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ABSTRACT

In this paper, we consider a system of semilinear partial differential equations (PDEs) representing a spatially
extended SIR epidemic model. A brief analytical investigation of the well-posedness and positivity of the solutions
is provided in the appendix, while the main focus is on the numerical treatment of the model. We examine the per-
formance of several time-stepping schemes, including the standard forward Euler, semi-implicit Crank -Nicolson,
their Mickens-type nonstandard counterparts, and explicit exponential Runge-Kutta methods. Particular attention
is given to the preservation of positivity in the numerical solutions, which is crucial for maintaining biological rel-
evance. Two step-size functions are employed, and the results are compared in terms of theoretical accuracy and
computational runtime to identify the most efficient method for simulations. Our numerical results show that pos-
itivity is preserved by the standard and exponential methods only under certain restrictions on the time-step size.
In contrast, the corresponding nonstandard methods maintain positivity unconditionally, regardless of the time-step
size. These findings underscore the effectiveness of nonstandard schemes in modeling epidemic dynamics governed
by reaction-diffusion systems.

1 | Introduction

Mathematical models based on partial differential equations (PDEs) have become indispensable tools for investigating the
spatial-temporal dynamics of infectious diseases. These models enable the integration of local disease dynamics with spa-
tial diffusion processes, thereby capturing how diseases spread across geographical regions or within spatially structured
populations [1-4]. Among the most prominent PDE-based frameworks are reaction-diffusion systems of the susceptible
infectious recovered (SIR) type, which have been widely used to study various epidemics in heterogeneous environments
[5, 6]. Such models account for both the temporal evolution of disease compartments and the mobility of individuals
through diffusion, making them suitable for simulating realistic scenarios including urban outbreaks, wildlife epidemics,
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and plant disease dissemination. A fundamental mathematical requirement in modeling infectious diseases is the posi-
tivity preserving of solutions: that is, the model solution, typically representing population densities or proportions, must
remains non-negative at all times and across all spatial domains, provided the initial data are non-negative. Violating this
condition leads to biologically meaningless results and can significantly impair the interpretation of simulation outputs.
While analytical results often ensure positivity of the continuous model, preserving this property at the discrete (numeri-
cal) level remains a non-trivial challenge. Standard numerical methods, including classical finite difference, finite volume,
and finite element approaches, while known for their consistency and convergence, may fail to maintain positivity under
coarse time steps or large spatial discretizations [7, 8]. To overcome these limitations, several strategies have been devel-
oped. These include the use of adaptive mesh refinement [9], positivity-preserving flux limiters [10], the method of entropy
variables [11, 12], and implicit-explicit IMEX) schemes with modified time integration [13]. However, many of these
approaches can be computationally intensive or require problem-specific tuning. An alternative and promising direction
is the use of nonstandard finite difference (NSFD) schemes, originally proposed by Mickens [14, 15], which are explicitly
constructed to preserve key qualitative features of the continuous model, such as positivity, boundedness, and dynamic
consistency, regardless of the discretization time-step size. NSFD methods have shown excellent performance in main-
taining qualitative properties in compartmental epidemic models governed by ordinary differential equations (ODEs),
such as the classical SIR, SEIR, and vector-host models [15-18]. They have also been extended to models involving delay
differential equations and integral formulations [19-21]. In a broader context, related discretization techniques have been
successfully applied to degenerate parabolic problems, such as those arising in biofilm modeling [22, 23]. In this work,
we investigate the performance of several numerical schemes, both standard and Mickens-type nonstandard, including
the forward Euler, semi-implicit Crank-Nicolson, and explicit exponential Euler, when applied to a reaction diffusion
SIR model. We focus in particular on the schemes’ ability to preserve the positivity of the solution across various spatial
and temporal discretizations. By comparing numerical solutions under different configurations, we aim to highlight the
strengths and limitations of each approach and provide insights into the practical implementation of positivity-preserving
methods in spatial epidemiological modeling. We employ two different step-size functions

the explicit nonstandard Runge-Kutta methods and compare their theoretical results, numerical simulations, and run-
time to identify the more efficient function to solve long-term dynamical systems. This is the novelty of this work. The
remainder of the paper is organized as follows. In Section 2, we introduce the diffusive SIR model and present its con-
tinuous formulation. Section 3 describes the numerical schemes under consideration, which include both standard finite
difference methods, such as the forward Euler and semi-implicit Crank-Nicolson schemes, and their Mickens-type non-
standard counterparts, as well as explicit exponential Runge—Kutta methods. This section also presents and discusses
the corresponding numerical results. Section 5 offers concluding remarks and discusses potential directions for future
research. Finally, the appendices discuss key mathematical properties of the model, including its analytical behavior, the
positivity-preserving property of the solution, and the model’s well-posedness.

2 | The Model Formulation

We consider the following diffusive SIR epidemic model [24, 25], in which the functions S(x, t), I(x, ), and R(x, t) repre-
sent the number of susceptible, infected, and recovered individuals at spatial location x and time ¢, respectively:
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We assume that (x, 1) € Q X R, , where Q C R"is a connected, bounded domain with a smooth boundary 0Q. The operator
A, defined by A = ;—; +-- 4 :—;, is the Laplacian and captures spatial diffusion. Biologically, the diffusion terms d4AS,
d;Al, and dzAR delscribe the movement of susceptible, infected, and recovered individuals within the domain. This
movement is not directed, but rather mimics natural spreading behavior, where individuals tend to move from areas of
higher density to areas of lower density. For example, if the density of susceptible individuals is higher at a point compared
to neighboring regions, they are likely to move outward, which causes a decrease in density at that point and a smoothing
of the population distribution over time. The quantities d ¢, d;, and d indicate the diffusion rates for susceptible, infected,

