Annali di Matematica Pura ed Applicata (1923 -) (2025) 204:2221-2248
https://doi.org/10.1007/510231-025-01567-y

®

Check for
updates

The system of translates and the special affine Fourier
transform

Md Hasan Ali Biswas" - Frank Filbir? - Radha Ramakrishnan’

Received: 21 July 2024 / Accepted: 12 March 2025 / Published online: 25 April 2025
© Fondazione Annali di Matematica Pura ed Applicata and Springer-Verlag GmbH Germany, part of Springer
Nature 2025

Abstract

The translation operator T4 associated with the special affine Fourier transform (SAFT) .% 4
is introduced from harmonic analysis point of view. The analogues of Wendel’s theorem,
Wiener theorem, Wiener-Tauberian theorem and Bernstein type inequality in the context of
the SAFT are established. The shift invariant space V4 associated with the special affine
Fourier transform is introduced and studied along with sampling problems.
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1 Introduction and background

The special affine Fourier transform (SAFT) was first considered by S. Abe and J. T. Sheridan
in [1] for the study of certain operations on optical wave functions. The SAFT is formally
defined as

1 i
T flw) = 7 /Rf(t)e%(at2+2pz72wt+dw2+2(bq7dp)w)dt’ weR, (1.1

2T
where A stands for the set {a, b, c, d, p, q} of real parameters which satisfy the relation
ad — bc = 1, b # 0. The integral transform (1.1) is related to the special affine linear

transform of the phase space
"\ _ (ab) ([t p
()= () () + () a2
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Due to the conditions on the parameters a, b, ¢, d the matrix in (1.2) belongs to the special
linear group SL(2, R) and the affine transform (1.2) is therefore given by elements from the
inhomogeneous linear group

ISL(2,R) = {(1\04 ’1’> . M eSLQ2,R), ve R2} .
This justifies the name special affine Fourier transform for (1.1). The action of the group
SL(2, R) on the time frequency plane and the relation to quadratic Fourier transforms is well
studied. We will not go into the details here but refer to the book [13].

A number of important transforms are special cases of the SAFT. For example, A =
{0, 1, —1, 0, 0, 0} gives the ordinary Fourier transformand A = {0, —1, 1, 0, 0, 0} its inverse.
The parameter set A = {cos#, sinf, —sin6, cos 8, 0, 0} gives the fractional Fourier trans-
form, and A = {1, A, 0, 1, 0, 0} produces the Fresnel transform.

In optics, certain one parameter subgroups of the ISL(2, R) are of special interest. Among
them are the fractional Fourier transform, the Fresnel transform (also called free space propa-
gation in this context), the hyperbolic transform A = {cosh 6, sinh 6, sinh 6, cosh 8, 0, 0}, the
lens transform A = {1, 0, A, 1, 0, 0}, and the magnification transform A = {e’g ,0,0,e7 2.0, 0}.
The latter two cases need a careful analysis for the limit case » — 0 which we will not con-
sider in this paper. We will not try to expound the various connections to optics further but
refer to [17] for more details.

In this paper, we consider (1.1) from the point of view of applied harmonic analysis and
take it as a signal transform of a (suitable) function. We are mainly interested in studying the
principal shift invariant spaces and sampling theorems related to the SAFT. In the classical
case, the principal shift invariant space generated by ¢ € L*(R) is defined as V(¢) =
span{Ty¢p = ¢(- — k) : k € Z}. The classical Fourier transform (A = {0, 1, —1, 0, 0, 0}
in (1.1)) plays a crucial role for the analysis of such spaces. The crucial point is that the
ordinary translation and the classical Fourier transform are intimately related. This is due to
the identity e!®—%) = /@ ¢~i®¥ which gives, as a consequence the convolution theorem,
the relation between translation, modulation, Fourier transform etc. These theorems are used
over and over again in Fourier analysis and in the study of shift invariant spaces in particular.
It is completely obvious that the ordinary translation does not interact nicely with the SAFT
(resp. its complex exponential kernel). Hence working with the SAFT, a new concept of
a translation is needed. This generalized translation should be linked to the SAFT in an
analogous manner as the ordinary translation is linked to the classical Fourier transform. If
this is the case, then it seems reasonable to expect that the central theorems (convolution
theorem etc.) hold in a similar manner. An idea for the construction of such generalized
translation comes from the observation that in the classical setting we have

T f(1) = F (e " Z f)(1).

In this paper, we define a new translation operator 7%, which serves our purpose in the case
of SAFT.

Considering the SAFT as a general integral transform and using the notion of the gen-
eralized translation operator and convolution as in [19], the authors in [31] introduced the
concepts of the translation operator and convolution in connection with the SAFT. However,
the concept of the translation operator is not very explicit in this setup. In [29], the authors
introduced the notion of convolution using chirp modulation operator and obtained a convo-
lution theorem in the context of the SAFT. In this paper, we introduce A-translation operator
in connection with the SAFT and obtain a convolution theorem using it. Here, we point out
that our notion of convolution and the one in [29] are the same.
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Due to the lack of an explicit generalized translation operator, the consequences of this con-
cept with respect to harmonic analysis were not explored. In this paper, we shall demonstrate
that the generalized translation is the suitable concept to obtain analogues of fundamental
theorems such as Wendel’s theorem for multipliers, Wiener theorem and Wiener-Tauberian
theorem in connection with the closed ideals of translation invariant spaces in the context
of the SAFT. For a study of multipliers and Wendel’s theorem for the Fourier transform we
refer to [21], for Wiener theorem and Wiener-Tauberian theorem we refer to [14] and [25].
The novelty of this approach is that apart from these theorems, one can look into the study of
multiplier theory, including Hormander multiplier theorem in the SAFT domain. Moreover,
one can define an appropriate modulation operator in connection with the SAFT, which can
be used to define corresponding new modulation spaces. This in turn, motivates to study
multiplier results for the new modulation spaces. (See [9] in this connection.)

Using the new translation operator T/ the A-shift invariant spaces are defined as V4 (¢) =
W{T,ﬁ‘(ﬁ : k € Z} for an appropriate function ¢ € L2(R). When ¢ belongs to the Wiener
amalgam space W (Cp, H(R) the space V4 (¢) turns out to be a reproducing kernel Hilbert
space. In the theory of shift-invariant spaces, it is interesting to obtain necessary and sufficient
conditions on ¢ such that the system of translates {7x¢ : k € Z} forms a frame sequence,
Riesz sequence or an orthonormal system. For a proof of these characterizations, see Theorem
9.2.5 in [12]. In this paper, we give characterization theorems for the system of A-translates
{TkA¢ : k € 7} to be a frame sequence, orthonormal system or a Riesz sequence. If the
system of translates is a frame, then an important question is about the nature of the dual
frame elements. We show that in our setting, the elements of the dual frame of system of
A-translates are also A-translates of a single function.

In the final part of the paper we study the sampling in A-shift invariant spaces. A fun-
damental problem in sampling theory is to find, for a certain class of functions, appropriate
conditions on a countable sampling set X = {x; € R : j € J} under which a given function
f € V can be reconstructed uniquely and stably from the samples {f(x;) : j € J}. We
refer to the work of Butzer and Stens [10] for a review on sampling theory and its history.
When V is the classical principal shift invariant space with a single generator V (¢) or multi-
generators V (o1, ¢2, ..., dr), ¢, P1, P2, ...y € L2(R), there is a huge literature available on
several interesting problems connected with sampling theory starting from the fundamental
Shannon sampling theorem. We cite only a few references in this connection for the reader to
get familiarity with this subject matter. (See [2-5, 11, 15, 16, 20, 22, 23, 27, 28, 30, 32]). In
[6, 7] Bhandari and Zayed have defined chirp-modulated shift invariant spaces in connection
with fractional Fourier transform, SAFT respectively and studied sampling problems in it.

