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Abstract
In recent years, overparametrization has received considerable attention in various fields, 
shown to accelerate training and promote simplicity. However, few works study the in-
duced sparse regularization of the original parameters that is caused by combining over-
parametrization with explicit smooth regularization. Here, we present a unifying frame-
work for smooth optimization of explicitly regularized objectives for (structured) sparsity. 
These non-smooth and possibly non-convex problems typically rely on solvers tailored 
to specific models or regularizers and have not been widely adopted in deep learning. 
In contrast, our method promises fully differentiable and approximation-free optimiza-
tion for sparse regularizers and is thus compatible with the ubiquitous gradient descent 
paradigm. The proposed optimization transfer comprises overparameterization of selected 
parameters and a change of penalties. We prove that the surrogate objective is equivalent 
in the sense of identical global and local minima, thereby avoiding the introduction of 
spurious solutions. We comprehensively review sparsity-inducing parametrizations across 
different fields and combine them in our explicit surrogate regularization framework. We 
further extend their scope, point out improvements and present novel parametrizations. 
Numerical experiments further demonstrate the correctness and effectiveness of our ap-
proach on several sparse learning problems from high-dimensional regression to sparse 
neural network training.

Keywords  Overparametrization · Sparse regularization · Smooth optimization · 
Hadamard product parametrization · Gradient descent · Neural networks

1  Introduction and Background

As a result of the recent proliferation of high-dimensional and unstructured data, methods 
for sparse or low-rank representations have become increasingly important in fields such 
as machine learning, statistics, and signal processing. Parsimonious models are commonly 
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used to incorporate prior knowledge about the complexity of the underlying phenomenon, 
to obtain interpretable sparse approximations of non-sparse ground truths (Bach et al., 
2012), or to regularize otherwise intractable inverse problems (Benning & Burger, 2018). In 
deep learning (DL), the reduction in computational burden for large-scale optimization or 
inference is an important motivation for model sparsification, from both the perspective of 
efficiency and sustainability (Blalock et al., 2020; Hoefler et al., 2021). Structured or group 
sparsity naturally generalizes the notion of unstructured sparsity to enable structural prior 
information about parameter group complexity into the optimization problem (Huang et al., 
2009; Jenatton et al., 2011). .

1.1  Convex and Non-convex Sparse Regularization

ℓ0 and ℓ1 regularization In sparse estimation problems of a parameter vector β ∈ Rd given 
any objective function L : Rd → R+

0 , the classical optimization problem using explicit 
regularization is

	
min
β∈Rd

L(β) + λR(β),� (1)

with regularization or penalty function R : Rd → R+
0  to L(β), whose strength is controlled 

by λ ⩾ 0. A natural choice for the regularizer is R(β) = ∥β∥0, i.e., the cardinality of the 
support of β counting its non-zero entries. However, this best-subset approach is infeasible 
due to its non-convex, and non-continuous NP-hard nature (Chen et al., 2017; Natarajan, 
1995). To overcome these difficulties, convex relaxations of ℓ0 regularization have been 
proposed that enable optimization via, e.g., coordinate descent or projected gradient meth-
ods (Schmidt et al., 2007; Tropp, 2006). The tightest convex relaxation of ∥β∥0 is given by 
its convex envelope ∥β∥1, resulting in

	
min
β∈Rd

L(β) + λ∥β∥1.� (2)

This formulation is known as ℓ1 regularization today. In the context of linear models, it has 
been introduced as the lasso to the statistics community (Tibshirani, 1996) and as Basis 
Pursuit Denoising in signal processing (Chen & Donoho, 1994; Chen et al., 2001). For 
convex L, such as in linear regression, the well-developed machinery of convex optimi-
zation can be utilized to solve (2). ℓ1 regularization has also been shown to have some 
favorable theoretical properties, such as consistent recovery of the true support of β under 
restricted conditions (Donoho & Elad, 2003; Meinshausen & Bühlmann, 2006; Zhao & 
Yu, 2006). However, using ℓ1 regularization to achieve sparsity also comes with a disad-
vantage: whereas ∥β∥0 is constant on the support of β, the ℓ1 penalty increases linearly in 
the magnitude of its components. This leads to estimation bias for large parameters (Zhang 
& Huang, 2008) and inconsistent support recovery (Chartrand, 2007; Xu et al., 2012). To 
mitigate the challenges posed by ℓ1 and ℓ0 regularization, the seminal work of Fan and Li 
(2001) proposed smoothly clipped absolute deviations (SCAD), one of the earliest examples 
of non-convex regularizers. Another popular non-convex penalty that enables feature selec-
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tion and nearly unbiased estimation is the minimax concave penalty (MCP) introduced by 
Zhang (2010).
ℓp,qregularization In this work, however, we focus on a generalization of the ℓ1 penalty 
based on the ℓq  quasi-norm, ∥ · ∥q , for 0 < q ⩽ 1. This approach was initially described 
by Frank and Friedman (1993) and subsequently popularized as the bridge penalty by Fu 
(1998). Non-convex bridge regularization is defined by a regularization term of the form 
R(β) = ∥β∥q

q  for 0 < q < 1. For the case of structured sparsity, ℓq  regularization can be 
straightforwardly extended to mixed-norm ℓp,q  regularization for 0 < q < p ⩽ 2, studied, 
e.g., in Hu et al. (2017). A number of important desirable theoretical results have been 
established for non-convex ℓq  and ℓp,q  regularization, such as requiring fewer linear mea-
surements for support recovery and permitting sparser solutions compared to convex ℓ1 and 
ℓ2,1 (group-wise) regularization (Chartrand, 2007; Fu, 1998; Fu & Knight, 2000; Xu et al., 
2012). Moreover, the regularity conditions required for consistent recovery are weaker than 
typically required for ℓ1 (Chartrand & Staneva, 2008; Loh & Wainwright, 2017) or ℓ2,1 
penalties (Hu et al., 2017).

Optimization using ℓq  regularization, however, poses a non-smooth and non-convex 
problem for 0 < q < 1 and is thus difficult to solve efficiently. Ge et al. (2011) show that 
identification of the global minimum is strongly NP-hard. Still, computing local minima of 
the non-convex regularization problem usually performs better compared to convex regu-
larization approaches (Lyu et al., 2013; Wen et al., 2018; Xu et al., 2012, 2010). A variety of 
optimization techniques such as the local quadratic approximation or majorization-minimi-
zation algorithms (Hunter & Li, 2005; Lange et al., 2000), and various flavors of coordinate 
or subgradient descent methods have been discussed in the literature (see Wen et al., 2018, 
for a survey of optimization with non-convex regularization).
The need for specialized optimization routines for non-smooth and non-convex regularized 
optimization problems has arguably hindered the widespread use of ℓq  and ℓp,q  regulariza-
tion, despite their favorable theoretical properties and the limitations of convex regularizers 
(see, e.g., Freijeiro-González et al., 2022). In contrast, smooth first-order methods have 
become the go-to optimization tool for many researchers and practitioners, not limited to 
the field of DL anymore. This can be attributed to their applicability to a vast class of prob-
lems using automatic differentiation, their scalability to large data sets, and their surprising 
effectiveness despite using only cheaply computed gradient information. While in practice, 
popular DL platforms offer implementations of ℓ1 regularization, this essentially reduces to 
applying stochastic gradient descent (SGD) to a non-differentiable problem. Unsurprisingly, 
this mismatch typically results in oscillating parameter updates, slow convergence, and a 
failure of parameter iterates to approach zero values (see Section 9).

