norm as

T
[ibpt(p, )17 x(0.1)) /{ pPlalp, t)|*dp + / pzlﬂ(w)lzdp}dt
0 *pl<i [pI>1
< v*{||a(p, t)”%?(]RX[O,T]) + [lp*a(p, )||L2 ®x[0,7])} < 00
due to (2.6) and (2.12). Hence,

ibpii(p,t) € L*(R x [0,T]). (2.16)
And
— p*(p,t) € L*(R x [0,77) (2.17)
via (2.12). Let us combine statements (2.15), (2.16) and (2.17), which yields
(—p* +ibp + a)u(p, t) € L*(R x [0,T)). (2.18)

We consider the remaining term in the right side of (2.14). Recall inequalities (1.4) and (2.3). Clearly,

T
V275G (p) fo (0, )12 x0,7) S27T‘|G<p)||%°°(R)/HF(U(‘T’t)?x)”%%]R)dt
0

T

< G@) 2 / (Rl )|z + 1) 222t
0

< NG@) L @y {26 [0(, )| T2 po,y) + 2@ L2y T < 00
under the stated assumptions for v(z,t) € WH4:2(R x [0,T]). Hence,
V2rG(p) fu(p,t) € LA(R x [0,T)). (2.19)
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By means of equation (2.14) along with statements (2.18) and (2.19), we have
ou
— € L*Rx[0,T
0 12® 0,7,

so that

%eﬁmxpﬂ) (2.20)

Using the definition of the norm (1.10) along with (2.7), (2.13) and (2.20), we derive that for the function
uniquely determined by (1.16),
u(x,t) € WED2(R x [0,77).

This means that under the given conditions equation (1.16) defines a map

Tap s WEDZ(R % [0,T]) — WED2(R x [0,T]).
Let us establish that under the stated assumptions such map is a strict contraction. We choose arbitrarily
vi2(x,t) € W(1’4)’2(R x [0,T1). By virtue of the argument above, u1 2 1= T4 01,2 € W(1’4)’2(R x [0,T7).
According to formula (1.16), we have

ui(p,t)
t
_ el ) / (=) ittal S G T (p. s)ds, (2.21)
0
uz(p, t)
t
_ sl ) / =) it tal S G o (p, s)ds, (2.22)
0

where ﬁ)j (p,s) with j = 1,2 denotes the Fourier image of F(v;(z,s),z) under transform (1.3). From
system (2.21), (2.22) we easily obtain that

u/\l(pa t) - ﬂ;(}% t)
t

= [ A ) B G) o p) — o5 (2.23)
0
Clearly, the upper bound on the norm

HU/\1(p7 t) - @(]% t)”Lz(]R)
t
< /||e(tfs){*p4+ibp+a}\/§é(p) []?vl (p,s) — fw (9, 9)]|| L2 ) ds (2.24)
0

holds. Let us use inequality (1.4) to derive the upper bound as
4, . ~ o~ o~
el NP H oG () [for (B, 8) = Fua (0, 917 2r)

g / &2 290G ()| Fon (0 5) — Fo (0, 5)|2dp
- o
< 272 T |G () e / o (025) — Foups ) 2dp

< eQaTHG(x)“QLI(R)||F(Ul(x,5),CE) - F(U2($,S)ax)|‘%2(JR).
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Recalling formula (1.12) gives us

[F(v1(z,5), ) — F(va(2,5), 2) | L2(m) < Ulvi(a, 8) —va(z, 8)|| 2wy,
so that

4, . ~ ~ ~
eI Ao G (D) [foy (2 8) — Fua (0, 220wy

< eTUG(@) | 2w 01 (, 8) = va (2, 5) |2 w)-

By means of (2.24) along with (2.26),
||u/\1(p, t) - @(IL t)||L2(R)

T
< e“Tl||G(m)||L1(R) / lvi(, 5) — va(z, s)||L2(m)ds.
0

According to the Schwarz inequality

T T
/||U1(a:,s) ~ oa(@, )| ayds < / 0r(2,5) — v2(, 5) 12y dsVT
0 0

Hence,

HEI(IL t) - @(pa t)||L2(]R)
< e TIVT|G(@) | 1wy o1 (2, 1) — va(@, 1) L2 (R [0.1))-

We arrive at

T
lur (@, t) — ua (@, Ol L2 @ x (0.1 :/”u/\l(pvt)_ﬂg(pvt)H%?(R)dt
0

< TP G(@)|3 my lon (2, 1) = va (@, ) |32 cgo, -

Let us recall (2.23). Thus,

t

P [E(p. 1) — Ta(p. 1)] = / =P 440} S5 4G (D) Fo (pr 5) — Foa (0 5)]ds.