In this paper, similar to Theorem 4.2 of [3] and Theorem 2.1 of [26], we obtain equivalent
conditions for aset X = {x; : j € Z} to be a stable set of sampling for V4 (¢) in terms of the
operator U where U j; = TkAd) (x), the reproducing kernel and the Zak transform Z 4, which
we introduce here. We also obtain a sufficient condition for the set of integers to be a stable set
of sampling for V4 (¢). In the study of non uniform sampling and average sampling, Bernstein
type inequalities play an important role. In this paper we obtain an analogue of Bernstein type
inequality for V4 (¢). However, we do not intend to study non-uniform sampling and average
sampling in this paper. We focus on uniform sampling. In particular, when Z turns out to be a
stable set of sampling, we obtain a reconstruction formula and hence a sampling theorem in
the sense of L2 convergence for certain A-shift invariant spaces V4 (¢). Further, under some
additional hypotheses on ¢, we obtain a sampling formula in the sense of L? convergence,
poitwise convergence and uniform convergence. As corollaries we obtain Shannon sampling
theorem in the SAFT domain and sampling theorem for the A-shift invariant space generated
by second order B-spline.
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We organize our paper as follows. In Sect.2, we define A-convolution of a measure
and a function and chirp modulation Cspu of a measure w. Using this and the function
oalx) = eﬁ(“x2+2Px), we obtain a relation between classical translation and A-translation.
We prove an analogue of Wendel’s theorem for the SAFT. In Sect. 3, we study closed ideals
in the Banach algebra (LY(R), x4). We obtain analogues of Wiener theorem and Wiener-
Tauberian theorem in the context of the SAFT. In Sect. 4, we study A-shift invariant spaces
and their theoretical aspects. Section5 as well as Sect.6 are devoted to sampling theorems
in A-shift invariant spaces. Finally in Sect.7, we present a local reconstruction method for
sampling in A-shift invariant spaces.

Now we shall provide the necessary terminology and background for this paper.

Let 0 # 'H be a separable Hilbert space.

Definition 1.1 A sequence {f; : k € N} of elements in H is a frame for H if there exist
m, M > 0 such that

m|fI* <D Uf P <M1, feH
k=1

The numbers m, M are called frame bounds. If we have the right hand side inequality for
a sequence in H, then that sequence is called a Bessel sequence.

Definition 1.2 Let {f; : k € N} be a Bessel sequence in H, then the synthesis operator
T : 0> — H is defined by

Ta) =) afe. {a)el

k=1
The adjoint of 7' is given by T*(f) = {(f, fk)}, f € H, called the analysis operator.
Composing T and T* we obtain the frame operator

o0

S H = H, S =Y _(f. fi) fi-

k=1

The operator S is invertible. Further if { f; : k € N} is a frame for H, then {S -1 fr 1k e N}
is also a frame for H and it is called the canonical dual frame of the frame { f : k € N}.

Definition 1.3 A sequence {f; : k € N} in H is said to be a Riesz basis if there exist a
bounded invertible operator 7 on H and an orthonormal basis {u; : k € N} of H such that
fx = Tug, ¥ k € N. The sequence {f; : k € N} is called a Riesz sequence if it is a Riesz
basis for its closed linear span.

Equivalently { fi : k € N} is a Riesz sequence if there exist m, M > 0 such that

o0
m||c||2 < chfknz < M||c||2, for every finite sequence {cx}.
k=1

Definition 1.4 Let { f; : k € N} be a Riesz basis for H. The dual Riesz basis of { fy : k € N}
is the unique sequence {gx : k € N} in H satisfying

f=) (f e fe. VfeH.

k=1

The dual Riesz basis is often called as the biorthogonal Riesz basis.
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Definition 1.5 The Gramian associated with the Bessel sequence { f : k € N} is an operator
on ¢2 whose jk'” entry in the matrix representation with respect to the canonical orthonormal

basis is { fx, f})-

It is well known that a sequence { f; : kK € N} is a Riesz sequence if there exist m, M > 0
such that its Gramian G satisfies the following inequalities:

mllel* <> [Gex, ea)* < Mlel’, Ve = {ex} € &,
keN

Definition 1.6 A closed subspace V in L2(R) is said to be a shift invariant space if f € V =
TvfeV,VYkeZ, feV,where Ty f(t) = f(t —k).

In particular, for ¢ € L2(R), V(¢) = span{Ty¢ : k € Z} is called the principal shift
invariant space.

We refer to [12], for a study of frames, Riesz basis and shift invariant spaces.

Definition 1.7 A set X = {x; € R : k € Z} is said to be a stable set of sampling for a closed
subspace V of L2(R) if there exist constants 0 < m < M < oo such that

ml| f1* <D If @0l < MIfI
keZ

forevery f € V.

Definition 1.8 The Wiener amalgam space W(Cop, £P)(R), 1 < p < oo is defined as

W(Co, £7)(R) = {f € C(R) : Zmaxxe[o,l]lf(x + k)7 < oo}
keZ

2 The new translation

In this section, we introduce A-translation operator in connection with the SAFT. Using
A-translation operator, we define A-convolution of a regular Borel measure and a function.
Further, we obtain an analogue of Wendel’s theorem. Towards this end, first we extend the
definition of SAFT to the space of all regular Borel measures.

Definition 2.1 Let f € L'(R). Then the special affine Fourier transform is defined as

1 i
Faf(w) = 7 /]Rf(t)e%(at2+2pt72tw+dw2JrZ(bqfdp)a))dl‘7 w€R, 2.1)

2T
where A stands for the set of six parameters {a, b, ¢, d, p,q} C R with ad — bc = 1 and
b #0.

With the help of the following auxiliary functions
na(w) = 3 (€7 +20bg=dp)o) (22)
pa(t) = eB @20, 2.3)
the SAFT can be expressed as
na(w)

VIl

Faf(w) = (paf) ™ (w/b), (2.4)
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where fdenotes the Fourier transform of f. Since [na(w)| = 1 = |pa(?)| forall 1, w € R,
we immediately see from (2.4) that Z4 f € Co(R) with [|.Z4 flleo < Qu|b)~"2 | fll;.
Moreover, (2.4) also shows that .Z4 can be extended to L2(RR) and defines a unitary operator
on that space. In particular,

1Zafll2=1fl2.
The inverse of .%4 on L2(R) can also be easily determined using (2.4)
_ pa() _ it b
770 = | f@im o do.
A V271D] Jr

Finally, (2.4) also provides an extension of the SAFT to M (RR), the space of all complex
valued bounded regular Borel measures on R, equipped with the total variation norm. For
n € M(R), we have

1
27 |b|
with Zypu € Cp(R) and [ Zaptlloo < Q@ |b) ™|l wy-

We now introduce the generalized translation operator associated with SAFT. In order to
do so, we fix the following notation

Fam(w) =

/ e%b(a12+2pt72tw+dw2+2(bq7dp)a))dﬂ(t)’ w€R,
R

T f(t) = f(t —x). 2.5)
My f(t) = f(1). (2.6)

Definition2.2 Let x € Rand f : R — R be a function. Then A-translation of f by x,
denoted by TxA f, is defined as

TAF() = TeM_gup f(1) = e 50D (1 —x), 1 € R

It is easy to see that TxA is norm preserving in all spaces L? (R), 1 < p < oo or Co(R).
We can relate our new translation and the classical translation in the following way, using
pa and the chirp modulation operator Cy 5, Where

Cof(t) =3 f(1). 2.7)
CappTAf = &5 Ty (Capp f) (2.8)
PATE f = pa)T(paf). 2.9)

In fact,
CappTAf () = 5715700 f (¢t — x) = el 52 500 £(1 — x) = &/ 55 Ty (Capp £) (1)

Similarly, one can show (2.9).
Now, we collect the properties of TXA.