1.2  Our Contributions

To overcome the obstacles and complexities of using optimization routines tailored for 
specific non-smooth and potentially non-convex regularized problems, we apply a smooth 
variational form (SVF) that allows expressing the non-smooth regularizer as the constrained 
minimum of a smooth surrogate regularizer, where the constraint involves an overparam-
etrization of model parameters (see Fig. 1). In our framework, we construct a general tem-
plate for exact smooth surrogate optimization of non-smooth and potentially non-convex 
regularized problems. This optimization transfer is based on finding SVFs of the respective 
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regularizers, which entail a smooth parametrization map together with a smooth surrogate 
regularizer. Combined, an equivalent smooth surrogate objective can be constructed. Spe-
cifically, we

	● provide a comprehensive review of the loosely connected works on Hadamard para-
metrizations, relating literature across DL, statistics, and optimization.

	● introduce a smooth surrogate optimization framework for non-smooth and non-convex 
regularization of arbitrary parameters, including a matching local minima property. 
While previous works often exploit properties particular to their setting, our main re-
sults (Thm. 1 and Lemma 1-4) are stated broadly and hold for arbitrary losses, learning 
models, and regularizers given our assumptions.

	● apply our template method to a wide array of (group-)sparse ℓq  and ℓp,q  regularized 
problems, expanding the collection of sparsity-inducing parametrizations to Hadamard 
powers and shared parameters.

	● present different SVFs with variable amounts of overparametrization for the same in-
duced regularizer, highlighting that it is not overparametrization per se inducing spar-
sity, but rather its effect on the curvature of the loss landscape.

	● identify parametrizations with specific neural network structures, generalizing previous 
findings on linear models to modular components within arbitrary networks. This ena-
bles the integration of sparse regularization into the prevalent SGD-based optimization 
paradigm in DL using sparse “drop-in” replacements.

	● evaluate our smooth optimization transfer approach on various sparse learning applica-
tions and demonstrate its correctness and practical feasibility.

Outline Section 2 establishes a set of theoretical results that prove the validity of our gen-
eral framework and provide a construction template for various regularizers. Sections  3 
and 4 apply our optimization transfer to construct equivalent smooth surrogates for con-
vex ℓ1 and structured ℓ2,1 sparse regularization. Section 5 discusses deeper factorizations 
involving more than two Hadamard factors, enabling smooth optimization of a restricted 
class of non-convex ℓq  and ℓp,q  regularized problems. Additionally, mitigation strategies 
to reduce the computational complexity of overparametrization, such as parameter shar-
ing, are discussed. Section 6 leverages the concept of Hadamard powers to broaden the 
expressivity of previous parametrizations, thereby lifting the aforementioned restrictions 

Fig. 1  Illustration of smooth optimization transfer. Left: univariate lasso problem 
P(β) = (1 − 3

2 β)2 + 2|β| (red line indicates the global minimizer β̂). Middle: contours of the equiva-
lent smooth surrogate Q(u, v) = (1 − 3

2 uv)2 + u2 + v2 using a Hadamard product parametrization 
(10) with K(u, v) = uv = β. Both global minimizers (dots) map to K(û, v̂) = β̂. Right: non-convex 
surface of higher-dimensional Q(u, v) 
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on the class of induced regularizers. Section 7 discusses specifics regarding the practical 
optimization of the constructed smooth surrogates. Related work is discussed and compared 
with our approach in Sect. 8. In Sect. 9, we showcase numerical experiments demonstrating 
the practical feasibility and competitiveness of our approach on a variety of model classes, 
ranging from sparse linear regression to (convolutional) neural network architectures. Sec-
tion 10 concludes by assessing the merits and limitations of our framework and identifying 
promising directions for future research.

2  Set-Up for Transfer and Theoretical Results

Notation We represent vectors using bold lowercase letters and bold capital letters for 
matrices. We use β ∈ Rd to denote the parameter vector which is subject to regularization, 
and ψ ∈ Rdψ  for the remaining parameters, so that all model parameters are collected in 
(ψ, β). We make this notational distinction to emphasize that our approach can be applied 
to arbitrary subsets of parameters of an optimization problem, irrespective of the presence 
of other parameters or the structure of the main objective L. Thus, sparse regularization 
using our optimization transfer framework can be applied to, e.g., specific layers of a neural 
network. Further, let ∥β∥q ≜ (

∑d
j=1 |βj |q)1/q  denote the ℓq  norm ∀β ∈ Rd, q ∈ (0, ∞). 

Note that for 0 < q < 1, only a quasi-norm is defined as the subadditivity does not hold. 
For q = 0, the ℓ0 “norm” penalty ∥β∥0 counts the number of non-zero elements in β. Given 
a partition G = {G1, . . . , GL} of [d] ≜ {1, . . . , d}, the ℓp,q  group (quasi-)norm is defined 
as ∥β∥p,q ≜ (

∑L
j=1(

∑
i∈Gj

|βi|p)q/p)1/q = (
∑L

j=1 ∥βj∥q
p)1/q ∀ β ∈ Rd, p, q > 0, where 

βj  contains the components corresponding to Gj . The regularization term for an ℓp,q  pen-
alty is given by the q-th power of the ℓp,q  mixed-norm, ∥β∥q

p,q =
∑L

j=1 ∥βj∥q
p. Further, 

we use various notations to define Hadamard product-like operations, introduced in the 
following. Let ⊙ : Rd × Rd → Rd denote the classical Hadamard product, defined as 
(u, v) �→ (u1v1, . . . , udvd)�, and 

⊙k
l=1 ul the Hadamard product of k vectors, for which 

we also use the shorthand notation u⊙k
l . For parameter vectors with more than one index, 

e.g., u⊙k
jl , the Hadamard product is always taken over the second index. The self-Hadamard 

product u ⊙ u is simply written as u2. A generalization of the self-Hadamard product to 
non-integer exponents k > 0, i.e., element-wise raising the entries of u to the k-th power, 
is denoted as u◦k. Given a partition G of [d] into L ⩽ d subsets, we define the group Had-
amard product ⊙G  of two vectors u ∈ Rd and ν ∈ RL as u ⊙G ν ≜ (ujνj)j∈G , or more 
explicitly as

	

u ⊙G ν ≜




u1
...

uL


 ⊙




ν11|G1|
...

νL1|GL|


 ,

where 1|Gj | denotes the 1-vector of size |Gj |. To make the distinction between vectors of 
size d and L more clear where necessary, we denote vectors in Rd as v, and alternatively, 
use ν for vectors in RL. In case v = (v1, . . . , vL)⊤ is constant within groups Gj , both are 
related as vj = νj1|Gj | for j = 1, . . . , L, and u ⊙ v equals the group Hadamard product 
u ⊙G ν. Further, B(β, ε) ⊆ Rd is used to denote an open ball with radius ε centered at 
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β ∈ Rd, for a Euclidean space endowed with the standard topology induced by the Euclid-
ean metric. The non-negative reals are abbreviated as R+

0 . Given a differentiable function 
f : Rm → R, a �→ f(a), the gradient ∇af(a) ∈ Rm of f at a contains partial derivatives 
∂f(a)/∂aj  for j ∈ [m]. The Hessian Hf (a) of f at a is the m × m matrix containing sec-
ond partial derivatives (Hf (a))ij ≜ ∂2f/∂ai∂aj . For vector-valued differentiable maps 
f : Rm → Rn, a �→ f(a), the Jacobian Jf (a) of f  at a is the n × m matrix containing 
partial derivatives (Jf (a))ij ≜ ∂f i/∂aj . If we say a function is smooth, we require it 
merely to be Cr-smooth, r ⩾ 1, i.e., at least continuously differentiable. Local solutions to 
an optimization problem over (ψ, β) are denoted by (ψ̂, β̂). Finally, the complete proofs 
are deferred to the appendix.
Set-up Before discussing the applications of our proposed framework to specific sparse 
regularizers, we first provide a number of general results on the equivalence of (regularized) 
optimization problems under reparametrization and a change of penalties, which will be 
applied throughout the paper. Let