and recovered individuals. The term rS<1 - %) describes logistic growth of the susceptible population, where r > 0 is
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the intrinsic growth rate and K > 01is the carrying capacity. Infection occurs at a nonlinear, saturated incidence rate given
by %, where f > 0 is the transmission or contact rate, and a > 0 is a saturation constant that accounts for behavioral
changes or limited contact opportunities when the number of infected individuals is high. Natural death occurs at rate
u > 0, affecting all compartments. Infected individuals additionally experience a disease-induced death at rate d > 0, and
recover naturally at rate 6§ > 0. The treatment process is modeled by the term %, where y > 0 is the maximal treatment
rate per individual, and € > 0 is a saturation parameter representing treatment delays due to limited healthcare resources

or congestion. We assume that the system (1) is subject to the following initial conditions:
S(x,0) = S5(x) 20, I(x,0)=1Iy(x) 20, R(x,0)=Ry(x)>0, x€Q @)

where the initial data S,(x), I,(x) and R,(x) are non-negative functions defined on the spatial domain Q, and we assume
that S,(x), I,(x) and R,(x) are Holder continuous functions in the closure Q. In addition, we impose homogeneous Neu-

mann boundary conditions:
oS ol

—(x,1) = —=(x,1) = g(x, 1) =0, x €09, t >0, 3)
on on on

where 7 denotes the outward-pointing unit normal vector to the boundary dQ. These boundary conditions express the

assumption that there is no flux of individuals across the boundary of the domain, meaning the population is confined

within Q. Well-posedness, positivity-preserving property, stability, and the analysis of the total population of the model

are discussed in the appendix.

3 | Numerical Methods

In this section, we apply various numerical methods to solve system (1), including the standard and Mickens-type non-
standard forward Euler methods, the semi-implicit Crank-Nicolson method, and the exponential Euler method. Our
aim is to compare the efficiency of these schemes in preserving the positivity of the solution, a key qualitative property of
epidemiological models.

3.1 | Standard Methods

In this section, we study the positivity of the discrete solution using the standard forward Euler method and the standard

semi-implicit Crank -Nicolson method. In system (1) we consider a uniform discretization of the time interval [0, "] C R,

using subintervals N € N, where the discrete time levels are defined by ¢, = ¢, + nAt,forn = 0,1, ..., N, and the time-step
Zh

size is given by At = IT Similarly, we discretize the spatial domain Q = [a, b] C R, assumed to be one-dimensional, into

uniform sub intervals L € N, yielding spatial grid points x, = a+ iAx for i = 0,1, ..., L, where Ax = "_T“ is the spatial
step size. We denote the numerical approximations of the solution variables at grid point x; and time level 7, by S} ~
S(x;,t,), 1IN = 1(x;, 1), and R! ~ R(x;,1,), where SLIT R ER, for all i and n. These quantities represent the discrete
approximations of the susceptible, infected, and recovered populations, respectively, at spatial point x; and time ¢,

3.1.1 | Standard Forward Euler Method

The standard forward Euler method of model (1) is written as

Y O s i
L =pS"(1--L) - —uS"+ ,
At i k) P Tar TSt AL
Y AR i st yI" I —2I"4 1"
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= —(u+d+86)I" - +d ,
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For the first equation of (4) we attain
S nn St —=285"+ 8"
S = " rArST (1 - =L ) — par——_ ALl
: : ' v ) PR al 78 AL?
— uArSy,
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We aim to consider the positivity preserving property of the solution of discrete system (4). This means if the initial solution
of system (4) is non-negative, the solution remains non-negative over time interval [0, #*]. For this goal, if the solution at
the nth time-step size is non-negative, S” |, 87, S, > 0, then Si'“r1 > 0 provided that the right side of equation (5) is

i+1 =
non-negative. The right side of equation (5) is non-negative provided that

Sl dS ALZ( i+1
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then Si'”rl is non-negative unconditionally for all A7 and A L. Otherwise, we have

St

Ar < Is — '

i M 2d
AL2( it S = rSz'rl<1 - 7) + ﬂm + 580+ us?
This yields the following stability constraint on the time-step size
1
At < — 6)
P+ +H

By applying a similar approach to the second and third equations, we obtain the results summarized in the following
theorem.

Theorem 1. The standard forward Euler method preserves the positivity of solutions to system (1) for any spatial step
size, provided that the time-step size At satisfies At < H,, where

1 1 1
| (7)

ﬂ+ﬁ+# ;4+d+5+y+ALZ M+m

H, = min|

3.1.2 | Standard Semi-Implicit Crank-Nicolson Method

In this section, we investigate the positivity preserving property of the solution to the discrete scheme of system (1)
using the semi-implicit Crank-Nicolson method (i.e., nonlocal discretization of the implicit Crank-Nicolson method),
as applied to system (1), as follows.