Proposition 2.3 We have the following

() TxA TyA = e—i%xyTxAer’
(i) (TA)* =e 47 TA, xeR.
(iii) Let xo(t) = pa(t) € ''". Then Ty (1) = Yo (X) X (D).
(iv) Let f € LY(R). Then

FATL @) = pax)e P Faf (@), x.0€R. (2.10)

x,y €R.
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Proof The proof is straightforward. O

It is interesting to note that the map x +— T, is a group representation, whereas from
Proposition 2.3 (i) it follows that x TXA is just a projective representation in general,
which shows that the new translation is fundamentally different from the classical translation.
Proposition 2.3 (iii) is what is known in harmonic analysis as a product formula. The relation
(2.10) extends to functions f € L2(R) as well. For those functions we have in particular

TAf = Z3 (pa)e™™ P Faf), @11

where the equality holds in the sense of L2(RR) functions.
Definition 2.4 Let © € M(R) and s € R, then Cp is defined by d(Cyp) (x) = eli”zdpv(x).
Clearly, Csu € M(R). Similarly, we can define pap as d(pap)(x) = pa(x)dp(x).
Using the A-translation, we define the A-convolution of © € M(R) and f € L'(R) as
1
V21 |b|
The integral in (2.12) can also be viewed as a vector-valued integral as follows.
7 1
uxaf =
V2m|bl Jr

where the right hand side is a Bochner integral. The convergence of the integral follows from

(uxa (1) =

/ TAF (1) dp(s). (2.12)
R

TA fdu(s), (2.13)

/R”TsAf”ldM(s) = [fllhin(®) < oco.

Now we give a relation between classical convolution and A-convolution of a measure and
a function. Consider

1
= TA f(x)d
(uxa f)(x) 2n|b|/ﬂ@ s fx)du(s)
1 sa 2
= el T, d (s
2ﬂ|b|/]1;€ asb IsCayb f (x)dju(s)
eizﬂbxszc F@e F dus)
=——— | T,Copmpf(x)e'%* du(s
2] Jr
e T,C d(C
—Tw' e s a/bf(x) ( a/b,U«)(S)
e*iz“fbxz
=—(C C ,
N (Caspur*Cayp f)(x)
using (2.8), which in turn implies that
1
Casp(uxp f) = ——=(CayptxCaysp f). (2.19)
/ Jp e
Further, using (2.9), one can show that
1
pa(uxa f) = —=(pau)x(pa f). (2.15)
/16l

The convolution theorem for the SAFT reads as follows.
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Proposition 2.5 Let w € M(R) and f € L' (R). Then
Fa(uxa @) =Ta(@) Fapu(w) Fa f(w). (2.16)
Proof The proof is straightforward using the operator pg4. O
In particular, if © = g dt, for some g € L'(R) then
Fagraf)(w) =Na(@) Fag(@) Fa f ().

See [7] for more details.

The concept of chirp modulation was used in [7] to define a chirp convolution and to
get sampling theorems. Although the A-translation is somehow included implicitly in the
definition of the chirp convolution, it has not been used to its full extent in [7] and hence the
harmonic analysis of the special affine Fourier transform has not been developed. However
we want to make use of our new translation from harmonic analysis point of view. Towards
this end we first prove an analogue of Wendel’s theorem for the SAFT.

Theorem 2.6 (Wendel) Let T : L'(R) — L'(R) be a bounded linear operator. Then the
following statements are equivalent.

(i) TTA =TAT, forall s € R.

(i) T(f*ag) = Tf*ag = f*aTg, forall f,g € L'(R).
(iii) There exists a unique p € M(R) such that Tf = puxa f.
(iv) There exists a unique 1 € M (R) such that

Fa(T (@) =Na(@0) Fap (@) Fa | ().
(V) There exists a unique ¢ € L°°(R) such that F4(T f)(w) = ¢p(w).F4 f ().
Proof Let E,, f(t) = pa(t) f(¢) and define T : L' (R) — L'(R) by T = E,, T E5;. Then
using (2.9) we get
TTA =T EszEp, T2 =pa(x) T Eny Ty Epy = pa(x) Eny T Ty E,,,
which shows that T’ TxA = TXA Tiff T T, = Ty T. Similarly we can show that 7(fxag) =

Traag iff T(fxg) =T fxg,and Tf = puxp fiff T f = ﬁ(EpAM)*f. The equivalence

of (i),(ii), and (iii) now follows from Wendel’s theorem in the classical case. That (iii) implies
(iv) and (iv) implies (v) is obvious. To show that (i) follows from (v), let f € L! (R). For
s € R we have

Fa(T T ) = ¢p(@) Za(TL ) = ¢p() pa(w) e 5P Z4 f(w)
= pa(@) e 50 FA(T ) = ZATAT ).
O

We end this section by establishing an analogue of the Poisson summation formula for the
SAFT and the corresponding A-translation. From now on, we use the following notation.

I :=[—|b|m, |b|7].

Theorem 2.7 Let f € L'(R) N L*(R). Then the following formula holds.
V2R IBL Y Thy e f @5 = N 5+ p).Fa fn+ ple” B0 e R,

keZ nez
We refer to [7] for the proof.
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3 Closed ideals in (L1(R), x4)

We have seen that

1
Cap(frag) = ﬁ(ca/bf*ca/bg)~

Thus it is easy to see that [|gxa fll1 < Qm|b])~Y2|igll1 IIf 1, from which it follows that
(L'(R), *4) is a commutative Banach algebra. In this section, we aim to study the closed
ideals in (L' (R), x4). Towards this end, first we show that (Ll (R), % A) possesses a bounded
approximate identity as in the classical case (LY(R), »).

Theorem 3.1 The Banach algebra (L' (R), x4) possesses a bounded approximate identity.

Proof Let{g,} be abounded approximate identity in (L'(R), %) and define uy = /10| P4 8u-
Then using (2.15), we get

I fxatta = £l = lpaCFoaua) = pafli = | S ((aHx(oana)) = paf
= (o4 f)*ga = paflli = 0

as @ — oo. Hence {u,} is a bounded approximate identity for (LY(R), *4). O

Now, we aim to study A-translation invariant closed ideals in (LY(R), x4). First we prove
the following theorem in this context.

Theorem 3.2 Let J be a closed subspace of L' (R). Then J is an ideal in (L' (R), ) if and
only if it is invariant under A-translations.

Proof Let J be an ideal in (L' (R), 4). Let {uy} be an approximate identity in (LYR), *4).
Then for f € J and x € R, we have

Tfo - alem TxA (Ugra f) = alimm TXAua*Af,

using Theorem 2.6. Since TxAua*Af € J, for all @ and J is closed, TXAf elJ.
Conversely, assume that J is invariant under A-translations. Let f € J, g € L'(R). Then
viewing fx4g as a Bochner integral as in (2.13), we can conclude that fx4g € J. ]

Proposition 3.3 The collection {g € L'(R) : .Za(g) has compact support} is dense in
L' (R).

Proof We know that {g € L'(R) : g has compact support} is dense in L'(R). Thus, for
f € L'(R), there exists g € L' (R) such that g has compact support and ||C, wf—gl <e.
This implies that

lf —C—amgll = 1Caspf — CaspC—aspgll < €.
Further, %4 (C_/»8) has compact support as g has compact support and

nA(w)A(w—p)
N

which completes the proof. O

Fa(Cgpg)(w) =
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2230 Md. H. A. Biswas et al.

Lemma 3.4 (Lemma 4.59 in [14]) Let f € L'(R) and wy € R. Then for every € > 0, there
exists h € L' (R) with ||h||; < € such that

-~

(f +h) " (w) = f(wo),
for every w in some neighbourhood of wy.