	 P : Rdψ × Rd → R+
0 , (ψ, β) �→ L(ψ, β) + λ · Rβ(β),� (3)

denote the regularized objective function in its base parametrization (ψ, β) ∈ Rdψ × Rd, 
where β is an arbitrary subset of all model parameters, and ψ comprises the complemen-
tary components. In a typical empirical risk minimization setting, L can be written more 
explicitly as L(ψ, β) =

∑n
i=1 L (yi, f(xi|ψ, β)), with independently sampled data 

D ≜ {(xi, yi)}n
i=1, (xi, yi) ∈ X × Y . Here, X ⊆ Rdx , Y ⊆ Rdy  denote generic feature 

and label spaces, L : Y × Rdy → R+
0  is an arbitrary loss contribution, and the (parametric) 

model f : X → Rdy  is parametrized by (ψ, β).
The non-smooth and potentially non-convex regularizer Rβ(β) is defined as 

Rβ : Rd → R+
0 , β �→ Rβ(β), with λ ⩾ 0 controlling the amount of regularization. In this 

work, we consider classical norm-based sparsity-inducing regularizers.
Optimization transfer To transfer the optimization of P  to a surrogate Q, first consider a con-
tinuous and surjective parametrization of β defined by K : Rdξ → Rd, ξ �→ K(ξ) = β. More-
over, we define a surrogate regularization function Rξ : Rdξ → R+

0 , ξ �→ Rξ(ξ). Together, 
(Rβ, K, Rξ) define our proposed two-step optimization transfer approach to construct an 
equivalent surrogate Q(ψ, ξ) from the original objective P(ψ, β):

Definition 1  (Construction of surrogate Q) Let the objective P(ψ, β) = L(ψ, β) + λRβ(β) 
as in (3), Rβ(β) the non-smooth regularizer, K(ξ) a parametrization of β, and Rξ(ξ) a sur-
rogate regularizer for ξ ∈ Rdξ . The variational surrogate Q can then be constructed from the 
tuple (Rβ, K, Rξ) as follows. First, i) parametrize K(ξ) = β to get a “lifted” P(ψ, K(ξ)), 
and ii) substitute Rξ(ξ) for Rβ(K(ξ)):

	 Q : Rdψ × Rdξ → R+
0 , (ψ, ξ) �→ L(ψ, K(ξ)) + λRξ(ξ).� (4)

Further, if L, K, and Rξ are C1 functions, we call Q a smooth surrogate for P .
The next definition explicitly states our notion of equivalence between P  and Q:

Definition 2  (Equivalence of optimization problems) We say the two optimization problems
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minimize

ψ, β
P(ψ, β) and minimize

ψ, ξ
Q(ψ, ξ) ,

are equivalent if the following conditions hold: 
a)	 inf

ψ, β
P(ψ, β) = inf

ψ, ξ
Q(ψ, ξ), i.e., their globally optimal values coincide.

b)	 If (ψ̂, β̂) is a local minimizer of P(ψ, β), then there is a local minimizer (ψ̂, ξ̂) of 
Q(ψ, ξ) with ξ̂ ∈ K−1(β̂) and Q(ψ̂, ξ̂) = P(ψ̂, β̂).

c)	 If (ψ̂, ξ̂) is a local minimizer of Q(ψ, ξ), then (ψ̂, β̂) with β̂ = K(ξ̂) is a local mini-
mizer of P(ψ, β) and Q(ψ̂, ξ̂) = P(ψ̂, β̂).

Equivalence of local minima is particularly important for non-convex regularization, 
encompassed by the second and third conditions, as finding global minima in non-convex 
optimization is challenging and, for the most part, intractable. Moreover, in non-convex 
regularization, local minima have been observed to generalize similarly or even better than 
global minima on test data (Chartrand & Yin, 2008; Chartrand, 2007; Olsson et al., 2017).

This so-called matching of local minima (Levin, 2020) ensures that the transfer from 
the original objective P  to a surrogate objective Q preserves all the properties of the local 
minima structure of P . By focusing only on global minima, important information about 
the structure of the problem is neglected. Importantly, we do not introduce spurious local 
minima in Q, which would artificially increase the difficulty of the optimization problem. 
Through the matching property, we can further use the surjection K(ξ) to reconstruct all 
(local) minimizers of P  from local minimizers of Q as K(ξ̂) = β̂. To guarantee this match-
ing of local minima property for P(ψ, β) under the parametrization P(ψ, K(ξ)), local 
openness of the parametrization mapping K(ξ) at all local minimizers ξ̂ of P(ψ, K(ξ)) is 
a crucial property (Nouiehed & Razaviyayn, 2022). Levin et al. (2024) show that it is both 
a necessary and sufficient condition for the preservation of local minima under the param-
etrization K(ξ) = β,1

Definition 3  (Local openness) A mapping K : Rdξ → Rd, ξ �→ K(ξ) is locally open at ξ if 
for every ε > 0 we can find δ > 0 such that B(K(ξ), δ) ⊆ K(B(ξ, ε)). Further, the map K 
is called globally open if it is locally open at all ξ ∈ Rdξ .

General theoretical results Using the function characterizations encapsulated in Defini-
tion 1, we can now prove the following results. Note that these hold for any potentially 
unregularized objective P(ψ, β) under reparametrization:

Lemma 1  If (ψ̂, β̂) is a local minimizer of P(ψ, β), and K(ξ) is a continuous surjec-
tion, then all (ψ̂, ξ̂) such that ξ̂ ∈ K−1 (β̂) are local minimizers of P(ψ, K(ξ)) with 
P(ψ̂, β̂) = P(ψ̂, K(ξ̂)).

Lemma 2  If (ψ̂, ξ̂) is a local minimizer of P(ψ, K(ξ)), and the continuous surjection 
K(ξ) is locally open at ξ̂, then (ψ̂, K(ξ̂)) = (ψ̂, β̂) is a local minimizer of P(ψ, β) with 
P(ψ̂, β̂) = P(ψ̂, K(ξ̂)).

1 Local openness is closely related to, but distinct from the notion of continuity, which is defined as 
∀ ε > 0 ∃ δ > 0 : K(B(ξ)δ) ⊆ B(K(ξ), ε) using the same notation.
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Their proofs are given in Appendices A.1 and A.2. Together, both results show that the set of 
local minima of P(ψ, β) and P(ψ, K(ξ)) are equal if K(ξ) is locally open at all local mini-
mizers of P(ψ, K(ξ)), and the local minimizers are related via (ψ̂, K(ξ̂)) = (ψ̂, β̂). Still, 
for non-smooth regularizers, smoothly parametrizing β will not result in a smooth opti-
mization problem. Nevertheless, the results using local openness of the map K(ξ) can be 
applied to guarantee matching local minima under smooth and surjective parametrizations 
in general problems, e.g., for parametrizations used in the implicit regularization literature.
In our optimization transfer approach, however, we further replace the parametrized regu-
larizer Rβ(K(ξ)) by Rξ(ξ) to obtain the surrogate objective Q(ψ, ξ). The surrogate pen-
alty Rξ and the non-smooth regularizer Rβ  are related as follows:

Definition 4  (Smooth variational form) A (smooth) variational form is an expression of a 
function Rβ(β) as the minimum of a (smooth) surrogate Rξ(ξ) over a feasible set given by 
the fiber K−1(β) of a surjective parametrization K(ξ) at β, i.e.,

	
Rβ(β) = min

ξ:K(ξ)=β
Rξ(ξ) ∀β ∈ Rd.� (5)

By definition, Rξ(ξ) majorizes Rβ(K(ξ)), i.e., Rξ(ξ) ⩾ Rβ(K(ξ))∀ξ ∈ Rdξ . Importantly, 
finding the appropriate SVF is non-trivial and will be derived for each considered regularizer 
Rβ  in the respective section. To give a canonical example, the ℓ1 penalty Rβ(β) = 2∥β∥1 
can be expressed as the minimum of Rξ(u, v) = ∥u∥2

