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Abstract
The concept of photoacoustic (PA) group velocity (vg) is largelymissed in the related transport
theory. Generally it is assumed that the PA signal propagation occurs at a constant velocity, and thus
overlooking the attenuation and dispersion effects. In practice, the PA signals propagate asmaterial
waves coupled to the sample, and thus inherently experiencingwave dispersion. In this work, such
limitation is bypassed using amodifiedwave-function formulation inwhich both amplitude
attenuation andwave dispersion arise naturally fromaHeaviside-type (Cattaneo) transport equation
operating on the velocity potential. Thus the approach, is valid for homogeneousmedia,
characterised by a frequency-dependent PA absorption coefficient and an explicit expression for the
group velocity. The resultingmodel accurately predicts the experimentally observed amplitude
decay, bandwidth reduction, and peak-frequency shifts of PA spectra as functions of propagation
distance. Furthermore, it is consistent with local thermal equilibrium and energy conservation
requirements, and provides the necessary framework to satisfy Biot’s group-velocity theorem and,
consequently, themacroscopicDebye kinetic theory. This analysis also supports the interpretation of
the PA signal as a dispersivewave packet propagatingwith an average group velocity, whose velocity
distribution is governed by its spectral content.

1. Introduction

The interpretation of the photoacoustic (PA) velocity, both experimentally and theoretically, has beenwidely
discussed due to its importance in the analysis and imaging of PA signals [1–6]. Although studies have explored
ultrasounddispersion [7–13], a specific description of the velocity of a PA group, vg, including its physical
implications for PA signal interpretation and image formation, is lacking [14, 15]. This work addresses this gap
by introducing the concept of PA group velocity. As discussed later, including this concept in the PA imaging
framework enhances the physical information obtainedwhen the PA signal propagates over distances that
exceed those defined by the stress- and thermal-confinement conditions.

The formalism commonly used to describe the propagation of the generated PA signal is the transport
theory, where themotion ismodelled using awave function derived after considerations of thermoelastic
expansion for an incompressible fluid, and departing from the thermoelasticNavier–Stokes equation
[12, 16, 17]. Amore straightforward approach, adopted here, employs the velocity potential,f(z, t) [18],
because PA transport is irrotational; that is, the energy flux lacks rotational components, enabling the velocity
to be defined as vz(z, t) = ∂zf(z, t). Although the current analysis is limited to one dimension, the linearity
assumption andmaterial homogeneity allow for extension to higher dimensions, provided the sample under
consideration by nature is a homogeneousmedium. Therefore as initial condition is recognised that the PA
signal generation and propagation fulfils energy balance conditionswith local thermal equilibrium [19]. The
introduction of the velocity potential as part of the formalism, has the benefit of portraying how is projected the
velocity distribution at any point along PApropagation-pathway. This approach allows for the extraction of
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kinetic andmaterial data from the PA velocity distribution, potentially enabling PA imaging based on velocity
distribution, noting that Bernoulli’s equation for pressure is + =p v constant1

2
2 , where the gravitational

component is negligible inmost practical cases.
Without loss of generality, we can set the constant to zero, resulting in ( ) [ ( )]=p z t z t, ,z

1

2
2. This

equation simply relates the PApressure to the velocity potential, scaled by ρ, themass density per unit volume.
This formalism clarifies that the PA effect can sustain reversibility; that is, there is the inverse problem, and
excess free energy can be treated as following a thermodynamic regime of local reversibility [18, 20–24].

Therefore, the thermodynamics of PA transport should be treated as a reversible process, consistent with
theGreen-Naghdi formalism and subsequent clarifications [25–28]. This avoids the non-physical infinite
sound speed predicted by theNavier–Stokes equations, as discussed in detail in [29]. This approach allows us to
represent the PA velocity as a spectral distribution, correcting themisconception of a constant PA velocity.
Furthermore, it provides a framework to identify the group velocity, vg, as the envelope’s shape. General wave
and transport theories support these properties, provided that the excitation energy does not cause phase chan-
ges or ablation.However, attenuation and acoustic dispersion, also known as spectral dispersion,modify the
PA signal. Attenuation causes the amplitude to decay exponentially [11–14], while spectral dispersion contracts
the spectral distribution, shifting the peak frequency to lower energies and altering the velocity distribution.
This change becomes significant when the transport distance exceeds the PA source length, zo, orwhen the
spatial PApulse-width is smaller than the transport distance. Thus, dispersion can be estimated from changes
in the spectral distribution envelope, characterised by vg. The spectral change increases with PA transport dis-
tance. Itmeans consumption or dissipation of kinetic energy, in agreementwith the energy conservation prin-
ciple. As noted by Biot [7], there is an equivalence between vg and the energy transport, stated by the vg’s
theorem. This theorem states that, this velocity is defined by the energy flux across a fixed plane per unit time,
∂tH, and divided by the total energy density,Ho. In this case,Ho is the initial PA energy defined by
H(t= τL) =Ho, where δt= τL is the time-width of a square-shaped laser pulse. In general, the effective trans-
port time,Δt= tz ismuch larger than the laser pulse, τL ≪ tz. Experiments typically show that for laser pulses
with τL≃ 7 ns, the PApulse time-width emerging froma sample is τPA ∼ 1 μs, and this value depends on the
transport distance and sound velocity, vs. Thus the shortest transport time shallmatch the PApulse-width.
Although the current analysis focuses on biological tissue, where vs ∼ 1500 m/s is a reasonable approximation,
the resulting framework can be generalised to other condensedmedia, [18].