Now we are in a position to state and prove an analogue Wiener’s theorem in connection
with the SAFT.

Theorem 3.5 Let J be a closed A-translation invariant subspace of LY (R) such that Z J) =
0B, where Z(J) :={w € R: Z4 f(w) =0, forall f € J}. Then J = L' (R).

Proof In view of Proposition 3.3, it is enough to show that f € J for all f € L'(R) such
that .%4 f has compact support. Let f € L' (R) be such that .Z4 f has compact support. Let
K = supp(Faf).

Step 1: In this step we show that for each wg € R, there exists F' € J such that .74 f(w) =
Z4F(w) in a neighbourhood of wy. Since Z(J) = ¢, we can choose g € J such that
Ta(w0) Fag(wo) = 1. Then using Lemma 3.4, there exists & € L' (R) with ||k} < M
and

wo — p

~ W=Pp ~ =P —~
(Capg) ~ (——) + (Capph) =~ (——) = (Caypg) ~ ( ),
b b b
in a neighbourhood of wq. This implies that
(w)
Fag@) + Fah(@) = 727 g(w0) = nalw). 3.1
n4(wo)

in a neighbourhood of wg. Let h,, = hxghxs ---*4h (n-times). Then using the fact that
(L'(R), x4) is a Banach algebra, we can show that the series f + Y onen Sfrahy converges
in LI(R). Letk = f+ ZneN f*ah,. Then using convolution theorem, we obtain

n 1
Fak(w) = Fof(o) + %ﬁ(w)"fA f(@)(Zah()" = Za f() 1= a(@) Fah(@)
__ Faf)
Ma(@)Fag(®)’

in a neighbourhood of wq, using (3.1). The second equality in the above equation follows

from the fact that |Z4h(w)| < thul < 3. Thus

Faf (@) =Na(0)Fag().F sk(w) = Fa(gxak)(w),

in a neighbourhood of wg. As gx4k € J, by Theorem 3.2, our claim is established.

Step 2: In this step we show that f € J. Appealing to Step 1, for each w € R, choose g, € J
such that F4 f = Fag, in a neighbourhood U, of w. Using compactness of K, we get
Uy, Uz, ---Uy and g1, 82,---gn € J such that K C U, U; and Fp f = Fagi on U;.
Now choose open W, such that

{w}) c W, C W, C Ui.

Again using the compactness of K, there exist W, Wy,, -, Wy, suchthat K C U;"Zl We,
and W,,, C Uy, where w; € U, € {Uy, Ua, -+~ , U,}. Take hy, ha, -+, hy € L' (R) such
that

Na(w)Fahj(w) =1 onW,, andsupp(Fahj) C Uy,.

@ Springer



The system of translates and the special... 2231

Then 1'[;’?:1 (1 =7a(w)Fahj(w)) = 0on K. This implies that

Faf (@) =Faf(@|l - (1 = na(@)Fahj(@))].

This can be rewritten as f = ) fx4 H;, where H; being one of the /2 ;’s or their convolutions,
and supp(Fa H;) C U,,, for some i. But

Fa(fxaH) (@) =Na(@)Fa f(w)FaH () =Na(0)Fagi(@)FaH(w) = Fa(gixaH)(w).

As gixaH; € J, f € J. This completes the proof. O

Corollary 3.6 Let f € L'(R). Then the closed linear span of A-translates of f is L'(R) if
and only if F 4 f never vanishes.

Proof Let J be the closed linear span of A-translates of f. Let .74 f(w) # 0 for all w € R.
Since J is a closed A-translation invariant subspace, appealing to Wiener’s theorem, we get
J=L'R).

Conversely, assume that J = L'(R). Suppose 74 f(wog) = 0 for some wy € R. Then
Fah(wg) =O0forallh € span{Tfo : x € R}. Since span{TXAf :x € R}isdense in LY(R)
and || Zahllco < @m|b))~'2|| f]l1, we can conclude that Z4h(wo) = 0, forall i € L' (R),

which is an impossibility. Hence the result follows. O
Now, we shall state the analogue of Wiener’s theorem for L?(R) functions.

Theorem 3.7 Let f € L*(R). Then the closed linear span of A-translates of f is L*>(R) if
and only if 4 f(w) # 0 a.e.

Proof Let M = span{T f : x € R}. Then g € M~ if and only if (T f, g) = 0, for all
x € R. For x € R, consider

(TAf.8) = (Za(TLf). Fag) = /R pa(x)e ™59 F g f () Fag(@)dw
= V21p4() (Fa N Fa®) ™ (5)-
Thus (TXA f,g) =0 forall x € Ris equivalent to

(Zaf (@) Fprg(@))x) =0, forall x € R,

which is same as .4 f(w).Zag(w) = 0, a.e. w € R. This shows that M+ = {0} if and only
if Z4f(w) #0ae. welR. O

2
Example3.8 Let ¢(x) = C_,p8(x), where g(x) = e~ 7

%(Ctz/k(b) ~(%52), it follows that

. Then using F4(¢)(w) =

1 w—p
——g(———) #0, forallw e R.
V16| b

Thus span{TXA¢> : x € R} is dense in L'(R) as well as in LZ(R).

Ta(P)(w) =

We conclude this section by establishing an analogue of Wiener-Tauberian theorem. Recall
that M, denotes the modulation operator which is defined in (2.6).
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Theorem 3.9 (Wiener-Tauberian) Let ¢ € L®°(R), h € L' (R) be such that Fsh(w) # 0,
forall v € R and

xgllloo Casp(hxad)(x) = mF,(M_p h)(0).
Then
lim_ Capp(F2ad) () = mFa(M_y ))(O),

forall f € L'(R).

Proof Since, 0 # Fsh(w) = ”A(“” 42 (Capph) = (“5P). forall € R. (Capph) ~ (@) # 0, for
all € R. Further,

Ca/p(hxa@)(x) = J%(Ca/bh*ca/bﬁﬁ)(x)
Furthermore,
)4 1 ~
Faf(O C, =)= —=Tr(Cq 0 — MpCa
Af(0) = «/W( wf) (= ) N (Caspf)— (0) = M( /wf) " (0)
C, Mp
«/W( pMp )~ (0)
using CyM, = M, C;. Thus
FaM_p )(0) = W(Ca/bf)(o) (3.2)

Hence
lim (Ca/ph*Ca/p$)(x) = m(Cayph) ~ (0),
x—Fo00
using given hypothesis. Now using the classical Wiener-Tauberian theorem, we get
lim (f*Ca/p)(x) = mf(0), forall f e L'(R).
x—+00
This implies that
lim (Casp f*Capp)(x) = m(Caypf) ™ (0), forall f € L'(R).
x—+00
This in turn implies that
hm Ca/b(f*A¢)(x) =mFs(M_ p £)(), forall f e L](]R),

using (3.2). ]

As aspecial case, we state the following analogue of the Wiener-Tauberian theorem associated
with the fractional Fourier transform.

Corollary 3.10 Let¢p € L°(R), h € L'(R) be such that Foh(w) # 0, for all v € R and
lim Cy(hxgp)(x) = mFgh(0).
x— 400
Then
1irjIE1 Co(f*9p)(x) = mFy f(0),
X—> 00

forall f € LY(R).

@ Springer



The system of translates and the special... 2233

4 A-shift invariant spaces

In this section, we aim to study shift invariant spaces associated with the SAFT, called A-
shift invariant spaces, in detail. Recall that the A-shift invariant space is defined by V4(¢) =
W{Tk“‘(b 1 k € Z) for ¢ € L*(R). First, we obtain the following result whose proof is
similar to that of Theorem 2 in [2] in the classical case.