At 2

Sl _ gn S KYany & Sn o —28m 4 gn
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+1 +1 _ n+1
R — R _1l,, o yI" R 4 d R', —2R'"' 4+ R',
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sI" I R'+d R7+1 - 2R7 + R?—l (8)
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By applying the standard semi-implicit Crank-Nicolson method to system (1), the positivity-preserving property is satis-
fied for any spatial step size AL and for time-step size At < H,, where This specific form of the Crank - Nicolson scheme,
which we refer to as the semi-implicit Crank-Nicolson method, simplifies the investigation of the positivity-preserving
property of the numerical solution to system (1). The first equation of system (8) is equivalent to

n n+l yn n n+1 n
st = 5m g A lrS.”(l - S—’) T ke e S ﬂS“ll
1 1 2 1]

i k 1+al’ INE
At s s S =281 45"
+ - Sn 1 _ _1 _ 1 1 + d I ] 1 _ Sn .
2[rl< k) e v AL? H2i

Then, rearranging terms yields

n n Sln n
sr+arrsy(1-3) +dSAL2(Sl+1 +S7)
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T 1+ ptil Ay &
21+all) ALZ S ”
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Assuming that the solution is non-negative at spatial positions i — 1, i, and i + 1 and time-step n, thatis, S |, ST, S',, >
the solution at the next time-step, S["“, will remain non-negative if the following expression satisfies:

" SH!
S" At S" 1-—-— d ST )y—- =
AT < k>+ SALZ(  t S ﬂl+a["
dS ! n n At n
o (Sh — 28] + L) - Sus] 2 0. (10)

Therefore, if the above condition holds, it ensures that S"*' > 0. Rearranging terms, this leads to the condition

n n Sln dS
Si > At _rSi 1- 7 - 2AL2 S1+1 1 1)
St d
+ B2 ds s,
21+all  2AL2°

=287+ 8" )+ S") (11)

If

"4 g SnI
—rsr(1- 20 ) - 25 (s A el
g < k> 2arr S PSS T

H
2AL2( t+1_2Sin+Sin—1)+5Sin <0,

then S[”+1 > 0 unconditionally for any step size Ar. Otherwise, the following bound on the time-step size is required to

ensure non-negativity:

At —2 (12)
P+ 55 +H

We apply the similar approach to the second and third equation and summarize the results in the following theorem.
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Theorem 2. By applying the standard semi-implicit Crank-Nicolson method to system (1), the positivity-preserving
property is satisfied for any spatial step size AL and for time-step size At < H,, where

H, = min

2dg ’ : 2d, ’ 22dR ’ (13)
P+i5tH nrd+o+y+ 5 p+3h
Remark 3.1. The semi-implicit Crank-Nicolson method exhibits first-order consistency. The semi-implicit
Crank-Nicolson method is a nonlocal scheme of the standard the implicit Crank-Nicolson method in which we
substitute the prior numerical values rather than the new numerical values for some variables. This modification results
in a linear system for which the solution of the system is obtained explicitly without using any sub-methods [14, 26].
By a usual computation one can easily derive that the local error of the semi-implicit Crank-Nicolson scheme is O(At),
implying the first order consistency of the method.

3.2 | Explicit Exponential Runge-Kutta Methods

Explicit exponential Runge-Kutta (EERK) methods are effective numerical integrators for solving semilinear parabolic
partial differential equations, particularly those exhibiting stiffness. These methods treat the linear part of the system
exactly, through the matrix exponential, while handling the nonlinear part explicitly, making them especially suitable for
problems where the linear operator dominates the stiffness. We utilize this method in solving system (1). For this aim the
system is written as

U@t)=AU@) + NU(®)), (14)

where A is the matrix coefficient of linear terms

—u 0 0
A= 0 —(u+d+6) 0
0 o —u

and N (U(t)) denotes the matrix of nonlinear terms and linear Laplacian operators, and U (¢) shows the vector solution
U@ = (S, 1), R0,

in system (1). By employing the explicit exponential Euler method

Wt = Ay 4 AteAtA—_lN(u’.'), (15)
1 1 AtA 1

to system (1) and noting that the Euler method is a first-order method, we expand the exponential matrix e to first
order. This yields

1— Atu 0 0
+1 __
u" = 0 1-(u+d+6Ar 0
0 oAt 1-—Atu
At 0 0O
+[ 0 Ar 0 [N@)). (16)
0 0 At
System (16) is written as
St 1- Atp 0 0 S
M| = 0 1-(u+d+86At 0 1!
R 0 SAL 1—Atul|[R!
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St S S =28"+S"
n _ R _ it i+1 i TR
At 0 0 |7 ( k ) 'B1+a1f +ds =15
1" St I -21"+1"
_ i iti d, i i
+|10 At O y1+€1in +'B1+0t]’." + 1 AL2 (17)
0 0 At y I dR Ry 2RI+R, .
l+el? AL

We aim to consider the positivity of the solution of discrete system (17). We begin by considering the first equation of (17):

ot — 1 annst o arlrsr (1St S L St =287+ S
=1 —-Ar)S+ A rST(1-— ) - — + : = ).
== Ans " P ivarr T4 AL2

7 (18)

We then proceed following the same steps as in the proof of Theorem 1, and obtain the following result.

Lemma 1. Using the explicit exponential Euler method to system (1) the positivity preserving property for the solution is
preserved for any spatial step-size AL and the time-step size At < H, (see (7)).

3.3 | Nonstandard Methods

In this section, we employ Mickens’ nonstandard finite difference (NSFD) method [14, 15]. To this end, we define the
right-hand sides of systems (4) and (8) as

Fo(xiops X Xipn 1), Fr(xi_g X xipq,1,),  and - Fplx;_p, X;, X4, 1), (19)

corresponding to the first, second, and third equations, respectively. Using this notation, the systems (4) and (8) can be
rewritten as follows:

n+1 n
Slq)C(—At)Sl = Fg(X;_1, X, Xiy15 1),
n+1l n
u = Fr(x_1, X X405 1,),
(A1)
n+1 n
% = Fr(X;_1, X;s X115 1) (20)

Here, @, is a positive function of Az that serves as a modified step-size function. As shown by Farag6é and Mosleh in
[27], the positivity of the numerical solution is preserved for all time-step sizes when using various step-size functions.
In this context, our objective is to find a suitable constant ¢ > 0 such that the positivity-preserving property holds for any
time-step size Ar. If we consider the specific step-size function

At

, for >0,

® (Ar) = 1+cAt ¢ (21)

c
0, for c¢<o.