2 + ∥v∥2
2, where ξ = (u, v)⊤ ∈ R2d, 

subject to the parametrization K(u, v) = u ⊙ v = β for any β ∈ Rd (cf. Sect. 3.1). It should 
be noted that the SVFs for an arbitrary regularizer Rβ  are not necessarily unique, as evi-
denced by several distinct SVFs, defined by pairs (K, Rξ), yielding the same induced regu-
larizer Rβ  in Table 1. Further, determining conditions for the existence of an SVF, defined 
by a pair (K, Rξ), for arbitrary regularizers Rβ , is challenging, primarily as the induced 
regularizer is determined jointly by the parametrization K and the surrogate regularizer Rξ. 
Hence, we leave this relevant question to future research.
To preserve local minima in our approach with replaced surrogate regularization Rξ, we 
further require stability of the solutions ξ̂(β) to the SVF with respect to the regularized 
parameter β, i.e., continuous dependence of the minimizers ξ̂ ∈ arg minξ:K(ξ)=β Rξ(ξ) on 

β, formalized through lower hemicontinuity of the set-valued solution mapping:

Definition 5  (Lower hemicontinuity) A set-valued map ξ̂ : Rd ⇒ Rdξ , β �→ ξ̂(β), is said to 
be lower hemicontinuous (l.h.c.) at β ∈ Rd if

	 ∀ ξ ∈ ξ̂(β) ∀ ε > 0 ∃ δ > 0 : ∀ β̃ ∈ B(β, δ) ∃ ξ̃ ∈ ξ̂(β̃) ∩ B(ξ, ε).

Hence, for every point ξ ∈ ξ̂(β) and every ε > 0, there exists δ > 0 such that for all 
β̃ ∈ B(β, δ), the set ξ̂(β̃) contains at least one point in the ball B(ξ, ε).
Instead of requiring local openness, as previously for parametrizations without a change 
of regularizers, we use the lower hemicontinuity of the solution map ξ̂(β), a property that 
is easily obtained as a by-product in the construction of our smooth variational forms. For 
details on set-valued analysis, we refer to Aubin and Frankowska (2009). In the following, 
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we state a minimal but sufficient set of assumptions to establish matching of local minima, 
aiming to remain as general as possible.

Assumption 1  (Minimal assumptions for optimization transfer) Let 
P(ψ, β) = L(ψ, β) + λRβ(β) be the original objective as in (3) and 
Q(ψ, ξ) = L(ψ, K(ξ)) + λRξ(ξ) the surrogate as in (4). Let K(ξ) = β be a continuous 
surjection, Rξ(ξ) a surrogate regularizer such that Rβ(β) = minξ:K(ξ)=β Rξ(ξ) ∀β, and 
let the set-valued solution map β �→ arg minK(ξ)=β Rξ(ξ) = ξ̂(β) be l.h.c.

Lemma 3  If (ψ̂, β̂) is a local minimizer of P(ψ, β), then all (ψ̂, ξ̂) such that 
ξ̂ ∈ arg minξ:K(ξ)=β̂ Rξ(ξ) are local minimizers of Q(ψ, ξ) with Q(ψ̂, ξ̂) = P(ψ̂, β̂) 
under Assumption 1.

Lemma 4  If (ψ̂, ξ̂) is a local minimizer of Q(ψ, ξ), then (ψ̂, K(ξ̂)) = (ψ̂, β̂) is a local 
minimizer of P(ψ, β) with Q(ψ̂, ξ̂) = P(ψ̂, β̂) under Assumption 1.

In the proof of Lemma 4, it is also established that for all local minimizers (ψ̂, ξ̂) of Q(ψ, ξ), 
ξ̂ must also minimize the SVF over the fiber K−1(K(ξ̂)). Figure 2a provides some intuition 
behind the preceding results, assuming no additional parameters ψ. It illustrates the relation-
ship between a local minimizer ξ̂ of Q(ξ) and the corresponding local minimizer K(ξ̂) = β̂ 
of P(β). Note that at points ξ̃ around ξ̂ that are in the image of ξ̂(β) (dashed green), we 
have equality of Q(ξ̃) and P(β̃). By Lemma 1, if β̂ is a local minimizer of P(β), then any 
ξ̂ ∈ K−1(β̂) (red curve) is a local minimizer of the non-smooth overparametrized P(K(ξ)). 
But only those ξ̂(β̂) ∈ arg minξ:K(ξ)=β̂ Rξ(ξ) ⊂ K−1(β̂) (red dot at vertex) are also local 
minimizers of Q(ξ) due to the majorization property P(K(ξ)) ⩽ Q(ξ)∀ξ ∈ Rdξ , combined 
with Q(ξ̂) = P(K(ξ̂)). Conversely, if ξ̂ is a local minimizer of Q(ξ), then by continuity of 
the solution map ξ̂(β) at K(ξ̂) = β̂, if there existed β̃ ∈ B(β̂, δ) such that P(β̃) < P(β̂), 
this would imply existence of ξ̃ ∈ B(ξ̂, ε) with Q(ξ̃) < Q(ξ̂), contradicting that ξ̂ is a local 
minimizer of Q(ξ). Figure 2b shows a specific choice of functions for K and Rξ.

Assumption 1 requires only a continuous surjection K and, in principle, poses no restric-
tions on the functions L and Rξ, as long as the variational expression Rβ  holds for any 
β ∈ Rd and ξ̂(β) is l.h.c. However, without further smoothness assumptions, the surrogate 
Q might have the same differentiability issues as the base problem. So from now on, we 
only consider cases where L, K, and Rξ are smooth, so that P(ψ, β) is non-smooth, but 
Q(ψ, ξ) is smooth, and we can tackle the problem with (S)GD. The previous results let us 
now state our main result:

Theorem 1  (Smooth optimization transfer for sparse regularization) Let the non-smooth 
objective P(ψ, β) and its smooth surrogate Q(ψ, ξ) be defined as in Eqs. (3) and (4). 
Under Assumption 1 the optimization problems

	
minimize

ψ, β
P(ψ, β) ≜ L(ψ, β) + λRβ(β) , � (6)

	
minimize

ψ, ξ
Q(ψ, ξ) ≜ L(ψ, K(ξ)) + λRξ(ξ) , � (7)

are equivalent by Definition 2.
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Proof  For the first point of Definition  2, we show that the infima of both P(ψ, β) and 
Q(ψ, ξ) coincide. Because L(ψ, K(ξ)) is constant on the fiber of K at β = K(ξ), we can 
pull in the infimum and re-state it in terms of β:

	
inf
ψ,ξ

Q(ψ, ξ) = inf
ψ,ξ

{
L(ψ, K(ξ)) + λ · Rξ(ξ)

}
= inf

ψ,β

{
L(ψ, β) + λ inf

ξ:K(ξ)=β
{Rξ(ξ)}

}

By Assumption 1, we have infξ:K(ξ)=β Rξ(ξ) = minξ:K(ξ)=β Rξ(ξ) = Rβ(β), and thus

	
inf
ψ,ξ

Q(ψ, ξ) = inf
ψ,β

{L(ψ, β) + λRβ(β)} = inf
ψ,β

P(ψ, β).

This shows the first point. For the second and third points of Definition 2, we can apply 
Lemma 3 together with Lemma 4 under Assumption 1 to obtain the required matching of 
local minima with corresponding minimizers. □
From Theorem 1 it follows that there is a surjective mapping from the set of local mini-
mizers of Q to the set of local minimizers of P , obtained by restricting the domain of the 
parametrization K to the set of local minimizers of Q. Table 1 shows an (incomplete) sum-
mary of the different parametrizations K(ξ) of β that can be represented in our framework, 
together with the sparse regularization terms Rβ  that are induced by applying the smooth 
regularizers Rξ to the surrogate parameters ξ.