Theorem 4.1 Let ¢ € W(Co, £Y)(R) be such that {TkAq') : k € Z} forms a Riesz basis for
Va(p). Then

(i) Va(¢) € W(Co, )(R).
(1) If X = {xx : k € Z} is separated, then there is M > 0 such that

Y 1reR)' 2 < MIfIL Vf € Va@).

keZ

Corollary 4.2 Let ¢ € W(Co, LY)(R) be such that {TkA¢> : k € Z} forms a Riesz basis for
Va(@). Then V() is a reproducing kernel Hilbert space with the reproducing kernel

K(x,y) =Y V=S gy — k),

keZ

where S is the frame operator for {TkA¢> 1k e Z).

Proof Let x € R be fixed. Then, taking X = {x + k : k € Z} in the previous theorem we
get M > O such that | f(x)| < M| f||, for every f € Va(¢), which shows that V4(¢) is a

RKHS. The reproducing kernel for Va(¢) is K(x,y) = Y ycz TA# ) TS 1 (y). Now,
using the definition of TkA our assertion follows. O

Theorem 4.3 If{TkA¢ . k € Z) is a frame sequence, for ¢ € L*(R), then the members of its
canonical dual frame also are A-translates of a single function.

Proof Let S be the frame operator for { TkAqb : k € Z}. First we prove that S TkA = TkA S, Vk e
Z.Let f € Va(¢). Then for k € Z, we have

STAf = Z(TkAf’ T T ¢

k'eZ

=D U T T T
k'eZ

= (f ETATAN T
k'elZ

=Y (f T e KD T
k'elZ

=Y AL TOTAT
LeZ

= TASf.

Since § is invertible, TkA f=5"1 TkA Sf and we have for every h € V4(¢),

TAS th=S'TASS ' = ST TR,
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Thus,if{TkAqb 1 k € Z}isaframe for V4 (¢), then the canonical dual frame{S’lTkA¢> kel
is given by {TkAS’lqﬁ .k € Z}. Taking = S~'¢, we conclude that the canonical dual frame
is also of the form{TkAx/f 1k e Z}. O

Remark 4.4 If we assume that the system {TkA(p : k € Z} is a Riesz basis for V4(¢), then
{TAS7'¢ : k € Z} is the dual Riesz basis of {T¢ : k € Z}.

Now we obtain a characterization for the system of A-translates {TkA¢> : k € Z} to be a frame
sequence in terms of the weight function wg (@) := Yy | Fad(w + 2kbm) 12.

Theorem 4.5 Let ¢ € L%(R). Then the system of A-translates {TkA¢ : k € Z} is a frame
sequence with bounds m, M > 0 if and only if

m
27 |b|

XEy < Y | Fa¢ (@ + 2kbm)[* < XE, w€l, @.1)
keZ

M
~ 2m|b|
where Ey = {w € R : wy(w) # 0} and I = [—|b|m, |b|r].

Proof Let {TkA¢ : k € Z} be a frame sequence with bounds m, M > 0. Then

m|f1* <Y KF TGP < MIfIP, forall f € Va(g). (4.2)

keZ

Let F be a finite subset of Z. Let f = ZkchkaAqb € Va(¢). Then Z4f(w) =
r (@) Fad (), where r(w) = 3, ckpa(k)e” 55 Thus

111 = (f ) = (a2 0) = [ Ir@PiZagldo = [r@Pugido. ¢3)
Similarly,
(f. Th) = /R Faf @ FAT) ) @do = fR F@)Fad @) Ppa®e e de
— [ r@pa@usretdn = 2lbl(r @) ~ ®,
where f(k) = [, f(x)pa(k)eh**dx. Hence

D OUL TR =271b] Y I(r(@)wp (@) ~ (K)|* = 27 |b] /1 r(@)wy(@)*do. (44)

keZ keZ

Now, using (4.2), we get

n [ @ Pug@do < 2216] [ 1@ (wp(@)'do < i [ r@)Pugido.
1 1 1
for every |b|-periodic trigonometric polynomial ». This implies that

m 5 M
Tw%(w) < wg (@) < m%(w),
a.e. w € I, from which (4.1) follows.
Conversely, assume that (4.1) holds. Then using (4.3), (4.4), we can show that (4.2) holds
for all f € span{TkAqS : k € Z}. Since span{TkAfj) 1 k € Z} is dense in V4(¢), the proof
follows. m]

@ Springer



The system of translates and the special... 2235

In a similar way, we can obtain the characterizations for the system {TkA¢ :keZ}tobea
Riesz sequence or an orthonormal system. We state the results without proof. The interested
readers can see the proof form [18] and from [7].

Theorem 4.6 Let ¢ € L2(R). Then the collection {TkAq') : k € Z} is a Riesz basis for V4 (¢)
if and only if there are m, M > O such that

m <Y | Fad(w+ 2kbm)|> < M, (4.5)
keZ
foralmost all w € 1.
Remark 4.7 Appealing to (2.4), it follows that S(R), the Schwartz space of rapidly decreasing
functions on R, is invariant under .% 4. See also [9]. As a consequence, it is easy to see that

the inequalities on the right-hand side of (4.2) and (4.5) hold for any ¢ € S(R). In other
words, for any ¢ € S(R), the system {TkAqb : k € Z} turns out to be a Bessel sequence.

Theorem 4.8 Let ¢ € L*(R). Then the collection { TkA¢ 1 k € Z} is an orthonormal system
in L2(R) if and only if

Z | Fadp (@ + 2kbm)|* = (4.6)

1
27 |b|’
keZ

for almost all w € 1.

5 Sampling in A-shift invariant spaces

In order to get an equivalent condition for the stable set of sampling in terms of the Zak
transform, we first introduce A-Zak transform.

Definition 5.1 The A-Zak transform %4 f of a function f € L?(R) is a function on R?,
defined as

Na(w) A — - (ak2 = 2kw+2pk)
Zaft, w) = E T2 f(t)e 2p PRt w e R.
Af(t, w) oEal 2 Cf@ w

One can simplify the right hand side and get

na(w i
na(®) Zf(t _k)e%(akz—Zakt+2kw—2pk), fort, w € R.

2 |b| i

Remark 5.2 In particular, if we take A = {0, 1, —1, 0, 0, 0}, then A-Zak transform reduces
to the classical Zak transform.

Zaft, w) =

Theorem 5.3 The A-Zak transform is an isometry between the spaces L*(R) and L? ([0, 1]x
I).
See [7] for the proof.

Define an operator 7 : L3(I) > Vy (¢) by

TF(x) =Y (F,E)T4¢), FeLXI),
keZ

where Ei(t) = %eﬁ(“ktbkﬂk’). Clearly {E) : k € Z} is an orthonormal basis for
L*(I).
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Suppose {7, kA¢ : k € Z} is a Riesz sequence. Then there are constants m, M > 0 such
that

1/2 1/2
m (Z (F, Ek>|2) <D AF. EOT4oll 2w < M (Z (F, Ek>|2) :

keZ keZ keZ

forall F € L2(1). Since {E\ : k € Z} is an orthonormal basis for L3(I)and F € L*(I), the
above inequality reduces to

mlFll2gy < ITFll2@y < MIFl 2y, Y F € L2(D).

This shows that T is bounded above and bounded below. By Riesz-Fischer theorem T is
onto. Hence T is invertible. Moreover, we have

_ A _ na(-) L (ak?—2pk+2k) T A W
TF(X)_£<F’Ek>Tk¢(x)_<F\/WkEZZM TA¢(x) ) = (F, Zr(x, ).

(5.1)

Now, we are in a position to prove equivalent conditions for a set to be a stable set of
sampling for a shift invariant space V4 (¢).