Then ®,(Ar) is monotonically decreasing with respect to ¢ and it satisfies the following limits:
lim®,(Ar) = At, lim ®.(Ar) =0, thatis, sup®.(Ar)=At. (22)
c—0t >+

The analysis of the step-size function (21) is as follows.

At < H : Since 0 < ®_(At) < At, it follows that ®,(Ar) < H.

At > H : Let
S = {c>0|®,(A) < H}. (23)

o There exists € > 0 such that forall0 < ¢ < ¢,

®,(Af) > At > H,

so that no c in this interval belongs to the set .S.
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« Since lim @, (At) = 0, there exists ¢, > 0 such that for all ¢ > ¢,

e+
®.(A) < H,
which implies that all such ¢ belong to the set S. By the greatest-lower-bound property of R, the set .S has an minimum
¢, = inf S. (24)
This ¢, is exactly the threshold such that for all ¢ > ¢,, ®,(A7r) < H.

Here, the quantity H serves as an upper bound associated with the Euler, semi-implicit Crank-Nicolson and explicit
exponential Euler methods, typically denoted by H, (see (7)) and H, (see (13)). We summarize these arguments in the
following theorem.

At
1+cAt

Theorem 3. The step-size function ®,(Ar) = satisfies the following properties:

« If At < H, then ®,(At) € (0, H] forall ¢ > 0.

« If At > H, then there exists a constant c, > 0 such that ®,(At) € (0, H] forall ¢ > c,.
The constant ¢, is the exact solution to the following equation
H + Hc,At — At =0. (25)

This condition implies that choosing ¢, > % is a sufficient requirement to ensure the positivity-preserving property of the
method for all time-step sizes.

Remark 3.2. The exact solution of equation (25) is given by

_Ai—-H

= , At>H. 26
“©F THAr (26)
Remark 3.3. The step-size function proposed in [27],
_ ,—CAt
dAN=1""" >0 (27)
C

possesses the same property as the step-size function (21) described in (22). Moreover, the function (27) yields the exact
solution for any At > 0, whereas the exact solution corresponding to the step-size function (21) is only valid for At > H.

4 | Numerical Simulations

In this section, we validate the theoretical results through numerical simulations using both standard and Mickens-type
nonstandard methods.

4.1 | Numerical Simulations for Standard Methods

In this section, we perform numerical simulations to investigate the sharpness of the upper bounds provided in
Theorems 1 2 and Lemma 1. These theorems establish conditions under which the positivity of the solution is guar-
anteed for the numerical schemes considered. Our goal is to assess whether these bounds are not only sufficient but also
necessary by observing the behavior of the numerical solution when the time-step size is chosen below, near, or above
the specified thresholds. We apply various standard and nonstandard methods, including forward Euler, semi-implicit
Crank-Nicolson, and explicit exponential Euler method and examine whether the positivity of the solution is main-
tained under different time-step sizes. Positivity, in this context, refers to the requirement that all solution components
(e.g., susceptible, infected, and recovered populations) remain non-negative throughout the simulation, which is a criti-
cal property in epidemiological and biological models. In all simulations, we impose homogeneous Neumann boundary
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conditions on all state variables. This means that the spatial derivative of each variable vanishes at the boundaries of the
spatial domain, that is, there is no flux of the population across the boundaries. Mathematically, this is expressed as:
E=£=%=0 at x=0and x= L.
dx Jdx  Ox
We use the following parameter values and initial conditions throughout the computations:

r=10, k=100, f=245x10"', a=10"% y =35,
d=2x10"", u=37x10", 6=10"1, e=0.5,
dg=2%x107%, d; =5x107%, dr=5x1073, (28)

and

S(x,0) =20 — 5cos(2xx),
I1(x,0) =5,
R(x,0) = 0. (29)

All parameter values and initial conditions used in the simulations are taken from [24], except for the parameters f, d, u,
and &, whose values have been specifically selected by us to perform the numerical experiments aimed at analyzing the
proposed numerical schemes. For all x € [0, L], the spatial domain was set to L = 10, and the final simulation time was
taken as #* = 10. The discretization was performed using the following spatial and temporal step sizes:

Ax=0.1, Ar=0.1.

Figure 1 illustrates the solution of the system (1), obtained using the standard forward Euler method (4) with the time-step
size At = 0.1, which satisfies the condition At < H; =9.99 X 1071, This simulation illustrates the validity of Theorem 1,
which ensures that the numerical solution remains non-negative, provided the initial data are non-negative and the
time-step size is below the critical threshold H,. Specifically, Figure 1a shows the temporal-spatial evolution of the sus-
ceptible component S, while Figure 1b presents the spatial profiles of all components .S, I, and R at time ¢ = 10. These
figures clearly confirm that the numerical solution possesses the positivity preservation property throughout the domain
and over the entire time interval, despite the presence of nonlinear interaction terms and diffusion. This numerical result
highlights the importance of choosing an appropriate time-step size when employing the forward Euler method. If the
step size satisfies the bound specified in Theorem 1, the discretized system preserves the biological realism of the model by
ensuring that population densities (e.g., susceptible, infected, recovered) remain non-negative, provided the initial data
are non-negative, an essential requirement in epidemiological modeling.