It should be noted that although this work only considers convex and non-convex regu-
larizers based on (quasi-)norm- and mixed-norm penalties Rβ , Theorem 1 provides a more 
general result that holds for any smooth optimization transfer fulfilling the assumptions.
To concretize the setting for the remainder of our work, given a partition G of parameter indices [d] 

into L ⩽ d groups, we consider sparsity-inducing regularizers of the form {Rβ(β) ∈ {R : Rd → R+
0 ,

β �→
∑L

j=1 ωj ‖βj‖q
p

∣∣ 0 < q ⩽ p ⩽ 2, ωj > 0 ∀ j
}. Note that setting p = q, L = d and ωj = 1 ∀ j 

reduces the expression to the familiar ℓq  regularizer Rβ(β) = ∥β∥q
q . Merely setting ωj = 1 

results in the ℓp,q  regularizer, whereas, e.g., ωj =
√

|Gj |∈ N, p = 2, q = 1 yields the ℓ2,1 

Fig. 2  Relationship between local minimizer ̂ξ of Q, the induced minimizer K(ξ̂) = β̂ of P , and the cont. 
solution mapping ξ̂(β) of the SVF. Left: solid curves show two fibers K−1(β̂) (red) and K−1(β̃) (blue). 
The solution map ξ̂(β) (dashed green) maps to minimizers of the SVF for varying β. Right: concrete 
example showing scalar parametrization βj = K(uj , vj) with surrogate ℓ2 penalty
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group lasso (Yuan & Lin, 2006). Similarly, we take the smooth surrogate regularizers Rξ to 

be of the form Rξ(ξ) ∈
{

R : Rdξ → R+
0 , ξ �→

∑dξ

j=1 ω̃j ξ2
j

∣∣ ω̃j > 0 ∀ j
}

.
As the parametrizations considered in this work are based on Hadamard products and varia-
tions thereof, the following smoothness and separability assumptions on K, as well as a spe-
cific monomial-like structure, describe the multiplicative parametrizations in the overview 
of parametrizations shown in Table 1:

Assumption 2  (Power-Product Parametrizations K) The parametrization map 
K : Rdξ → Rd, ξ �→ β, is a Cr-smooth surjection, r ⩾ 1, with the following properties: 
a)	 K is block-separable, i.e., for a partition of [d] into L ⩽ d groups of size |Gj |, j ∈ [L], 

the corresponding βj  are parametrized by disjoint subsets ξj ∈ Rdξj  of the entries of 
ξ ∈ Rdξ , where dξ = dξ1 + . . . + dξL . That is, K is the Cartesian function product 
K(ξ) = (K1(ξ1), . . . , KL(ξL)) of block-wise parametrizations Kj(ξj) = βj .

b)	 Each ξj  can further be grouped into k factors ξjl ∈ Rdjl , l ∈ [k], so that 
∑k

l=1 djl = dξj  
and djl ∈ {1, |Gj |}, i.e., each factor is either a scalar or a vector of the same dimension 
as βj .

c)	 Kj(ξj1, . . . , ξjk) has a power-product structure such that each coordinate Kji(ξj) = βji, 
i ∈ Gj , can be written as Kji(ξj) =

∏k
l=1 sign(ξ(i)

jl ) · |ξ(i)
jl |αl , where ξ(i)

jl ∈ ξjl, and 
αl ⩾ 1 are the (entry-wise) exponents for factor l ∈ [k]. Some parametrizations omit 
the signs or absolute values, e.g., pure monomials.

3  Smooth ℓ1 Regularization Using Hadamard Products

In this section, we introduce two smooth surrogate approaches for sparsity-inducing ℓ1 reg-
ularization and provide some intuition on the underlying geometry.

3.1  Hadamard Product Parametrization

We first present a canonical example of our optimization transfer framework based on the 
so-called Hadamard product parametrization (Hoff, 2017). This approach enables smooth 
optimization of ℓ1 regularized objectives by applying an overparametrization β = u ⊙ v 
and imposing ℓ2 regularization on the surrogate parameters. As the prototype case of our 
framework, this connection between ℓ1 and ℓ2 regularization under reparametrization will 
be re-derived in the following for illustrative purposes. Assume a non-smooth ℓ1 regularized 
objective P  with Rβ(β) = 2 ∥β∥1 and consider the following overparametrized smooth 
surrogate Q:

	 P : Rdψ × Rd → R+
0 , (ψ, β) �→ L(ψ, β) + 2λ‖β‖1 = L(ψ, β) + 2λ

∑d
j=1 |βj | , � (8)

	 Q : Rdψ × Rd × Rd → R+
0 , (ψ, u, v) �→ L(ψ, u � v) + λ

∑d
j=1

(
u2

j + v2
j

)
. � (9)

In (9), the HPP map is defined as
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	 K : Rd × Rd → Rd, (u, v) �→ u � v = β,� (10)

while the surrogate penalty is the plain ℓ2 regularizer Rξ(u, v) = ∥u∥2
2 + ∥v∥2

2 with 
ξ = (u, v)⊤. Our goal is to show that the minimization of (8) and (9) is equivalent accord-
ing to Definition  2. In our smooth optimization transfer framework, the main assump-
tion of Theorem  1 requires that the HPP β = u ⊙ v and the surrogate regularization 
Rξ(u, v) = ∥u∥2

2 + ∥v∥2
2 together define an SVF for Rβ(β) = 2 ∥β∥1 (cf. Definition 4). 

The inequality of arithmetic and geometric means (AM-GM) provides a simple but power-
ful tool for the construction of SVFs using ℓ2 regularization as the surrogate penalty and is 
repeatedly applied throughout the paper. It states that, given a list of n ∈ N non-negative 
numbers xi, i = 1, . . . , n, it holds that x1+...+xn

n ⩾ n
√

x1 · · · xn with equality if and only 
if x1 = . . . = xn.

In the case of the HPP, it allows us to determine the minimum of the surrogate penalty Rξ 
under the constraint u ⊙ v = β for any β ∈ Rd.
Lemma 5  Given the parametrization K(u, v) = u ⊙ v, the minimum of surrogate ℓ2  penalty 
Rξ(u, v) = ∥u∥2

2 + ∥v∥2
2  subject to u ⊙ v = β constitutes an SVF for Rβ(β) = 2 ∥β∥1  

in (8) and is given by minu,v:u⊙v=β ∥u∥2
2 + ∥v∥2

2 = 2 ∥β∥1 ∀β ∈ Rd .

Proof  Because the HPP defines element-wise multiplication, we can minimize u2
j + v2

j  such 
that ujvj = βj  for some βj ∈ R and j = 1, . . . , d. Using the AM-GM inequality for n = 2 
and the non-negative numbers u2

j  and v2
j , we obtain

	
u2

j + v2
j

2
⩾

√
u2

j v2
j =

√
(ujvj)2 =

√
β2

j = |βj | ,

which reduces to equality if and only if u2
j = v2

j , yielding a minimum value of 
u2

j + v2
j = 2|βj |. Repeating this procedure for all j = 1, . . . , d shows that the constrained 

minimum of the surrogate penalty is indeed equal to 2∥β∥1 for all β ∈ Rd. □
The optimality conditions u2

j = v2
j = |βj | further ensure that we can derive continuous 

solutions (ûj , v̂j) as functions of βj = ujvj . Analytically, (ûj , v̂j) are of the form

	

arg min
(uj ,vj):ujvj=βj

u2
j + v2

j =




(√
|βj |,

√
|βj |

)
and

(
−

√
|βj |, −

√
|βj |

)
for βj > 0

(0, 0) for βj = 0(√
|βj |, −

√
|βj |

)
and

(
−

√
|βj |,

√
|βj |

)
for βj < 0 .