Theorem 5.4 Assume that V() is a reproducing kernel Hilbert space, for ¢ € L*(R),
such that {TkAq§ : k € Z} forms a Riesz basis for V4(¢). Then the following statements are
equivalent.

(i) The set X = {x; : j € Z} is a stable set of sampling for V4(¢).
(i) There are constants m, M > O such that

mldl3 g < WUl g < MldlIGg,, Vd e @),

(@) @y’

where the operator U = (U i) is defined by
Ujr =Td¢(xj) = e H &0 (x; — k).

(iii) The set of all reproducing kernels {KX/‘ 1 J € 2} for VA(@) is a frame for V4 (o).
(iv) The set {Zap(xj,") : j € Z} is a frame for L2(I).

Proof The proof is similar to the classical case. However, in order to make the paper self-
contained, we give the outline of the proof. (i) < (ii): If f € V4(¢) then thereisd = {di} €
€%(Z) such that f(x) = Y 4o di T ¢ (x), and hence f(x;) = Y o7 dk T2 P (x;) = (Ud);.
Since { TkAqb 1 k € Z} is a Riesz basis for V4 (¢), the following statements are equivalent.

(a) There are constants m, M > 0 such that for every f € V4(¢)

ml| 1> <Y 1f @I < MIfIP. (5.2)

=4
(b) There are constants m’, M’ > 0 such that for d € ¢2(Z)
m'|ld|* < |Ud|* < M'||d|>. (5.3)
In fact, if (5.2) holds, then
mlfI* < \Ud|* < M| fI.
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Now by using the fact that {T*¢ : k € Z} is a Riesz sequence, there exist m”, M" > 0
such that m”||d||2 < || fI*> < M"||d||. Thus (5.3) follows from (5.2) with m’ = mm” and
M’ = MM”. Similarly, one can prove (5.3) using (5.2).

(D)< (iii): Recall that f(x;) = (f, Kx;).

(ili)< (iv): Using (5.1) we obtain

SUFCHPE =) W Ke)P = F. Zag(xj. )%
JEZL JEZL JEZL
here TF = f. Since T is invertible, we get the equivalence of (iii) and (iv). ]

Let ¢ € W(Co, £1)(R). Then we define the function ¢2 on the interval 7, by

$i@) = pm)patn)e 5",

nez

From the definition of the A-Zak transform we obtain %4 ¢ (0, w) = %(]ﬁ; (w).

Theorem 5.5 Let ¢ € W(Co, £")(R). Then the operator U : (*(Z) — (*(Z) defined by
Ujx= TkAqb(j) satisfies the inequalities

gk 12 1d1% < WUdI® < 14112 141, ¥ d € E(Z),
where ¢ o = infrer 16501, 16} 1o = sup,cs |6} (0)].
Proof Letd = {d,} € ¢*(Z). Then

Ud)y =Y Unndn = Y e 50" g (0 — m)d,.

mezZ meZ

Since {#pA (n)e_%”w . n € Z} is an orthonormal basis for L2(I), we have

/27 10]

27 |b] |Ud|? = f 1Y (Ud)upame 5" Pdo

nez
= [1 X e b g midpate i o
1 neZ mez
= / 1Y patn —m)p(n — m)dypa(m)e” 5" Pde
neZ mez

N f 13" pa)§ ()dmpa(mye™ 50 2de

neZ mez

= f, 65 @ P dupame " Pdo.

mezl
This implies
AR o2 2
| Y dwpatme™ 5" Pdew < ||Ud)|
2w|b| J; =
_ g3 S dpamre 7 Rdo
2ol Ji o= "
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or equivalently ¢} 112 Y.<z ldul? < 1Ud|? < 19} 112 ez |dm |2, from which the result
follows. O

As a consequence we obtain the following

Corollary 5.6 Let ¢ € W(Co, L1)(R) be such that {TkAgb . k € Z} forms a Riesz basis for
Va(¢) and ¢; (x) #O0forall x € I. Then Z is a stable set of sampling for V4 ().

Proof Since qﬁ; (x) # O for all x € I, it follows from Theorem 5.5 that U is bounded above
and below. Then the assertion follows from Theorem 5.4. O

We end this section by proving Bernstein type inequality for V4(¢). Let A denote the
class of continuously differentiable functions ¢ such that

() lp(x)| < My|x|7%5€ and |¢'(x)| < M>|x|~%>~¢, for sufficiently large x, for some
M] , Mz, € > 0.
(i) es5 supye; Ypez (“HHTE) Fad(w + 2kbm) P < oo

Theorem 5.7 Let ¢ € A be such that {TkA¢ 1k € Z} is a Riesz basis for V4 (¢). Then Bf (x)
satisfies the following Bernstein type inequality.

IBFI* < MIfI?,  forall f € Va(g),
where Bf (x) = f'(x) + “* f(x) and

Zkez(%)zlﬁﬂfb(a) + 2kbm)|?
Y kez | Fad (@ + 2kbm)|?

M = ess sup,¢;

Proof Let f(x) =Y oz cx T3 (x).
Then f'(x) = > jcz Ck TkA O (X)—=> ren %ck TkA¢ (x).Since ¢ € A, the above equalities
hold pointwise. Thus

Bf () = f'(x) + - ()
. .
=Yl @ - Y mallem + = Y aliew)

keZ keZ b keZ
. .
= kEZch(EGkAqs(x)) + %Tk%(x))
=Y BT ().
keZ
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Further, JAf(a)) = r(w)Fa¢p(w), where r(w) = ) ,czcrpak)e” bk“’ Now, using
FA(Bf)(w) =i2 pﬁA f (w) (see Proposition 3.5 in [9]), we obtain

IBFIP = 1ZaBOI* = 174D _ ex BT o)1

keZ
= / |ch=%(BTkA¢)(w)|2dw
R keZ
/ 1> et HO=D) 2 (1A p) @) Pdw
keZ

= [ 1 anator i L Zap (o

keZ

f|r(w>| (P2 746 (0)Pdo

/lr(a))l Z(%)Hﬂm(wzkbn)ﬁm

b
keZ
<M/|r(w)| > | Fa¢ (@ + 2kbm) Pde
keZ

= M/R Ir (@) *|Za¢ () *dw = M|| f 1|7,

proving our assertion. O

6 Sampling theorems

In this section, our aim is to obtain reconstruction formulae for the functions belonging to
certain V4 (¢) from integer samples. We prove sampling formulae with L? convergence as
well as uniform convergence. As a corollary, we obtain the result proved in [7], namely
Shannon sampling theorem for the functions which are bandlimited in the SAFT domain.

Theorem 6.1 Let ¢ € W(Cyp, £1)(R) be such that {TkA(b : k € Z} forms a Riesz basis for
Va(@). Then the following statements are equivalent.

(1) There is a function S € V4(¢) such that

fO=)"FTAS@), forall f € Va(@), 6.1)

nez

where the series on the right hand side converges unconditionally in L*(R) and pointwise
forallt € R.
(i) 1/} € L2(D).

Proof Assume that there is a S € V4(¢) such that (6.1) holds. Then ¢ = ), ., ¢(n)TnAS
Taking SAFT on both sides we obtain

Tadp =Y d)Fa(T,S) = ¢} F4S. 6.2)

nez
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We now show that CD; (w) #0, forae. w e R. If it were not true, then there would exists
a set of positive measure 2 C R such that o' 4(@) =0, € Q. Then Fyp(w) =0, w € 2,
using (6.2). Since, dDA is 27 |b|-periodic,

Fap(w+2kbr) =0, weQ, keZ,

which contradicts the fact that {TkA¢ : k € Z} is a Riesz sequence, in view of Theorem 4.6.
Thus we can rewrite (6.2), as #4S = F4¢ /¢I‘. Further,

/'S(’)|2d[ /|gAS(w)|2dw_/ |JA¢(“’)
¢A(a’)

_ / Y vez | Tad (@ + 2kbn)|2
O

1
= 16410 [ o
1 19} @)]

where ||Gg,‘||o = infoes Y ez |1 Fad (@ + 2kb)|*. Since {T¢ : k € Z} forms a Riesz
sequence, ||GA llo > 0. Consequently, l/qu1 e L3(I).