Figure 2 presents the numerical solution of system (4) obtained using a time-step size of At = 1, which exceeds the
positivity-preserving upper bound H; = 9.99 x 10~! established in Theorem 1. This experiment is designed to test the
sharpness of the theoretical bound by exploring what happens when the time-step size violates the condition required for
positivity preservation property of the solution. As shown in Figure 2a, the susceptible component .S becomes negative
during the simulation, despite being initialized with strictly positive values. Similarly, Figure 2b displays the spatial pro-
files of all three components .S, I, and R at time ¢ = 5, revealing that parts of the solution fall below zero. This behavior
clearly indicates a breakdown in the positivity of the solution. In conclusion, the results shown in Figures 1 and 2 demon-
strate that the bound provided in Theorem 1 is not only sufficient but also sharp. When the time-step size At remains
within the allowable limit At < H,, the forward Euler method successfully preserves the non-negativity of the solution,
which is essential for maintaining the biological interpretability of the model. However, once At exceeds this upper bound,
the solution may become negative, even when the initial conditions are non-negative, violating the essential requirement
for realistic simulations in epidemiological models. This highlights the importance of carefully selecting time-step sizes
in numerical schemes to ensure the reliability and correctness of the computed solutions.

Figure 3 illustrates the numerical solution of system (1) obtained using the semi-implicit Crank—Nicolson method (8)
with two different time-step sizes: Ar = 0.1 and Ar = 2. According to Theorem 2, the upper bound on the time-step size
requires to ensure positivity preservation is H, = 1.99. In Figure 3a, where the time-step size satisfies At < H,, the numer-
ical solution remains strictly non-negative throughout the simulation. This confirms the theoretical guarantee provided
by Theorem 2, which states that under this bound, the semi-implicit Crank - Nicolson scheme maintains the non-negative
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FIGURE4 | Solution of system (1) with standard first-order explicit exponential Euler method (17). (a) The time-step size A7 = 0.1
satisfies the upper bound condition stated in Lemma 1. (b) The time-step size At = 1 exceeds the upper bound specified in Lemma 1.

of the solution, provided that the initial conditions are non-negative. However, as shown in Figure 3b, when the time-step
size is increased to At = 2, which violates the bound At < H,, the numerical solution loses its non-negativity. Despite
the non-negative initial conditions, some components of the solution, such as the susceptible or infected populations,
become negative over time. This behavior clearly indicates a breakdown in the positivity-preserving property of the
scheme, underscoring the necessity of adhering to the theoretical time-step restriction. These numerical results sup-
port the sharpness and practical relevance of Theorem 2. They highlight the fact that the semi-implicit Crank-Nicolson
method, while unconditionally stable in the linear case, may still fail to preserve qualitative properties such as positivity
unless the time-step size is carefully chosen. This finding is particularly important in the context of epidemiological mod-
eling, where negative population densities are biologically meaningless and can severely compromise the interpretation
and precision of simulation results.

Figure 4 presents the numerical solutions of system (1), computed using the explicit exponential Euler method described
in (17), for two different time-step sizes: At = 0.1 and Ar = 1. According to Lemma 1, the numerical scheme preserves the
non-negativity of the solution if the time-step size remains below the critical threshold H; = 9.99 x 10~!. In Figure 4a,
where At = 0.1 < H,, the numerical solution remains strictly non-negative throughout the simulation, in agreement with
the theoretical condition. This demonstrates that the explicit exponential Euler method respects the positivity-preserving
property when the time-step is appropriately chosen. Conversely, in Figure 4b, with At = 1 > H,, the numerical solution
exhibits negative values, violating the condition outlined in Lemma 1. This highlights the importance of adhering to the
theoretical step-size restriction to maintain the biological realism of the model.

4.2 | Numerical Simulations for Nonstandard Methods

In this section, we present a series of numerical experiments based on the Mickens-type nonstandard discretization
scheme introduced in equation (19) for the model defined in (1). The primary objective of these simulations is twofold:
first, to provide numerical evidence supporting the theoretical results on the positivity-preserving property of the solution;
and second, to assess the sharpness of the derived upper bounds for the time-step size, as stated in Theorem 3. These upper
bounds guarantee that the numerical solution remains non-negative when the time-step size satisfies certain conditions.
To ensure consistency and reproducibility, all experiments are conducted using the fixed parameter values specified in
equation (28) and the initial conditions given in equation (29).

Figure 5 illustrates the validity of Theorem 3 by presenting the solution of system (1) computed using the Mickens-type
nonstandard forward Euler method (20), with the step-size function defined in (21) and a time step Az = 1. As estab-
lished in Theorem 3, choosing ¢ > c,, where ¢, is defined in (26), is a sufficient condition to ensure that the method
preserves positivity for any time step. In this specific case, we have ¢, = 3.65 x 10~ and ¢ = ¢, + 10. Figures 5a and 5b
show, respectively, the time evolution of the distribution of the susceptible population and the spatial distributions
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FIGURE S5 | Solution of system (1) with nonstandard Euler method (19), step-size function (21), and At = 1. (a) Time variation of
the distribution of susceptible population, (b) Distribution of S, I and R for ¢ = 10.
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FIGURE 6 | Solution of system (1) with nonstandard semi-implicit Crank—Nicolson method (19), step-size function (21), and A =
2. (a) Time variation of the distribution of susceptible population, (b) Distribution of S, I and R for ¢ = 10.

of §, I, and R at time 7 =10. As can be observed from the figures, the solution remains positive throughout the
simulation.

The same experiment is now performed using the nonstandard semi-implicit Crank-Nicolson method with Ar = 2.
As shown in Figure 6a,b, the solution remains positive, confirming the theoretical result stated in Theorem 3. In this
case, we have ¢, = 1.83 X 1073 defined in equation (26), and ¢ = ¢, + 10. As a final experiment, we compare the results
shown in Figures 5 and 6 with those obtained using the Mickens-type nonstandard method, applying both the Euler and
semi-implicit Crank-Nicolson discretizations, with the step-size function defined in (27).