0

It is not difficult to see that the norm can be estimated from above as
Ip*[ur(p, t) — uz(p, )]l L2 (r)

t
< / et it al oA G () o (. 8) — Fon (92 )| 2 s
0

ZAMP

(2.25)

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)
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By virtue of inequality (1.5) we obtain the estimate from above

—s){—p*+i a ~ N N
e Pt 2 pt G () [ fo, (P 8) = fuo (2 9)] 172wy

4 -~ -~ ~
—2r [ RGP () - Fup, )P

— 00

< 2062 [ () / o (25) — Foa (s ) Plp
— 00

2
< eQaT

H P @).2) — Pl 5,03
LY(R)

Using formula (2.25), we derive

4, - ~ ~ ~
le =0 ompt G ) [fon (0 8) — Fou (0, 5]l 22y

@G

aT
< el 7

[vi(z,s) — va(z, 8)|| L2 (R)- (2.31)
L'(R)

Let us combine bounds (2.30), (2.31) and (2.27). This yields

Ip*[@(p, t) — @ (p, 1)) 2 =)

d*G
<"Vl dz?t |vi(z,t) — va(z, )| L2 (R [0,77)- (2.32)
L1(R)
Therefore,
ot ? r
H&&W@ﬁ—w@ﬁ} :/Mﬂamﬂ—QWMﬁ%ﬂt
L2(Rx[0,T])
2ar 22| 4G 9
s T [v1(z, t) — v2(, D)2 mxjo, 17y (2-33)
L1(R)

By means of (2.23), we have

2 1) 7, 1)

= {—p* +ibp + a}[@i(p. t) — Wa(p,t)] + V20 G D) [ for (0 1) — fuu (. 1)].

Hence,
0, __ _— _—
‘ a[ul(pv t) - u2(p7 t)] S a||u1(p7 t) - U2(p7 t)||L2(R)
L2(R)
+[blllp[ur(p,t) — ua(p, )]l 22wy + lIp* [@1 (p, ) — W2 (p, )]l L2(r)
+m||G(p)[fv1 (p7 t) - fvz(pv t)HlLQ(R) (234)

It is not difficult to see that according to (2.28), the first term in the right side of (2.34) can be estimated
from above by

age®™VTl|vy (z,t) — va (2, t)|| 2 (Rx[0.7)) (2.35)
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with g is introduced in (1.6). We derive the upper bound on the norm as
— [ Pl - @e0Pd+ [ e - TP
IpI<1 [pI>1
< |[ur(p, t) = @2(p,t)|12(r) + I [@1(p, t) — @2 (p, )]l[72 ()

Let us use inequalities (2.28) and (2.32). They give the estimate from above on the second term in the
right side of (2.34) equal to

Iblge™ VTU|vi (z,t) — va (@, t)| 2R x[0,1)- (2.36)
By virtue of (2.32), the third term in the right side of (2.34) can be bounded from above by
9e"TVTl||vi (2, 1) — va (@, 1)]| L2@x 0.7 (2.37)

By means of (1.4) and (2.25), we obtain that

on / C0) P\ For (0,8) — Fon(p,1) 2dp

< 2| G ) e / o 0:8) = For (0, 0)Plp

NG @)L @ 1F (01 (2, 8), 2) = Fva(2, 1), 2) |72 w)
NG @)L @yl (@, 8) = va(@, )72 (g)-
Thus, the fourth term in the right side of (2.34) can be estimated from above by

glllvr(z,t) — va(z, D)l L2 (w)- (2.38)
Let us combine (2.35), (2.36), (2.37) and (2.38). This yields
0
| at [ul(pa t) 2(p7 t)]
L2(R)

< ge""VTl{a+ [b] + }|vi (2, t) — va(, 8) | L2 o1y + glllor (2, 8) — va(2, 1) L2 (R
We arrive at the upper bound on the norm as
T

0
ot
L2(Rx[0,T7]) 0
< 2¢°P1 T {a + [b + 1} + 1 fJoa (1) — va (2, )2 rxfo,17))- (2.39)

We recall the definition of the norm (1.10) and use inequalities (2.29), (2.33) and (2.39). It is not difficult
to see that a calculation gives us

2 2

dt
L2 (R)

9 @ p.t) — w1

—(ur(x,t) —ua(z,t)) 5

s = wellwas.2 o,

S gl\/T2€2aT(1 + 2[& + |b| + 1]2) =+ 2”1)1 — v2||W(1v4)~2(]R><[O,T])' (240)

The constant in the right side of (2.40) is less than one via inequality (1.17). This means that under the
stated assumptions problem (1.16) defines the map

Taw : WEDZ(R x [0,T]) — WED2(R x [0,T)),
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which is a strict contraction. Its unique fixed point w(z,t) is the only solution of problem (1.1), (1.2) in
WED2(R x [0,T7]). O

Proof of Corollary 1.4. The validity of the statement of our Corollary follows from the fact that the
constant in the right side of bound (2.40) is independent of the initial condition (1.2) (see, e.g., [17]).
Therefore, problem (1.1), (1.2) admits a unique solution w(z,t) € WIH42(R x R*). We suppose that

w(x,t) is trivial for 2 € R and ¢ € RT. This will contradict to the assumption that suppF(0,z) N supp@
is a set of nonzero Lebesgue measure on R. O
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