Conversely, assume that 1/¢A e L%(I). Since {W,oA(n)e*b;”“’ : n € Z} forms an

orthonormal basis for L?(I), there is a sequence {c,} € £*>(Z) such that

=Y capalme 5,
¢l () ZZ

Let F(w) = Fa¢(w)/¢ ) (). Then

/lF(w)Fd /| Fa9(©@) Sz |Zad(@+2kbm)
¢A(a)) I 62
< NG lool1/B3172 .

where ||G$ e = SUPue; D pez | Fad(w + 2kbm)|?. Since {T ¢ : k € Z} is a Riesz
sequence, ||G$ lloo < 00.Hence F € L2(RR). Then there is exactly one S € L%(R) such that
F4S = F. From the definition of 4); we get

FaS=Fad Y cupak)e i =" o FaTi9).

keZ keZ
which shows that § = >, ckaAqb and hence S € Va(¢). Now let f € Vy(¢p) with
representation f = ZkeZ ai TkA(p. Since, ¢ € W(Cy, H(R), it follows from Corollary 4.2
that V4(¢) is a reproducing kernel Hilbert space. Thus f(f) = Y 1z akaA¢(t), for all
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t € R. Hence, taking SAFT on both the sides, we obtain

Faf =Y aZa(T{$)

keZ
=Y apatk)e " T
keZ
= F4S¢} Y arpalk)e i*
keZ
= FAS Y ¢Opa®e 5" Y arpak)e i
el keZ
= 748 Y3 ad (O patkypa(t)e 5
Lel kel
=FaSY Y axp(n—k)pak)pa(n — k)e 5"
nez keZ
=4S Y Y apn — ke 0 py(mye”H"
nezZ ke
=748Y_ (D axTl¢m)pa(mye s
neZ keZ
=Y f.FaTLS). 63)
nez

The last equality finally gives f =), ., f (n)TAS, with convergence in the sense of L2(R).
Now, using the fact that V4 (¢) is a reproducing kernel Hilbert space, we get that the series
in (6.1) convergence pointwise as well. Since, ¢ € W (Cy, H(R), the series defining Qi‘ is
unconditionally convergent. Then proceeding as in (6.3), one can show that the series on the
right hand side of (6.1) converges unconditionally in L3(R). O

In Theorem 6.1 we obtained a sampling formula for functions belonging to A-shift invari-
ant spaces with L2 convergence. Now, our aim is to obtain another version of a sampling
theorem where we obtain both L? convergence and pointwise convergence of the correspond-
ing reconstruction formula. Towards this end, we prove the following

Lemma 6.2 Let ¢ € L>(R). Then the following statements are equivalent.

(i) For any {cy} € €*(Z), the series of functions D kez Ck TkAqb(t) converges pointwise to a
continuous function.
(ii) ¢ € C(R) and sup,cr Zkez lp(t — k)|2 < o0.

Proof Since ITkA¢(t)| = |Trd(t)| = |¢p(t — k)|, the proof follows as in Lemma 1 in [32]. O

For a sequence {ci}, we define

1 P2
C[k]e@(ak +2p/<—2(uk).
V27 1b] Z
keZ

For two sequences {cy} and {di}, we define

FalaD)(w) =

1
(fex) %4 {diD)n] = Wi é k1T d[n].
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Using the fact that {len—w'eﬁ(“k2+2pk_2wk) : k € Z}, is an orthonormal basis for L2(1), we
get

1Fafeahl® =Y lelkl>.

keZ
Further, one can show that
Faller} xa {di}Hw) = Fal{a D (@) Fa{di D) (@).
Thus

1
/1 IFaleh @) P1Fa{did) @) *do = mDZc[k}T{‘d[nnz (6.4)

neZ keZ

Theorem 6.3 Let {TkAqb 1k € Z} be a frame for Va(¢). Then the following are equivalent.
(i) The series oy Ck TkA¢>(t) converges pointwise to a continuous function for any {cy} €
02(Z) and there exists a frame {TkAw 1k € Z} for V4 (¢) such that
fO =) FRT Y@, forall f € Va(g), (6.5)
keZ

where the series on the right hand side converges unconditionally in L*(R) and uniformly
on R.
(i) ¢ € CR), Y 1oy 160t — Kk)|? is bounded on R and
mxe, (@) < |} @) < Mxg, (), (6.6)
for somem, M > 0, where Ey := {0 € R : wg(w) # 0}, wy(w) := Zkez | Fadp (0 +
2kb)|>.

Proof In order to show that (i) implies (ii), it is enough to show that (6.6) holds. Taking
f = ¢ in (6.5), we get

P =Y dT ).

keZ

Taking SAFT on both sides we obtain F¢(w) = ¢I‘(a))§AW(a)). This implies that
we(@) = ¢} (@)[*wy (@), from which it follows that E; C Ey. Since (Td¢ : k € 7}
and {TkAw : k € Z} are frame sequences, there exist m, M > 0 such that

m< ¢ (@) <M, ae.wc Ey,

using Theorem 4.5. We now show that ¢I‘ (w) =0a.e.onl\ Ey. To see this, take c(w) = 1 —
XE, (). Then c(w) = ZkeZ CkPA (k)e’lBk“’, for some {c;} € 02(Z). Since c(w).Fap(w) =
0, taking inverse SAFT, we obtain ), ., ck TkAq{)(t) =0, for all # € R. In particular,

{{ek) %4 {@ONn] = > aTdem) =0.
keZ

1
NZanrs

Thus using (6.4), we get

0= 1> all¢m|’ = /1 |Falci} (@)1 Falp (mHw)do = / |} (@) 2do,

neZ kel INEy
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which proves our claim.
Conversely assume that (ii) holds. Let

d(w) weE
Fair = | 707 ’
0, w¢Egy.
Then {TkAlp : k € Z} is a frame sequence by appealing to Theorem 4.5. Since q% e L?(I),it

A
can be easily seen that Y € V4(¢). With the similar reasoning, we can say that ¢ € V4 ().
Thus V4 (¢) = Va (). Now define,

¢ ()
Fav(w) = w/;(w)fA¢(w) w e Ey
0, w ¢ E¢.

We show that {TkA& : k € Z} is the canonical dual of {TkAlp : k € Z}. Let S be the frame
operator associated with the frame {TkAl/f 1 k € Z}. Since S commutes with TkA, for all k, it
is enough to show that Sy = . Consider

FASY) =Y (0, T Za(T )

keZ
=" pak)e B (Fap ) FaT. Za(TE )
keZ
= (Q%w)ZpA(k)e‘??"'/Rz%tﬁ(n)mdn

keZ

= (Zan) Y patre / Fath ) AT TRy

keZ

e N [ | FaP
=g 7l 2 /Ed, we(m "
=( AW)TW Ze b /]XE(,,(U)e%knd’l

= (FaV)xE, = JAI/I,
which proves our claim. Let /€ Va(¢). Then Z4 f(w) = r(w)Fa¢(w), where r(w) =
Y kez CkPA (k)e_ik“’, for some {cx} € ¢2(Z). For k € Z, consider

(FoTA) = fR Zaf (@ AT ) @)dw
B @ ——
= 5 /E¢r(w>m¢<w)| e Ao de
1 it
= 32l /1 r(@)¢h (@)pa®)er  do
_ / Faler) @) Fa () (@ palehdeo
/ Faller) #a (BN @)pr@er®dew