Further, we can determine the number of equivalent solutions in the surrogate problem, 
corresponding to a specific solution in the original problem, using the AM-GM inequality. 
Due to this duplicity for each j = 1, . . . , d, there are a total of 2s equivalent local minimiz-
ers (ψ̂, û, v̂) of Q for each local minimizer (ψ̂, β̂) of P , where s = ||β̂||0. Moreover, we 
can establish the stability of a solution mapping in a more general setting for solutions that 
are characterized by necessary optimality conditions similar to the above, obtained from 
applying the AM-GM inequality to the squared surrogate parameters u2

j  and v2
j  for j ∈ [d].

Lemma 6  (Lower hemicontinuity of ξ̂(βj) under Ass. 2) Let ξ̂(β) : Rd ⇒ Rdξ  denote the 
solution mapping β �→ arg minξ∈K−1 (β) Rξ(ξ), where the parametrization K satisfies 
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Assumption 2, so that each coordinate βji  depends on the l ∈ [k] factors only via the ith 
entries of the vectors ξjl ∈ R|Gj | and the scalars ξjl  in a power-product structure with expo-
nents αl ⩾ 1  for l ∈ [k], j ∈ [L]. Let the surrogate penalty be Rξj (ξj) =

∑k
l=1 αl ∥ξjl∥2

2 . 
Then ξ̂(β) is lower hemicontinuous on Rd .

Note that for the simple HPP, we have L = d and k = 2 scalars with exponents αl = 1 for 
each j ∈ [d]. This ensures Assumption 1 holds in this case, and we can combine Lemma 5 
with Theorem 1 to obtain the final equivalence.

Corollary 1  The optimization of P  in (8) is equivalent to the optimization of the smooth 
surrogate Q in (9) by Definition 2, and solutions to the base problem can be constructed as 
(ψ̂, β̂) = (ψ̂, û ⊙ v̂).

Inspired by the implicitly regularized elastic net (Zhao et al., 2022), we propose the follow-
ing explicitly regularized differentiable variant:

Remark 1  (Smooth elastic net formulation via HPP) We can readily extend 
the HPP optimization transfer for ℓ1 regularization to the Elastic Net penalty 
Rβ(β) ≜ (1 − α) ∥β∥1 + α ∥β∥2

2, α ∈ (0, 1), as introduced in Zou and Hastie (2005). To 
do this, we merely redefine L̃(ψ, β) ≜ L(ψ, β) + λα ∥β∥2

2 and λR̃β(β) ≜ λ(1 − α) ∥β∥1. 
Applying the HPP, we minimize

	
L̃(ψ, u ⊙ v) + λ

2
R̃ξ(u, v) = L(ψ, u ⊙ v) + λα ∥u ⊙ v∥2

2 + λ(1 − α)
2

(∥u∥2
2 + ∥v∥2

2)

over (ψ, u, v) instead of (ψ, β). Solutions to the Elastic Net-regularized problem can be 
reconstructed after optimization of the smooth surrogate as (ψ̂, β̂) = (ψ̂, û ⊙ v̂).

Remark 2  (Smooth formulations of SCAD/MCP/TL1 via HPP) As in the previous remark, 
we can construct smooth surrogates for objectives with non-convex SCAD (Fan & Li, 2001), 
MCP (Zhang, 2010), or transformed ℓ1 (Zhang & Xin, 2018) regularization via the HPP and 
a corresponding surrogate regularizer. The surrogate regularizer is constructed by replac-
ing all terms involving |βj | with the left-hand side of the inequality (u2

j + v2
j )/2 ⩾ |βj |. A 

detailed derivation can be found in Appendix A.21.

Further, for general smoothly parametrized objectives P(ψ, K(u, v)) using the HPP, one 
requirement for equivalence to P(ψ, β) by Lemma 2 is that the parametrization K is locally 
open at the local minimizers (û, v̂) ∈ Rd × Rd of P(ψ, K(u, v)). In fact, the Hadamard 
product of two d-dimensional real-valued vectors is a (uniformly) open map everywhere 
(Balcerzak et al., 2016), meaning that under K, the image of any open ball around (u, v) in 
Rd × Rd contains an open ball around u ⊙ v in Rd for all (u, v) ∈ Rd × Rd (cf. Def. 3).

3.2  The Hadamard Difference Parametrization

An alternative smooth optimization transfer approach for ℓ1 regularization is based on the 
Hadamard difference parametrization (HDP), which is defined as
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	 K : Rd × Rd → Rd, (γ, δ) �→ γ � γ − δ � δ = β.� (11)

This variant of the HPP is often employed in studying the implicit regularization effects of 
GD in linear neural networks, facilitating an easier theoretical analysis (Vaskevicius et al., 
2019; Vivien et al., 2022; Woodworth et al., 2020). In our framework, applying the HDP 
and imposing explicit surrogate ℓ2 regularization on γ and δ corresponds to ℓ1 regulariza-
tion of β, albeit without the scaling factor of 2 present in the HPP. To establish a connection 
between the HDP and the HPP, let γ = u+v

2  and δ = v−u
2 , or equivalently, u = γ − δ and 

v = γ + δ. Then it is easy to confirm that γ ⊙ γ − δ ⊙ δ = u ⊙ v.
For an objective P  with ℓ1 regularization of β, we can construct a smooth surrogate Q 
applying the HDP and surrogate ℓ2 regularization. Both objectives can be written as

	 P(ψ, β) = L(ψ, β) + λ∥β∥1 = L(ψ, β) + λ
∑d

j=1 |βj | , � (12)

	 Q(ψ, γ, δ) = L(ψ, γ2 − δ2) + λ(∥γ∥2
2 + ∥δ∥2

2) = L(ψ, γ2 − δ2) + λ
∑d

j=1
(
γ2

j + δ2
j

)
. � (13)

To show equivalence of the smooth surrogate, we first establish that K and 
Rξ(γ, δ) = ∥γ∥2

2 + ∥δ∥2
2 together define an SVF for Rβ(β) = ∥β∥1.

Lemma 7  Given the parametrization map K(γ, δ) = γ ⊙ γ − δ ⊙ δ as defined in Eq. 
(11), the minimum of the surrogate ℓ2  regularization Rξ(γ, δ)) = ∥γ∥2

2 + ∥δ∥2
2  subject to 

γ ⊙ γ − δ ⊙ δ = β constitutes an SVF for Rβ(β) = ∥β∥1  in (12):

	
min

γ,δ:γ2−δ2=β
∥γ∥2

2 + ∥δ∥2
2 = ∥β∥1 ∀β ∈ Rd.� (14)

For each βj  in β, either γ2
j  or δ2

j  must equal zero at the minimum, depending on the sign of 
βj , with the square of the non-zero parameter being equal to |βj |. The minimizers (γ̂j , δ̂j) 
hence form a continuous set-valued function of βj .
Corollary 2  Optimization of P  (12) is equivalent to optimization of the smooth surrogate 
Q (13), and solutions to the P  can be constructed as (ψ̂, β̂) = (ψ̂, γ̂2 − δ̂

2
).

For the preservation of local minima in general, potentially unregularized objectives 
P(ψ, β) parametrized using the HDP, Lemma 2 again requires local openness of the HDP 
at local minimizers (γ̂, δ̂) of P(ψ, K(γ, δ)). Recall that rotating a point (u, v) ∈ R2 by 45◦ 
clockwise about the origin defines the transformation (γ, δ) ≜ ( u+v√

2 , v−u√
2 ). Evaluating the 

HDP at the rotated point yields γ2 − δ2 = 2uv, showing that the HDP constitutes a rotation 
of the HPP scaled by a factor of 2, with both actions preserving the openness. Details on the 
difference between HPP and HDP can be found in Appendix C.1.