Figure 7 illustrates the solution of system (1) computed using the Mickens’ nonstandard forward Euler method (20),
with the step-size function defined in (27) and a time step A¢ = 1. In this case, we have H; = 9.99 x 10~! and we assume
¢ = 1.10 x 10*. Figures 7a and 7b show, respectively, the time evolution of the distribution of the susceptible population
and the spatial distributions of .S, I, and R at time ¢ = 10.
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FIGURE 7 | Solution of system (1) with nonstandard Euler method (20), step-size function (27), and At = 1. (a) Time variation of
the distribution of susceptible population, (b) Distribution of S, I and R for # = 10.
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FIGURE 8 | Solution of system (1) with nonstandard semi-implicit Crank-Nicolson method (20), step-size function (27), and A7 =
2. (a) Time variation of the distribution of susceptible population, (b) distribution of S, I, and R for ¢ = 10.

The same experiment is now performed using the Mickens’ nonstandard semi-implicit Crank-Nicolson method with
At = 2. As shown in Figure 8a,b, the solution remains positive. In this case, we have H, = 1.99 defined in equation (13),
and ¢ = 1.05 x 10,

Remark 4.1. A comparison between the theoretical results in Theorem 1 and Lemma 1, as well as Figures 4 and 5, indi-
cates that the Mickens-type nonstandard Euler method is more efficient than the exponential Euler method in preserving
the positivity property for any time step size.

Remark 4.2. The Mickens-type nonstandard Forward Euler method with step-size functions (21) and (27) produces
very similar results, as can be observed in Figures 5 and 7, although the corresponding the runtime differs. The
same behavior is also observed for the semi-implicit Crank—Nicolson method. Tables 1 and 2 report the execution
times obtained in each case, from which it is clear that the exponential step-size function consistently leads to faster
computations.

Table 1 demonstrates that the step-size function (27) is computationally more efficient than the rational step-size function
(21) when applied to the non-standard Forward Euler method. Since step-size function (27) incorporates an exponential
term, it allows for more efficient computation and results in significantly shorter runtimes. As the time step At decreases,
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TABLE1 | Runtime of the nonstandard forward Euler (NS FE) method with the step-size functions @, (Af) = 1 +Act‘Az (see (21))
_ ,—CAt

and @, (A?) = % (see (27)) with different time steps.

At/step-size function D (A?) = _Ar D (AY) = L_LM
1+ CAt C

At=2 6.68 X 10735 1.01 X 1073s
At=1 7.28 x 10735 1.09 X 10735
At=0.1 1.00 X 10725 3.87x1073s
At =0.01 3.02x 1072 2.09 X 10725

TABLE2 | Runtime ofthe nonstandard Crank-Nicolson (NS CN) method with the step-size functions (21)-(27) and different time
steps.

. . At 1—e A
At / Step-size function D (AY) = 17 CAL D (AY) = —c
At =2 9.28 X 10735 240 x 10735
At=1 9.45x 10735 7.39 x 10735
At=0.1 1.23 X 1072s 1.19 x 10725
At =0.01 2.04x 1072 1.91 x 10725

the runtime increases for both step-size functions, which is expected since smaller steps require more iterations to reach
the final simulation time. Across all tested time steps, function (27) consistently yields shorter runtimes than function
(21). The performance gap is particularly significant for larger time steps: at A = 2 and At = 1, function (27) is approxi-
mately 6.7 times faster. For smaller time steps, the runtime difference becomes less pronounced —function (27) is roughly
2.6 times faster at A7z = 0.1 and about 1.4 times faster at Ar = 0.01. These results indicate that the exponential-based
step-size function (27) offers significantly better computational efficiency, especially for larger Az. Although, its advantage
decreases as the time step becomes smaller, it remains the more efficient option across all cases.

Table 2 demonstrates that the step-size function (27) is computationally more efficient than the rational step-size function
(21) when applied to the non-standard Crank-Nicolson method. As the time step Az decreases, the runtime increases for
both step-size functions, which is expected since smaller steps require more iterations to reach the final simulation time.
For all tested time steps, function (27) consistently produces shorter runtimes than function (21), though the performance
gap is less pronounced compared to the Forward Euler method. At Ar = 2, function (27) is approximately 3.9 times faster
than function (21), while at Ar = 1, it is about 1.3 times faster. At smaller time steps, the difference in runtime between
the two functions becomes minimal. For instance, at At = 0.1, function (27) is only slightly faster, and at At = 0.01, both
functions exhibit nearly the same performance. These results indicate that the exponential-based step-size function (27)
improves computational efficiency for the Crank - Nicolson method, particularly for larger Az. As the time step decreases,
the efficiency gain becomes negligible, but function (27) still maintains a slight advantage.

Tables 1 and 2 compare the runtimes of the non-standard Forward Euler (NS FE) and Crank-Nicolson (NS CN) methods
using step-size functions (21) and (27) across various time steps At. In both methods, runtime increases as At decreases
due to the higher number of iterations required. The exponential step-size function (27) consistently yields shorter run-
times than the rational function (21). Overall, the NS FE method demonstrates higher computational efficiency than the
NS CN method, as it requires fewer computational steps, especially at larger time steps and when using (27). For example,
at Ar = 2, NS FE with (27) is about 2.4 times faster than NS CN, and at Ar = 1, it is nearly 6.8 times faster. With (21), the
difference is smaller but NS FE remains faster. At smaller A¢, runtimes of both methods converge, with minimal differ-
ences between step-size functions. In these cases, NS CN with (27) can occasionally be marginally faster. In summary,
the NS FE method combined with the exponential step-size function (27) demonstrates the highest overall computa-
tional efficiency, particularly for larger time steps. As Az decreases, the performance differences among the methods and
step-size functions become negligible. Given that both methods are first-order accurate, the NS FE method with the expo-
nential step-size function (27) offers a more practical choice for long-term simulations of dynamical systems, as it can
significantly reduce computation time.