2. Energy balancewith non-equilibrium thermodynamics

To establish a physically consistent framework for introducing the PA-group-velocity, it is essential to first
delineate the thermodynamic principles governing the signal’s generation and transport. Conventionalmodels
often bypass the explicit thermodynamic sequence that connects optical absorption to the launch of a
mechanical wave. The foundations for better understanding this problem are placed in section 2.1with an
analysis of the energy balance during the laser-matter interaction to define the initial PA energy density. At
macroscale the thermodynamics is the non-equilibrium as described byOnsager andMaixner-Prigogine
formalism. The details are described in the section 2.2. Therewe introduce the non-equilibriumconsiderations
required tomodel the reversible conversion of this localized heat into a propagating stress wave, using the
formalismof local thermal equilibrium, at finite velocity, overcoming the long-standing controversy. Together,
these principles establish the thermodynamic legitimacy of treating the PA effect as a reversible process at the
macroscale, setting the stage for the dispersivewavemodel developed in section 3.

2.1. Energy balance
Let ( )E ro represent the energy of interaction. This analysis is limited to one dimension for simplicity, sufficient
to introduce the key concept. The interaction occurs along the z-axis, with the boundary at z= 0 and z > 0
inside the sample. Under thermal equilibrium, the interaction is expressed by the energy balance between the
flux of ( )E ro , the optical absorbance E E( ) ( )= =A r zo o , and the photon emission, or emissivity,Eph.

E ( ) ( ) ( ) ( )= + A
t

r q z E . 1o z ph

Assuming all absorbed energy is dissipated non-radiativelywithin the sample [18, 19], Eph = 0. Since the
laser pulse is described by the function f (t) ≜Rec(t) = 1 for 0< t< τL and zero otherwise, equation (1) sim-
plifies as,

( ) ( ) ( )= q z q z0 ; 2z o

which has the straightforward solution: ( )= =q z z q eo o
zo o.

2
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This solution is the Beer–Lambert Law. For notational simplicity, sub-fixes are omittedwith the under-
standing that theirmeaning is as defined.Here, qo is the total initial energy flux acting as the source for the
displacement potential. The initial PA energy density,Ho, is given by the energy conversion of non-radiative
decays between the sample’s boundary at z= 0 and the plane z= zo, determined by the light’s penetration
depth, defined as the distancewithin the samplewhere the laser-pulse energy is attenuated below its half-width
at fullmaximum (HWFM). This initial energy density is establishedwithin the time frame of the temporal laser
pulse-width, which is orders ofmagnitude smaller than the PA temporal pulse-width, τPA.We assume
τL = to≪ τPA for the PA transport description at themacroscale, indicating that all optical absorption of
energy,A, occurs within this time frame; =A q eo o

zo, withαo being the optical absorption coefficient.

2.2. The local equilibrium innon-equilibrium thermodynamics
This thermodynamic framework uses non-equilibrium thermodynamicswith the local equilibriumhypothesis.
For small volumes at short timescales, such as τL and τPA, the intensive and extensive quantities are similar to
those under reversibility. This is thewell-knownOnsager [22, 24] andMaixner-Prigogine formulation [24],
supported by these assumptions: (a) local equilibrium applies; (b) the second lawof thermodynamics holds; (c)
linear constitutive equations (Fourier’s law and other transport properties) can be used; and (d) the symmetry
ofOnsager’s reciprocity relations is preserved. The last point is significant for ensuring the existence of the
inverse problem and recovering the initial thermodynamic source. This framework also alignswith Lebowitz’s
[30] requirements for scaling thermodynamics frommicroscopic tomacroscopic scales, placing the problem in
a convex domainwith analytic consequences. These consequences include thermodynamic stability, non-
negative compressibility, andwell-defined specific heat capacities, fulfilling theDulong-Petit Law and allowing
for theDebye formalism [24, 31].