3.3  Geometric Intuition and Induced Network Architectures

Correspondence to diagonal linear networks The HPP β = u ⊙ v and HDP 
β = γ ⊙ γ − δ ⊙ δ parametrizations reveal close connections to diagonal linear networks 
and linear regression (Tibshirani, 2021; Woodworth et al., 2020). Assume a simple linear 
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model f(xi|β) = x⊤
i β with no additional parameters ψ. This can be represented as a sim-

plistic neural network with d input neurons, a single output neuron, and d edges for the 
weights βj  with linear activations and no additional bias terms. Applying the respective 
parametrization, e.g., using the HPP, f(xi|u, v) = x⊤

i (u ⊙ v), which represents a diagonal 
linear network with linear activations, a single hidden layer, and no bias terms. By Corol-
lary 1, this is equivalent to a linear regression with ℓ1 regularization of β under ℓ2 regular-
ization of the weights. Figure 3 shows two such linear networks, with the diagonal network 
corresponding to the HPP on the left, and the diagonal network corresponding to the HDP in 
the middle. This correspondence, however, is not limited to overparametrized linear models. 
For example, we can “stretch out" a network architecture by inserting additional diagonal 
layers at certain locations, promoting localized sparse representations. More generally, we 
can overparametrize any layer of a DNN by replacing its weights β by K(ξ). Imposing suit-
able surrogate regularization on the weights ξ then induces sparsity in the original layer in 
its parametrization.
Geometric intuition A graphical analysis of our optimization transfer approach for ℓ1 regu-
larization using the HPP provides additional insights into the underlying geometry. Fig-
ure 4a illustrates why the minimum of the surrogate ℓ2 penalty Rξ(u, v) = ∥u∥2

2 + ∥v∥2
2 

over {(u, v) : u ⊙ v = β} equals 2∥β∥1. The setting in Fig.  4a shows the HPP 
K(u, v) = u ⊙ v (blue/green), the majorizing surrogate ℓ2 penalty (orange), as well as the 
feasible set defined by the fiber K−1(β) (black hyperbola). In this example, we set d = 1 
and fix β = 10. Alternatively, we can interpret the plot as an illustration for only a single 
entry βj = 10, j ∈ [d]. The shape of K(uj , vj) = ujvj  is a hyperbolic paraboloid, and 
the fiber K−1(βj) ⊂ R × R for βj = 10 is obtained by intersecting K with the horizontal 
plane βj = 10. The geometric shape of the resulting set is a rectangular hyperbola, form-
ing an unbounded feasible set in the constrained minimization problem stated in Lemma 5. 
Since the surrogate regularizer Rξ(u, v) defines an elliptic paraboloid for each j ∈ [d], the 
constrained minimization problem is solved by searching the entry-wise feasible sets with 
respect to the smallest surrogate penalty. For a hyperbola defined by uj(vj) = βj

vj
, βj > 0, 

this is achieved at the vertices (
√

βj ,
√

βj) and (−
√

βj , −
√

βj), with a minimal distance 
of 

√
2βj . Similarly, for βj < 0, minimal distance of 

√
2|βj | is attained at (−

√
|βj |,

√
|βj |) 

and (
√

|βj |, −
√

|βj |). For βj = 0, the fiber K−1(0) contains all points on the coordinate 
axes, with 0 minimal distance at (0, 0). The majorization property is visualized in Fig. 4b. 

Fig. 3  Diagonal linear networks corresponding to different parametrizations of a linear predictor: a HPP 
(ℓ1), b HDP (ℓ1), c Structure-inducing parametrization (GHPP for ℓ2,1, cf. 4.1) with grouping layer. Left 
nodes are inputs, and the right-most node the output
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We further demonstrate how the proposed optimization transfer to an equivalent smooth 
surrogate transforms the loss landscape using a simple toy objective in Fig. 1 and a more 
detailed visualization in Fig. 19.

4  Hadamard Group Lasso for Structured Sparsity

In many applications, we have additional a priori structural information on the parame-
ters, e.g., that certain gene pathways can only be jointly relevant or that a set of dummy-
coded features representing a categorical variable should either be included in the model 
or fully selected out. To obtain structured sparsity, we make use of parametrization maps 
“tying together" groups of parameters through shared factors, with the property that adding 
smooth ℓ2 regularization on the surrogate parameters induces an ℓ2,1 (group lasso) penalty 
2

∑L
j=1 ∥βj∥2 in the base parametrization β. This is fundamentally different from the struc-

tured HPP approach discussed in Hoff (2017), where structure is induced through dependent 
Gaussian priors on u and v instead of mixed-norm regularization.
Set-up for structured sparsity regularization Let [d] denote the index set corresponding 
to the entries of β ∈ Rd, and define Gj ⊆ [d] to be the subsets of indices corresponding to 
groups j = 1, . . . , L. Let G = {G1, . . . , GL} form a partition of [d], i.e. ∪L

j=1Gj = {1, . . . , d} 
and Gi ∩ Gj = ∅ for i ̸= j, so that |G1| + . . . + |GL| = d. The parameter vector β contains 
the group-wise vectors βj , i.e., β = (β1, . . . , βL)⊤, where βj = (βji)i∈Gj ∈ R|Gj | for 
j ∈ [L].

Fig. 4  Illustration of ℓ1 optimization transfer using HPP and surrogate ℓ2 regularization on a sca-
lar βj = 10 (lower plane). The hyperbolic paraboloid (blue/green) shows the parametrization 
K(uj , vj) = ujvj  and the elliptic paraboloid (orange) the ℓ2 surrogate. The fiber K−1(10) defines a 
hyperbola (black), whose two vertices achieve minimal a min. ℓ2 penalty of 2|10| = 20 (upper plane) 
over K−1(10). b) Majorization of overparametrized ℓ1 term 2|ujvj | (blue/green) through ℓ2 penalty. 
The ℓ2 (orange) is tightly “hugged" by the ℓ1 term. The difference of both regularizers attains zero at the 
red perpendicular continuous lines intersecting at the origin, illustrating the l.h.c. of the SVF solution 
map. The lines are defined by |uj | = |vj |. It can be seen that for any (uj , vj) with |uj | = |vj |, and any 
β′

j = u′
jv′

j  close to βj = ujvj , there is (u′
j , v′

j) near (uj , vj) with |u′
j | = |v′

j |. This is because the 
solutions continuously increase in |β| as we move away from 0
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4.1  Group Hadamard Product Parametrization

For the group Hadamard product parametrization (GHPP), we again use the parametrization 
structure β = u ⊙ v, but now with the elements of v (and thus also β) constrained to reflect 
the group membership. Noting that Rd = R|G1|+...+|GL|, the Hadamard factors are

	

u = (u1, . . . , uL)⊤ ∈ Rd, v = (v1, . . . , vL)⊤ =




ν11|G1|
...

νL1|GL|


 ∈ Rd .

Then we have βj = uj ⊙ vj = νj · (uj1, . . . , uj|Gj |)⊤ ∈ R|Gj | for j ∈ [L].

Note that in this parametrization, the second Hadamard factor v is a d-dimensional vector 
containing values ν1, . . . , νL, where each νj  is repeated |Gj | times in v. Comparing this to 
the Hadamard factor v = (v1, . . . , vd)⊤ in the HPP, the d distinct entries of v are replaced 
by entries that are constant within groups G1, . . . , GL, thereby “tying” together the param-
eters in each Gj . The first Hadamard factor u remains unconstrained as in the HPP, i.e., 
u = (u1, . . . , ud)⊤ ∈ Rd. Letting ν ∈ RL denote (ν1, . . . , νL)⊤, the GHPP map is defined 
as:

	

K : Rd × RL → Rd, (u, ν) �→




u1
...

uL


 �




ν11|G1|
...

νL1|GL|


 = u �G ν =




β1
...