14 Mathematical Methods in the Applied Sciences, 2026

35U9017 SUOLLLWOD SAEa1D 3|edi|dde ay) Aq peusenob ake saja1e YO ‘38N JO S3|NJ 10y Aeig 1 aulUQ A1/ UO (SUOTIPUOD-PUB-SLLIBY WO AB | 1M Aleiq 1 pUI|UO//SANY) SUORIPUOD PUe SWIB | Y} 89S *[9202/70/TZ] U ARiq1T auluO A3|1M ‘WnuezsBunyas.I04 SaYIsIeq UsYduaN |\ WNIUBZ ) oyw pH Aq 0T90. BWW/Z00T OT/I0p/Wod A8 1M Areiq 1 puljuoy//sdny wo.y papeojumod ‘0 ‘9/¥T660T



5 | Conclusion

In this work, we explored a diffusive SIR model governed by a system of semilinear PDEs. While the analytical prop-
erties such as well-posedness and positivity of the solutions were briefly addressed in the appendix, the core of the
study focused on the numerical investigation of the model using various time integration methods. We implemented
and compared the standard forward Euler, semi-implicit Crank-Nicolson methods with their Mickens-type nonstandard
counterparts, as well as explicit exponential Runge-Kutta methods. Our analysis emphasizes the importance of positiv-
ity preservation, which is essential for ensuring biologically meaningful solutions. Numerical experiments demonstrate
that, while the standard and exponential methods require time-step restrictions to preserve positivity, the Mickens-type
nonstandard schemes retain this property unconditionally. These results demonstrate that the Mickens-type Nonstan-
dard Finite Difference (NSFD) methods preserve positivity unconditionally, even for relatively large time step sizes At.
This property is crucial for the reliable simulation of long-term dynamical systems, such as biological or epidemiolog-
ical models, where negative populations or concentrations are not physically meaningful. Furthermore, our runtime
comparisons between the two step-size functions, (21) and (27), show that while both satisfy the necessary theoreti-
cal conditions, the exponential-based function (27) consistently delivers superior computational efficiency. Specifically,
it achieves faster runtimes across all tested scenarios without sacrificing accuracy or altering the qualitative behavior
of the solutions. Notably, the Mickens-type nonstandard Forward Euler method combined with (27) demonstrates the
best runtime performance —especially for larger time steps— outperforming both the rational step-size function and the
Mickens-type nonstandard Crank-Nicolson method, even though all methods are first-order accurate. As At decreases,
the runtime differences between methods and step-size functions become less significant, yet (27) remains the more
efficient choice overall. Therefore, while both step-size functions yield equivalent numerical and analytical results, the
exponential function (27) is preferable for simulations requiring long time horizons or large-scale computations, as its
exact solution explicitly incorporates all time step sizes, providing a clear computational advantage. To conclude, the
NS FE method paired with the exponential step-size function (27) achieves superior computational efficiency, especially
when using larger time steps. As the time step size Ar becomes smaller, the efficiency differences between the various
methods and step-size functions diminish. Since both approaches are first-order accurate, using the NS FE method with
the exponential step-size function (27) proves to be a more efficient option for long-term dynamical system simulations,
offering notable savings in computational time. This study represents a starting point for a broader research project. In
future developments, we plan to extend this numerical approach to more complex and realistic models, such as those
including additional compartments, time delays, or stochastic effects, which are often relevant in epidemiological con-
texts. We also plan to investigate the extension of the proposed framework to other contexts, like nonlocal models involving
fractional operators, as well as quasilinear PDESs, for example p-Laplacian. A key objective will be to analyze and prove
positivity preservation properties for these models, with particular attention to the design and validation of Mickens-type
nonstandard finite difference methods that ensure the qualitative reliability of the numerical solutions.
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Appendices
This section provides supplementary information that supports and expands upon the material presented in the main sections.

Appendix A
Analytical Analysis

In this section, we turn our attention to the analysis of the total population size of model (1), denoted by N (¢). Specifically, we consider
the sum of all population compartments and examine its evolution over time by integrating the system over the spatial domain. We
define

N() = / S(z,0)+ I(z,0) + R(z,0) dz,
Q
to be the total number of individuals in Q at t = 0. Then, we have
N@) = / S(z,t)+ I(z,t) + R(z,t) dz forall t > 0. (A1)
Q

Summing equations of system (1), we obtain

‘Z—f +‘Z—5+aa—1: =(dSAS+d,AI+dRAR)+rS<1— %) —dI —u(S+1+R. (A2)

From the second Green'’s Identity given by:

/uAvdV=/Vu-VudV—/ u@da,
Q Q oo On

oS . oI , dR
d. 22 v a, d—)d —0.
<56n+10n+R0n °

we have

/(dSAS +d, Al +dgAR) dz = /
Q 0Q

By integration from both sides of equation (A2) we have:
0 N
- /Q(S(z, N+ 1z, 1) + Rz, 1) dz = /Q (rs (1 - E) - dl) dz
—u /(S(z, )+ 1(z,t) + R(z,1)) dz.
Q

Applying the definition of the total population size N () as given in (A1), we obtain the following.

oN
4 uN(@) = A,
5 TH ®

where A = /Q <rS (1 - %) - dI) dz. Next, by easy calculation we attain

N@) = /OI (/Q <rS (1 - %) - dI) dz) "9 dg + N(0)e ™.

Remark A.1. Note if .S (1 - %) —dI = 0then N(¢) is a decreasing function that vanishes in the long run.