At themacroscopic scale, the timescales τL and τPA aremuch shorter compared to the PA transport time, tz,
defined as the signal travel time from the PA source to the output boundary. The energyA is treated as thermal
energy, triggering a distribution ofmechanical resonators with frequencies characteristic of themediumand
rated by the heat capacity, as in theDebye formalism. Since no chemical potential is involved, the local dynam-
icswith local equilibrium imply that the free energy F=U−TS is that of a reversible process, whereU,T, and S
are the local internal energy, temperature, and entropy, respectively. Reversibility is established as
F(z, t−) =F(z, t> to), where t− is any time before the laser pulse interaction. Thus, the net change of local free
energy is,

( ) ( )= =F U TS 0 . 3

Instead, at 0< t< τPA, the absorbed energy diffuses into the sample, consistent with Fourier’s law and the
PA transport expressed by the PAwave equation. The locally absorbed energy is transferred as heat, causing a
local increase in entropy S. Such that,

( ) ( ) ( )= +T
dS

dt
q z q e f t ; 4z o o

zo o

where∂zq(z) represents the divergence of the heat flux along the z-axis, with units of Jm−2s−1 inMKSunits.
More details on optical, thermal, andmechanical energy conversion can be found in [32].

Combining equations (3) and (4) shows that themain channel for the dissipation of the free energy excess is
as heat, δU=TδS, prompting a burst of combinedmechanical stress and strain, described by a displacement or
velocity potential, as shown later. The thermodynamic treatment is that of energy transport in an elasticmat-
erial as a reversible process. This problemhas beenwidely discussed, though somewhat apart fromPA theory,
in theGreen-Naghdi formalism [25] and further discussions [26–28], correcting themisinterpretation that
leads to an apparent infinite sound velocity, comprehensively discussed in [29].

Reversibility and local energy balance ensure that for t � 0 and t> tz, the initial and final times, the free
energy and entropy are the same, F= Fo and S= So, respectively.However, during 0< t< tz, the free energy and
entropy change as F(T) = Fo + ΔF(T), and S(T) = So + ΔS(T). Using the thermodynamic relationship

( ) ( )=S T F T

T
[18, 20, 21, 24], with

( ) ( ) ( )µ= + +K KF T F T T u u u u
1

3

1

2
, 5ll ik ik ll ll0 0

2

the explicit description ofΔF(T) andΔS(T) can be obtained.
In equation (5),ull is the trace of the strain (displacement) tensor, and δij is theKronecker delta. The non-

diagonal terms in the strain tensor are defined as ( )= +u u uik i k k i
1

2
, expressed in terms of displacement

field components, ui. Additionally, equation (5) includes the bulkmodulus, µ+K 2

3
, whereλ andμ are

the first and second Lamé coefficients, withμ also known as the shear stressmodulus, andβ is the thermal
expansion coefficient.

3
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Then the entropy change turns out to be, = + KS S uo ll. Since the PAfield is oscillatory, as described by
Hooke’s law, the one-dimensional pressure field is written as, ( ) = Kp z t u, ll .With the trace of the strain
tensor defined as ull = ∂F/∂σll, one can recognise that the light-induced thermal expansion is free from exter-
nal forces. Thismeans the induced strain, ull, is free from internal stress and thereforeσik = 0.

With the initial PA conditions established, the next step is to describe the transport process. Approaches
focus on deriving aHelmholtz-like PAwave equation, either from theNavier–Stokes equation [15–17, 33], or
from energy balance and solving aGreen’s function problem, or using thermodynamicswith local equilibrium
and conservation ofmomentum [18, 19, 34]. The thermodynamic stage is similar to that introduced byGreen-
Naghdi [25], accounting for the in-depth discussion in [29]. TheGreen-Naghdi formulation is fundamental in
depicting the necessary and sufficient conditions to implement aHeaviside orCattaneo-type differential
equation. This approach details how energy flow should be interpreted as: heat conduction only, as awave (the
PA case), or propagation in amore general viscoelastic fluid. These cases are branded here as heat flowGN-I,
GN-II, andGN-III, corresponding to type I, type II, and type III introduced byGreen andNaghdi. TheGreen-
Naghdi (GN) interpretation is founded onwell-established postulates or axiomatic conditions, fromwhich
constitutive equations and expressions for energy propagation are built. Further, resulting expressions in the
GN interpretation of energy flux can be scaled up or down: fromaHelmholtz wave function derived froma
Laplace-type equation, to theCattaneo- orHeaviside-type equation, or the Jeffreys-type, in agreementwith the
conclusions in [26, 27, 29].