27 |bI{{ck} *a {Pp(m)}} = f (k).
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Hence
FO =Y AL TANTEY @0 =) FOTEW)O). (6.7)
keZ keZ
Now, the unconditional LZ(R) convergence follows from Theorem 5.1.6 in [12]. Further,
the pointwise convergence follows from Lemma 6.2 and the given hypothesis. Furthermore,

observe that { f (k)}= {(f, TkAtzf)} € ¢%(Z). Thus, in order to show the uniform convergence
in (6.7), it is enough to show that

IRy 0P =) 1w =k <M < oo, forallt eR,

keZ keZ
for some M > 0. Since ¥ € Va(®), Fa¥(w) = r(®)Fap(w), where r(w) =
S iez ckpa(k)e™ 55 for some {cx} € €2(Z). Thus wy () = |r(w)]*wy(w). Since

{TkA¢ . k € Z} and {TkAtlf : k € Z} are frames for V4(¢), r is bounded on E. This
implies that (@) = r(w)xkg, (@) is bounded on /. Let F(w) = > kez CkPA (k)e_%k“’, for
some {¢¢} € £2(Z). Since r(w) Fad(w) = F (@) Fad(@), Y () = Y rcz kT ¢ (t). Thus

Yol —mP=> 1> artew —n)?

nez neZ. keZ
1 - _i
= 5o [P 0~ mpse b o
27T|b| 1 nez
< @)l Y _ 16 —n)I,
nez
proving our assertion. O

As a consequence of Theorem 6.1, we obtain a SAFT version of the Shannon sampling

sinrx . if 0
theorem by taking ¢ = C_a/b.\v,-m, where sinc(x) = { 7 1 x #
1, ifx =0

the sampling theorem when ¢ is taken to be the second order symmetric B-spline.

. We also write down

Corollary 6.4 Let ¢ = sinc and y = C_yp¢. Then for every f € Vo(¥), we have the
following representation

@0 =3 fe 5 Dsinet — k), 1R, (6.8)

keZ

where the above series converges unconditionally in L*(R) and uniformly on R.

Proof We have
na(w)

V27 |b] Jr
_ WA(w)a(w - P)
V1ol b

Fay(w) =

C_a/b(]}(l)eﬁ(m2+2pt_2wt)dt
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from which it follows that 3", _;, | Za V¥ (@ + 2kbm)|* = #IH for almost all w € I, and this
implies that {TkAl/f : k € Z} is an orthonormal basis for the space V4 (¢). Moreover, we have

w;r‘ (w) = ZkeZ C_apsinc(k)pa (k)efék“’ = 1. Consequently, l/w; = 1. So by Theorem
6.1 we have .74 S(w) = Z4¥ (w), which implies that S = . Hence for f € V4 (¢¥) we
have

FO =Y FOTEY @) =Y flkye BRI 5ED sine — k)

keZ kel
=3 F®e R sine(r — k).
keZ

[m}
Corollary 6.5 Let ¢ = sinc. Let = C_qp$. Then Vo () = B;*+p
L*(R) : suppZ4(f) S I + p}.
Proof 1t is clear from Corollary 6.4 that V4(y) C B }4 Yp Now we shall show that B#, isa

I+p
closed subspace of L*(R) and the orthogonal complement of V4 (¢) in B;‘Jr » is zero, which

, where B;“_H) ={fe

will prove our assertion. As we have F4 (C_q/p f)(w) = ”\*}‘(bﬁl) f(“’b;p), f > C_aspfisan
A

isometry from Bj_; (= {f € L*R) : suppf C [—m, 7]}) onto Bf+p. Therefore Bl+p
is a closed subspace of L2(R). In Corollary 6.4 we have seen that {TkAl/f : k € Z}is an
orthonormal basis for V4 (). Consider f € B;‘ﬂ) such that (f, TkAIp) =0, Vk € Z.Now
we shall show that f = 0. For all k € Z we have

0= (f, T ) = (Fa(f), Za(TY))

= | Za(H(@Prk)er F4) (@)dew

I+p
pak) — ip
= Fa()na(w)et™dw.
NV21|bl Jitp
Using the fact that {\/%Ible’l%k‘” : k € Z} is an orthonormal basis for L2(I + p), we get
Fa(f)(w)na(w) =0fora.e.w € I+ p, whichin turn implies that || f|l2 = [|Fa(f)l2 =0,
proving our assertion. O

As a consequence of Corollary 6.4, Corollary 6.5 can be restated as a SAFT version of
the Shannon sampling theorem.

Corollary 6.6 Let f € L*(R) be such that the supp(F4f) € I + p. Then the following
sampling formula holds

F@ =Y fRe5Esinet — k), 1R,
keZ
where the above series converges unconditionally in L*(R) and uniformly on R.

Corollary 6.7 Let ¢ = xjo0,11*x[0,1]- Then for every f € Va(¢), we have the following
reconstruction formula

fO =) fT'e@0), teR,

nez

where the above series converges unconditionally in L*(R) and uniformly on R.
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Proof Let G be the Gramian associated with the sequence {TkA¢ :keZ}). ThenGj =
(TkA¢, T/.Agb) is a tridiagonal operator with all the diagonal elements, d; = 1. The elements
above the diagonal are given by
{bie"ﬁ-’@—"i(” D= (+22), a0
M] — a a a
1/6 a =0,
and the elements below the diagonal are given by

B )+ (- 22y a0
"7 116 a=0.

Notice that for a = 0, G is strictly diagonally dominant and hence invertible, for a # 0

. 3 . . .
luj|, |1;] are dominated by *4- 5722 + 1. Now let & = r with |r| > 1.2, then G is strictly

diagonally dominant and hence invertible. In other words, {TkA¢> : k € Z} forms a Riesz
basis for V4 (¢). Further ¢I‘ = 1 on I, from which the required assertion follows. ]

7 A local reconstruction method

As in the case of classical shift invariant space we can obtain a local reconstruction method
for functions belonging to V4 (¢) with continuous generators satisfying polynomial decay
from their samples. We state the results without the proof as the proofs follow similar lines.
We refer to the works [23, 24].

Proposition 7.1 Let ¢ be a complex valued continuous function on R satisfying ¢(x) =
o(|x|7?) (p > 1). Assume that {TkA¢> 1 k € Z} is a Riesz basis for Va(¢). Let f € Va(d)
and [a’, b'] be an interval in R. Then for a given € > 0 there exist a positive integer M and
a sequence ¢y = {cx} € 02(Z) such that

€
1f () — g < lefleg —7
N2

forall N > M, forall x € [d’,b'] and g,(x) = Zke[a,_N+17b,+N_1J ckaA¢(x). In other
words, f o ] can be reconstructed locally with a finite number of coefficients cy.

Theorem 7.2 Fix p > 2. Let ¢ be a complex valued continuous function on R satisfy-
ing ¢(x) = o(|x|™P). Assume that {TkA¢> : k € Z} is a Riesz basis for Va(¢). Let
f € Va(p), [d',b'] be an interval in R and € > 0. Let M be a positive integer obtained
in Proposition 7.1. Consider those points xj in the sample set X such that x; € [a’, b']. Let
QM +b' —a — 1) < #X < MP, where #X denotes the number of points in X. Define
Ujr = TkA¢(xj), 1<j<#X, keld —M+1,b + M — 1] N Z. Then there exist
gr € V(@) such that

If1x = grlxll < e+ U IIUTI) + O,
where U is the pseudoinverse of U.
Remark 7.3 The implementation of the local reconstruction method using Mathematica can

be found in the thesis [8]. There are experimental confirmations of the theoretical results
obtained in this section. Here we omit the details.
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