Appendix B
Analytically: Well-Posedness, Positivity-Preserving and Stability

In this section, we aim to analyze system (1) analytically, focusing on well-posedness and the positivity-preserving property of its
solutions. The well-posedness of the model is established following the approach in [24]. As the classical maximum principle does not
apply in this context, we adopt an alternative approach based on the technique detailed in [28].

Positivity of Solution With Neumann Boundary Condition

The aim of this section is to verify the positivity (i.e., non-negativity) of a class of equations involving diffusion, transport, and species
interaction. By convention, we use the term positivity to refer to non-negativity. Although the term non-negativity might be more precise,
we hope this convention will not cause confusion. Accordingly, we consider a system of reaction-diffusion-transport equations of
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parabolic type. For simplicity, we restrict the spatial domain to Q = (0,1) and impose a single type of boundary condition—either
Dirichlet or Neumann. Hence, we consider

ox? (Bl)
du, _ 0%uy (1,x) 0%u,(1,x) du a
T Ao tan— 5 Yo g+ L, u)

ouy _ 0%u, (1,x) 0%u,(1,x) ouy ou,
{7 =dn—a tan +rgy Tragy A, u)

u
0x2 X

u1(0,x) = up(x),  uy(0,x) = uy(x), x€(0,1),
W (1,0) =u)(1,1) =0, and u)(t,0)=u)(t,1)=0, Vi>0.

To ensure parabolicity, we assume that A + A* > 0, where A is the matrix and A* is the conjugate

a;, a
A= [ 9 M2
ay Ay
It is worth noting that g; ;> 1,j =1,2are real numbers. Our goal is to present necessary and sufficient conditions for non-negativity of
solutions of system (B1) if u;,(x) > 0 and u,y(x) > 0.

Theorem 4. Let (u;(t, x), u,(t, x)) be a solution of (B1) and u;(0, x) > 0, u,(0,x) > 0. For u,(t,x) > 0 and u,(t, x) > 0 to be held, the nec-
essary and sufficient conditions are the following.

1. The matrix A = (a;));,_, must be diagonal.

2. The matrixy = (y; j)ijzl must be diagonal.
3. f1(0,u,) > O0forallu, > 0and f,(u;,0) > 0forallu, >0.

Remark 1. 'We are here not interested in the well-posedness of (B1). For this semilinear parabolic system there are a lot of results (see
[24]) providing well-posedness. Therefore, in what follows, we assume that (B1) has a solution (u, (#, x), u,(t, x)) locally or globally for
any u;o(x), uyy(x) > 0.

Remark 2. Theorem 4 holds, when domain Q is a unbounded domain in R”.

Remark 3. Theorem 4 needs to be modified when instead of constant coefficients a;; is considered density dependent coefficients
a,’j(”puz), i,j=1,2.

Remark 4. The proof of Theorem 4 can be readily extended to cases involving the fractional Laplacian [29, 30] or the incorporation of
a behavioral model [20]. Furthermore, Theorem 4 remains applicable to coupled PDE-ODE systems as well.

Remark 5. At present, there exists a sufficient condition under which the first assumption of Theorem 4 (as well as its quasilinear
counterpart) holds, provided that
(u10(3), 59 (x)) 2 0 if (uy (7, x), uy(2, X)) > 0.

Let (u;(x), uy(x)) be such initial data for which there exists V' (x) = (V;(x), V,(x)) such that

/[uw(x)Vl(x) + Uy (x)V5(x)] dx = 0. (B2)
Q

Proof. Proof of Theorem 4 Since we assume that for any non-negative initial data, the solution (i, (7, x), u,(#, x)) remains non-negative,
let us consider the specific initial conditions (ii(x), 0) and V (x) = (0, ¥ (x)), where ii(x) > 0 and ¥ (x) > 0 are arbitrary real-valued func-
tions. It is clear that the pairs (ii(x), 0) and (0, V' (x)) satisfy equation (B2). Given our assumption that the solution remains non-negative
for all non-negative initial data (u;o(x), u,,(x)) > 0, it follows that

Ou,y (1, . . Z, ~
<M( ,V(x)) = <hmM, V(x)) > 0. (B3)
ot =0 2@ 1—0 t 2@
On the other hand et .
uy(t, x) _ o04i(x) dii(x) ~
T o =ay ox2 + )/21a—x + fz(u(x), 0) (B4)
Consequently, (B3) and (B4) leads to
0%ii(x dii(x - _
/ [a21 # + 75 di(x) + f53i(x),0)| V(x) dx > 0, (B5)
o ox ox
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for all V(x) > 0, It is easy to see that, from (B5) it follows that, for any ii(x) > 0 we have

0%ii(x) dii(x)
an ox2 21750

+ f,(3i(x),0) > 0 a.e.in Q. (B6)
o

Since equation (B6) holds for any ii(x) > 0 almost everywhere in Q, we may choose a specific form of #(x) that attains its maximum at
some point x, € (0, 1), and whose second derivative is arbitrarily negative. For instance, we consider the function

12
(x) 1= e XX,

It is easy to see that,

B 2 pgetoon, )
aZu(x) — 2 — = (x=xo) + —(X —x )28 = (x=x)?
0x?2
Hence,
ﬂ _ 0%ii(x) _ 2
dx X=Xq , 0x? X=X e

Since € > 0 can be chosen arbitrarily small, this leads to a contradiction of inequality (B6) at the point x, € Q. Next, we consider the
function X
U (x) 1= e ) (B8)

which results in y,; = 0. By repeating the same argument with the initial data (i#(x), 0) replaced by (0, é#i(x)), we similarly obtain a;, = 0
and y;, = 0.
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