Those considerations are valid for the transport across the homogeneous sample, as is the current frame-
work; details can be found in [1, 4, 5]. Even in caseswhere the target is changing position in time, this view is yet
validwhenever the PA transport is free fromphysical and chemical changes of the sample’s properties [35].
Instead, the factor to account for is the transport distance, in comparisonwith the dimensions of the thermal-
confinement and the stress-confinement [36]. The comparison reveals the dimensions at which the propaga-
tion of PA signal, posed as amaterial wave package, can be sensitive towave attenuation andwave dispersion; in
similar fashion as treated in effective-mediumwave theory [14, 37].

3. The extendedPA transportmodel

In conventional PA transport, the propagation velocity is the phase velocity, vs, implicitly assumed as the
average value of a constant velocity distribution. If this were true, the spectral distribution, and thus the energy/
information content, would remain constant regardless of propagation distance.However, experiments show
spectral dispersionwith consequent information loss when the propagation distance ismuch larger than the
dimensionality defined by the thermal confinement condition [3, 4]. This approximationmay suffice for PA
sensing applications. As shown in [14], increasing sample density leads to information loss as the spectral
distribution shifts to lower frequencies.

For interpreting the flux of PA energy,∂tH, we follow the analysis introduced in [32]. A dimensional analy-
sis leads to the following definition for the energy flux per unit time and area, as:∂tH= αoκT. Recalling that
equation (4) assumes all absorbed optical energy is locally transferred to heat, then locally, = =H Tt

dS

dt

dQ

dt
.

As a result of the displacement, the inducedmomentum is ρ ∇ f, with the scalar velocity along each spatial j-
component expressed in terms of the displacement field as vj = ∂tuj, or simply v= ∂tu in the one-dimen-
sional case.

Regarding PA transport distance, recall the distance-scaled dimensionless definition in terms of the Fourier
number /=D t zo L

2, whereσ is the thermal diffusivity, defined as the ratio between heat conductivity,κ, and
specific heat; thusσ = κ/ρ2c having assumed c=C/ρ, withC the heat capacity.

PA transport is a causal process with initial and boundary conditions specific to each case.However, once
defined, these conditions prevail. In addition to these conditions, this analysis highlights the necessity of
including attenuation and spectral dispersion as necessary initial conditions. These additional conditions do
not alter the expected result or computational cost if the problemdoes not improve upon their consideration.
The significance of their inclusion improves information recovery and PA image reconstruction quality
[4, 5, 14], in contrast to themost commonly used PA transport framework. It is customary to assumePA
attenuation and spectral dispersion are negligible, without considering physical conditions to establish the
maximumenergy for reversibility to prevail. This issue is addressed by consideringDebye theory for specific
heat, satisfying theDulong-Petit law. Its consideration in PA transport highlights the dependence of the fre-
quency distribution (velocity distribution) onPA transport distance. Like any field interaction, PApropagation
requires interaction of itsmechanical fieldwith the sample, resulting inwork, energy dissipation, and PAfield
decay following an exponential law [7, 11–13].

4
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Let PA transport be expressed by the linear transformation:

( ) ( ) ( )= Lp z t p z t, , , 6o o

where ( ) ( ) ( )p z f t p z t,o o o is the initial pressurewithin the PA source’s extent, 0� z � zo. After propagation,
themeasured pressure at the output boundary is p(z, t), the PA signal.Without attenuation and spectral
dispersion, =L z v t

2 1 2

s
2 , producing theHelmholtz-type PAwave equationwith vs (the constant sound

velocity) as the PA transport velocity.With attenuation and spectral dispersion, analogywithwave theory [38]
suggests that thewave equation should be: ( ˆ( ) ˆ ( ))= + +L daz v t t

2 1 2

s
2 . In thermodynamics, this is

known as aCattaneo-type equation [25, 29], also recognised as aHeaviside differential equation. Inwave
theory, related tomaterial waves, this is known as the telegrapher’s equation or theKelvin-Voigt equation
deduced from theNavier–Stokes equationwhen viscosity is included; where the coefficients, ˆ ( )a and ˆ ( )d
relate to PAdiffusivewave dispersion and acoustic attenuation, respectively. In the frequency domain, the one-
dimensional differential equation is,

[ ˆ ˆ ( )] ˆ ( ) ˆ ˆ ( ) (̂ ) ( )+ = =L
v

i a d p z p z p z
1

, , , . 7z
s

o o
2

2
2

Here .̂..notation, thereafter, is used to indicate that the involved function is in the frequency domain.
This representation reduces the analysis complexity and is simpler tomanipulate. In this representation the

wave-dispersion and attenuation coefficients are, ˆ ( )a and ˆ ( )d , respectively. The consistency conditions
impose that these coefficients are frequency dependent, alongwith constantmaterial properties, as shown in
the remainder of thismanuscript. These properties determine the initial and transport conditions influencing
the transfer function, that is solution to the Ec. (7).

In the time domain, po(z, t) is the response to the impulse function; in the frequency domain, it is the
transfer function, ˆ ( )p z,o or simply ˆ ( )po to indicate no spatial dependence.However, with PA attenuation
and acoustic dispersion, the PA signal propagateswith losses, so the sound velocity, vg, (in Biot’s interpretation
as energy flux per unit time,∂tHz, across a fixed plane at z> zo, divided by the total energy density at that plane,

Hz) differs from the initial value, =vg
H

H
t to

o
. This arises fromPA losses due to PA-field interactionwith the

media (friction-like or PA impedance [32]). Using a constant sound velocity, vs, is only valid inmediawith
hydrostatic compression, neglecting anymechanical resistance (viscosity, friction, ormechanical impedance to
shear stress). In those conditions, the term in equation (5) containingμ can be neglected, simplifying the
equation and resulting in theHelmholtz-type PAwave function, implying a constant PA velocity, vs. This velo-
city can be defined in terms of staticmaterial parameters or constant averagewave propagation parameters, as

/= Kvs
2 and /=v Ks , respectively. The over-bar notation, ( )... , indicates constant frequency andwave
number values; i.e free from considerations of attenuation andwave dispersion, andwith the PAperturbation
assumed asmonochromatic.

Alternatively, in the definition related tomaterial properties, where K is defined in terms of the first (λ) and
second (μ)Lamé coefficients, µ+K 2

3
, again, without shear stress,μ can be neglected, turning out that

vs = λ/ρ is a constant. The PA transport is usually interpreted through theHelmholtz-typewave function.

3.1. PA group velocity
Amore realistic and consistent interpretation of the PA transport phenomenon has to include the velocity
distribution, exhibiting the true nature of themechanical energy burst orwave packet, as bounded to the
material andwith the velocity distribution required to changewith the propagation distance.

Such considerations, are also extensive to the inverse problem, and thus display conditions to ideally
recover the initial PA signal, in the usual way,

( ) ( ) ( )= Lp z t p z t, , ; 8o
1

minding that thewave number evolves over the transport, due to the expected attenuation and dispersion of
wave packagemade of velocity components in the range δv(ω). Thus, over the propagation

( )
(ˆ )

(̂ ) (ˆ )
(̂ )

( )= =v
K

K K

K
. 9

2

At the limit, the velocity, as function of the frequency, turns out to be ( ) ( )ˆ ( )
v v

K g ; in agree-

mentwith the spectral dispersionwave theory [11, 13, 38]. Since the instant propagation velocity is indepen-
dent of spatial parameters, the orthogonality between components allows for a partially perturbative treatment.
Thus the current description can be generalized from the one-dimensional solution to a larger number of
orthogonal components.

5
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In this representation, po(z, t) in equation (6) is the impulse response, and its Fourier representation it is the
transfer function [11, 39]:

(̂ ) ˆ ( )ˆ ( )=p z p e, . 10o
iK z

For the corresponding transport problem,with attenuation, the general consensus is that the transfer func-
tionmaintains its form as in equation (10), following an exponential decay-law, analogous to Lambert-Beer law
for optical attenuation [1, 2, 11, 12]. This is achieved bymodifying thewave number to be a complex-valued
function, with constant acoustic attenuation,αA, as the imaginary term:

(ˆ ) ( ) ( )= +K
v

i . 11
s

A

Generalising this problem to include spectral dispersion in PA theory involves considering the velocity in
(11) as a function of frequency, details can be found in [11]. Thus, the rate of change arises from its first deriva-
tive.

ˆ
( )

( ) ( )= +
dK

d v
i
d

d

1
12

g

A

An analogous result is obtainedwhen attenuation and dispersion are initial terms in thewave function. In
that case, the correspondingwave equation is the telegrapher’s orHeaviside-type. To circumvent issues in [29],
the thermodynamic framework, as described in the section of thermodynamic considerations,must be carried
out through theGN interpretation [7, 12, 25–28, 40]. The benefit of this interpretation is shown in preliminary
advancements [4, 5] for the continuumcase, and in [14] for granular/colloidalmedia. Thewave number in
equation (10), is a complex function of the frequency;

(ˆ ) ( )= +K
v

d i a
1

2

1

2
, 13

s

3 2

whose first-order frequency derivative is,

(ˆ ) ( )= +
dK

d v
d i a

1 3

2
. 14

s

2

Here ˆ ( ) =a a and ˆ ( ) =d d3

2
2 . The comparative analysis of outcomes posed by equations (11) to (14),

permit to obtain explicit relationships fora andd, in termof actual physical properties, and thus to better
understand the proper nature and pertinence of consideration of the PA’s attenuation and spectral dispersion.
To better understand these terms, nextwe place a discussion about its actual physicalmeaning and dependence
with the physical properties of the sample.

3.2. PA attenuation
By comparing terms between equations (11) and (13), the complex part equates to,

( ) ( )= a . 152
PA

This result is analogous to that in [12]-§79. The correspondence between parameters suggests that the a
coefficient in (19) corresponds to a in equation (79.6), and since ( ) =H z v,o o s

1

2
2, then

( )= + +
H

a
v c c

1 4

3

1 1
. 16

s o V p

Here η is the dynamic viscosity and in the fluids interpretation it corresponds to the Laméμ coefficient;
consequently η corresponds toλ’s Lamé coefficient. The change of representation is dialectic in nature. In the
current context, it ismore convenient to treat the PApropagation, like a displacement potential. Itmeans to
assume related energy to be transported in the samemanner as a fluid, travelling across in a closed perturbed
way, and at sound speed. In addition, by using the adiabatic index or Laplace’s coefficient, defined as γ = cp/cV,
andκ = σρcV; thus equation (16) is rewritten as,

( )= + +
H

a
v

1 4

3
1

1
. 17

s o

Itmeans that there are two pathways for PA attenuation.One is the inertial loss of energy, as indicated by
the termwith the Lamé coefficients; analogous to fluid’s viscosity ormechanical impedance; that is constant at
any direction of propagation. The other pathway the dissipation of energy in diffusive way, as part of the cou-
pling of the PAmaterial burst and thus be transported, in effective terms, as awave-package.

6
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Since biological tissue can be assumed as a colloid, those examples are a good enough approximation for
explanatory purposes.Once a sample is given, the volume fraction of the granularity, say inhomogeneities, it is
constant, and so it is the corresponding rate of inertia. In this scheme the termwith the Lamé parameters pose a
constant value; because this kind of attenuation appears to be uniform for any direction of PApropagations.
Instead the diffusive terms relates to cumulative losses that increase with the propagation distance.

Since ( ) =H z v,o o s
1

2
2, then thea coefficient can be approximated as,

( )=a
v

2
1

1
. 18

s
3

Therefore the PA attenuation coefficient ought to be,

( ) ( )=
v

2
1

1
. 19

s
3

2
PA

The term related to viscoelastic contributions accounts, in themore frequent cases, represent a constant
value. The case for aeroelasticitywithout diffusivity requires additional considerations as stated in [25]. It poses
a problemout of the current scope and therefore, at themoment, is left out of discussion. Interested readers can
consult for instance, [12]:§81.

Given the above result for the complex term in equation (13), and accounting for the corresponding con-
siderations [12, 13], onewould expect that the Lambert-Beer-like equation for PA attenuationwould follow the
exponentially decaying law,

( ) ( )( )= =A H Hz e e, . 20o
z

o
a z

PA
PA

2

The structural inhomogeneities cause to increase the effective pathway of propagation. Atmacroscopic
scale this is observed as changes in the propagation velocity. Since the PA transport is a causal phenomenon, in
the same sense as temperature, the instantaneous PA transport pathway cannot be known. Any observed PA
signal is in fact an integrated average, whose shape and timewidth depends upon the propagation distance, and
thus the loss of kinetic energy. This is a practical representation of the equation (9), alas in the Fourier space.
That is, the frequency bandwidth keeps shrinkingwith the distance, whilst the frequency peak value keeps
shifting to low frequencies [4]. This process is simultaneouswith the signal attenuation.Wave theory shows us
that this phenomenology corresponds to the spectral dispersion, as described inwave theory.More specifically,
from equation (20), is apparent that thismeans dissipation of kinetic energy; and therefore the velocity dis-
tribution is due to bemodified, as discussed next.

3.3. PAdispersion
From the equations ( 11) to (14), is evident that the spectral dispersion is related to the real part of thewave
number. In particular, from its first derivative, given by (12) and (14); which then shall equate as,

( )=
v v

d
1 1 3

2
; 21

g s

2

Since the Biot’s theoremprovides an explicit way of defining the group velocity, then to get an explicit
expression ford is a straightforward task, which is described as follows.

The Biot’st theorem states that the group velocity is given by the quotient between the energy flux,∂tH(ω),
and the ( )H z ,o o .

The energy flux for the PAphenomena is rated per unit time, unit area and unit temperature, as noted in
equation (4). This can be obtained from equation (79.3) in [12]−§79, and by Eq, (16), in [32], which is used next
in view of its simplicity.

( ) ( )=H T 22t o

whereminus indicates loss of energy.When divided by the total energy density, one gets the group velocity
expressed as,

( ) ( )
( )

( )=
H

H
v

z

T

v,

2
. 23g

t

o o

o

s
2

Then the coefficientd, from (21), is ( )=d
v v

2

3

1 1 2
s g

; ormore explicitly,

( )=d
v

v

T

2

3

1

2

1
24

s

s

o
2

For closing this subsection, last to recall equation (3), which, combinedwith its relationship to the specific
heat capacity, then
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( )= = + = Kc
U

T

F

T
T

S

T
u 25

V
llV

This indicates that the net change in internal energy, is graded by the specific heat capacity, that equates
with the total absorbed energy, which in turn is totally transferred to the displacement potential. In the statis-
tical interpretation, at granularmicro scale, this corresponds to perturbation of the vibrational states or vibra-
tionmodes, distributed in the range (ω,ω + dω).

In theDebyemodel interpretation of the heat capacity, the above interpretation implies that the total absor-
bed optical energy, is converted to transport energy expressed by throughN-oscillationmodes, in total agree-
mentwith theDulong-Petit law. These oscillations propagate across the transport distance, in diffusivemode
and fulfilling the local equilibrium conditions needed in theMaixner-Prigogine formulation to satisfy the local
reversibility condition. In theDebye interpretation, the heat capacity is defined as,

( )= =c
U

T

z

v

w

e

dw c Nk T hN
2 1

2 ; 26
s

w

w
kBT

V B2 2
0

3

V

D

The integral has the noted approximate solution, in terms of an ideal gas; where kB is the Boltzmann con-
stant.We recall fromDeby’s kinetic theory Then after accounting forκ = σρCj; with cj the heat capacities,
which atmacroscale the difference is such that they can be interchangedwithout affecting the actualmeaning of
the end result. Then

( )= =v
T

v
c

k v
N

2
8 ; 27g

o

s
V

o

B s
2 2

2 2

Since equation (24) can bewritten in terms of the group velocity as:

( )=d
v

k v

N

2

3

1

8
; 28

s

B s

o

2
2

2 2

then the real part of thewave number result to be purely dependent on the group velocity, vg, and thus of the
frequency, as

ˆ ( ) ( )=K
k v

N8
. 29re

B s

o

2

2 2

The experimental conditions for wave attenuation depend on the number or density of resonators per unit
volume, alongwith their spectral frequency distribution (i.e., the spectral density distribution or absorption
spectrum). This implies that a portion of the absorbed energy is governed by diffusive attenuation, leading to
losses in the PAkinetic energy. These implications become apparent when expressing the PApressure through
the velocity distribution.

As noted earlier, a linear relationship exists between the group velocity and the frequency.Without loss of
generality, the spectral distribution is better expressed in terms of the invers introducing the velocity potential
as part of the formalism, and thus, project velocity distribution at any point along PAprope lattice number, dn;
which only depends on the oscillation frequency. Then, n is the particle density proportional to the frequency
density, and then

( ) ( )=D
dn

d k v
N

1

8
, 30o

B s
2 2

2

is the frequency distribution density. By acknowledging the uncertainty principle as inherent in the
determinismgoverning PAphenomena, then, it turns out that in practice, it is impossible tomeasure the
instantaneous PApressure. Anymeasured signal is an average determined by the time constant of the sensing
device. Thus, the spectral dispersion imposes that thewave number, although pointing in the samedirection,
would exhibit changeswith the propagation distance.

In practical applications,means that the content of information in any PAoutput, it would depend on the
direction of observation. For instance, in biological tissue, a given samplemay look inhomogeneous, and how-
ever in average the degree of inhomogeneity, say volume fraction, is the same in all directions.However, as the
PApropagates, the losses leading to attenuation and spectral dispersion keep accumulatingwith the distance of
propagation. Since the PA transport distance, changeswith the direction of observation, then alsowould be the
rate of the attenuation and spectral dispersion. This phenomenology is a natural of anymaterial sample, as
consequence that the transport is inherently bounded to thematter. Thus it should not be confusedwith a sort
of anisotropy.

This discussion is closed highlighting that the transfer function described by equation (10), has to bemod-
ified in view of the resulting complex valuedwave number,
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(ˆ ) ˆ ( ) ( )= +K K i a
1

2
. 31re

2

Being its real part represents the PAdispersion, and the complex part relates to the amplitude attenuation,
both dependent on the PA frequency and the transport length; the resulting transfer function ought to be,

(̂ ) ˆ ( )ˆ ( )=p z p e, ; 32iK z
PA

re

where ˆ ˆ ( )=p p zexp 2o PAPA
.

This expression is quite general, since cover conditions at which the PA spectral dispersion is negligible. In
those cases, one can assumed= 0, recovering the transfer function as in [1, 2]. Also, on the assumption that the
PA transport is free fromattenuation and dispersion, as is styled in the foremost common interpretation, then
a= 0 andd= 0, recovering the conventional transfer function, as described by theHelmholtz wave equation.
Also, the explicit expressions fora andd, give the handle to envisage the dominantmechanisms involved in the
attenuation and dispersion. The assessment for the transport distance and physical properties forwhich these
coefficients can be included or ignored, is at hand, since all these parameters can be determined either from the
experiment or frommaterial properties listed in handbooks or any other reliable source.

4. Conclusions

We introduced a physically consistent framework for photoacoustic (PA) transport that incorporates both
attenuation and spectral dispersion, revealing the necessity of defining a PA group velocity, vg. The usual PA
theory assumes propagation at a constant velocity, vs, and neglects dispersive effects. Such approximation is
only valid for transport distance that aremuch smaller than the characteristic dimensions established by the
stress- and thermal-confinement [36]. By adopting a thermodynamic formulation based on local equilibrium
and reversibility–consistentwith theGreen-Naghdi [25, 26] theory, the PAfield is shown to propagate as a
dispersivematerial wave, whose transport evolution is governed by aHeaviside– (Cattaneo)-type equation.

Within this framework, one attains a representation of the PA signal transport closer to the experimental
observations reported elsewhere in the literature. In addition it shows in a clearermanner that the PA signal is
better interpreted as awave packet with a frequency-dependent velocity distribution. Attenuation arises from
viscous and diffusivemechanisms, while spectral dispersion contracts the frequency bandwidth and shifts the
spectral peak toward lower frequencies. These effects become increasingly significant with propagation dis-
tance and are quantitatively described by frequency-dependent attenuation and dispersion coefficients, derived
frommaterial parameters such as thermal diffusivity, heat capacity, and the Lamé coefficients.

The group velocity naturally emerges as the ratio of PA energy flux to energy density, in accordancewith
Biot’s theorem. This velocity reduceswith distance due to cumulative dissipative processes and directly reflects
the redistribution of vibrational energy among themedium’s resonantmodes. The resulting interpretation
alignswith theDebyemodel at theDulong–Petit limit, highlighting that absorbed optical energy is transferred
into a spectrumofmechanical oscillators, following the detailed balance and thermal equilibrium at themicro
scale, and then transferred asmechanical vibrationswhose density and frequency distribution determine the
actual effective propagation velocity, vg.

The resulting dispersive transfer function incorporates both real and imaginary components of the com-
plexwave number, thereby generalizing theHelmholtz equation commonly used in PAmodelling. This for-
mulation unifies PA attenuation, spectral dispersion, and velocity distribution under a single
thermodynamically consistentmodel. It also clarifies the conditions underwhich the simplified formalism,
neglecting attenuation or dispersion, or both,may still be applied.

Overall, this study provides a rigorous physical basis for interpreting PA transport in terms of group velo-
city and dispersive wave propagation.We believe that this representation brings accuracy to the PA signal ana-
lysis and improve conditions for better quality image reconstruction, particularly in strongly attenuating
media. This approach is neither stringent nor depending on chance, instead offers explicit criteria for deter-
miningwhen dispersion and attenuationmust be included in PAmodelling, relying explicitly in physicalmat-
erial properties.
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