βL


 = β,� (15)

where we use the notation u ⊙G ν ≜ (ujνj)j∈G . Given an objective P  with non-
smooth regularization Rβ(β) = 2 ∥β∥2,1, defining the surrogate regularization as 
Rξ(u, ν) ≜ ∥u∥2

2 + ∥ν∥2
2 provides a smooth optimization transfer (Rβ, K, Rξ), from 

which we construct the smooth surrogate Q:

	 P(ψ, β) = L(ψ, β) + 2λ∥β∥2,1 = L(ψ, β) + 2λ
∑L

j=1 ∥βj∥2 , � (16)

	 Q(ψ, u, v) = L(ψ, u ⊙G v) + λ(∥u∥2
2 + ∥ν∥2

2) = L(ψ, u ⊙G v) + λ
∑L

j=1
(
∥uj∥2

2 + ν2
j

)
. � (17)

The functions K and Rξ are chosen so that we obtain an SVF for Rβ:
Lemma 8  Given the parametrization map K(u, ν) = u ⊙G ν, the minimum of the surrogate 
ℓ2  regularization Rξ(u, ν) = ∥u∥2

2 + ∥ν∥2
2  subject to K(u, ν) = β constitutes an SVF 

for Rβ(β) in (16) and is

	
min

uj ,νj :βj=νjuj

∑L
j=1 ∥uj∥2

2 + ν2
j = 2

∑L
j=1 ∥βj∥2 ∀β ∈ Rd,� (18)

According to Lemma  6, the optimality conditions ∥uj∥2
2 = ν2

j = ∥βj∥2 of the AM-GM 
inequality in the proof allow us to derive the minimizers (ûj , ν̂j) as a lower hemicontinuous 
function of βj  for all βj ∈ R|Gj |:

1 3

   87   Page 18 of 73



Machine Learning          (2026) 115:87 

	
arg min(uj , νj) :

βj = νjuj ∥uj∥2
2 + ν2

j =

{
±

(
βj/

√
∥βj∥2,

√
∥βj∥2

)
,∥βj∥2 , 0

(0, 0),∥βj∥2 = 0
� (19)

The tuple (Rβ, K, Rξ) is thus a valid optimization transfer for ℓ2,1 group sparsity:

Corollary 3  The optimization of P  in (16) is equivalent to the optimization of the smooth 
surrogate Q in (17) by Definition 2, and solutions to the base problem can be obtained as 
(ψ̂, β̂) = (ψ̂, û ⊙G ν̂).

Note that there are only two equivalent minimizers for each βj  given ∥βj∥2 > 0, as the 
sign of ν̂j  uniquely determines the sign of all ûji in ûj  for i ∈ Gj . Thus, for each minimizer 
(ψ̂, β̂) of P , there will be 2s equivalent corresponding solutions (ψ̂, û, ν̂) to Q, where s is 
the number of groups Gj  with ∥β̂j∥2 > 0.
For linear predictors, structure-inducing overparametrization was also studied in Tibshirani 
(2021) and Dai et al. (2021), however, without proving the matching local minima property 
or going beyond linearity. Similar to the HPP approach to smooth ℓ1 regularization, the 
GHPP corresponds to a particular network structure with linear activations and a grouping 
layer when applied to a linear model, as shown in Fig. 3c. The ℓ2 regularized network then 
corresponds to a linear model with an ℓ2,1 penalty.
Considering the preservation of local minima in a general objective P(ψ, β) under 
smooth parametrization of β using the GHPP, local openness of K at the local solutions 
to P(ψ, K(ξ)) is a crucial requirement for Lemma  2. This assumption, however, is not 
straightforward for the GHPP. While the Banach open mapping theorem states that every 
continuous linear surjection between Banach spaces is globally open, it is known that this 
openness principle can not be extended to bilinear continuous surjections (Balcerzak et al., 
2013; Horowitz, 1975). A widely used counterexample of a bilinear continuous surjection 
that is not open everywhere is given, e.g., in (Rudin, 1991, Chapter 2, Exercise 11), cor-
responding to the GHPP for L = 1 and d = 2. Therefore, as opposed to the HPP, whose 
global openness is discussed at the end of Sect. 3.1, the GHPP is not globally open in gen-
eral. Whereas local minimality would be preserved under the HPP for any function due to 
its global openness, this does not hold for the GHPP, depending on which points qualify as 
local minimizers. The points of openness for the GHPP are as follows:

Lemma 9  (Local openness of the GHPP) The parametrization map defined by 
K : Rd × RL, (u, ν) �→ u �G ν is locally open at (u, ν), with u = (u1 , . . . , uL)⊤ and 
ν = (ν1 , . . . , νL)⊤, if the (uj , νj) are such that νj = 0  implies ∥uj∥2 = 0  for all j ∈ [L].

To establish matching local minima, we thus need to ensure that local solutions (û, ν̂) to 
P(ψ, K(u, ν)) are indeed points of openness. Note that all minimizers of Q(u, ν) are of 
the form stated in (19), i.e., either (ûj , ν̂j) = (0, 0), or the (ûj , ν̂j) are such that ∥ûj∥2 > 0 
and |ν̂j | > 0 for all j ∈ [L]. Then, by Lemma 9, K(u, ν) is locally open at all potential local 
minimizers of Q.
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4.2  Adjusting the GHPP for Variable Group Sizes

The well-known group lasso, initially proposed by Yuan and Lin (2006), does not employ 
plain ℓ2,1 regularization, but includes additional weights accounting for the variable 
group sizes |Gj |, j ∈ [L]. With this modification, we can define the non-smooth penalty as 
Rβ(β) ≜

∑L
j=1

√
|Gj | ∥βj∥2. Interestingly, this regularizer can be obtained as a simple 

extension to the previous approach by introducing a scaling factor in the surrogate penalty. 
The derivation is deferred to Appendix A.9. This results in the following smooth objective 
Q and corresponding equivalent group lasso regularized objective P:

	 P(ψ, β) = L(ψ, β) + 2λ
∑L

j=1
√

|Gj |∥βj∥2 , � (20)

	 Q(ψ, u, ν) = L(ψ, u ⊙G ν) + λ
∑L

j=1
(
∥uj∥2

2 + |Gj |ν2
j

)
. � (21)

5  Going Deeper: Non-convex Regularization with Hadamard Product 
Parametrizations of Depth k

The Hadamard product parametrizations factorizing β using two factors u, v can be natu-
rally extended to deeper factorizations of depth k > 2, k ∈ N. For a suitable surrogate pen-
alty, these parametrizations induce (a restricted class) of non-convex ℓq  and ℓp,q  regularizers 
for 0 < q < 1 and 0 < q < p ⩽ 2 in the base parametrization β.

5.1  Hadamard Product Parametrization of Depth k

First, consider a multilinear extension of the bilinear HPP termed the HPPk,

	 K :
∏k

l=1 R
d → Rd, (u1, . . . , uk) �→

⊙k
l=1 ul = β,� (22)

where 
∏k

l=1 R
d denotes the kth Cartesian power of Rd and k > 2. The depth two case recovers 

the simple HPP (10). Each βj , j ∈ [d], is parametrized as the product 
∏k

l=1 ujl, where each 
factor ujl is taken from a different ul. Further, we define Rξ(u1, . . . , uk) ≜

∑k
l=1 ∥ul∥2

2. 
Then, minimizing Rξ(u1, . . . , uk) subject to the constraint imposed by the parametrization 
map K yields an SVF for non-convex ℓq  regularization with q = 2/k:

Lemma 10  Given the parametrization map K(u1 , . . . , uk)= u⊙k
l , the minimum surrogate ℓ2  

regularizer Rξ(u1 , . . . , uk) =
∑k

l=1 ∥ul∥2
2  subject to K(u1 , . . . , uk) = β constitutes an 

SVF for Rβ(β) ≜ k ∥β∥2/k
2/k  and is given by minul :β=u⊙k

l

∑k
l=1 ∥ul∥2

2 = k∥β∥2/k
2/k ∀β ∈ Rd .

A visualization of the HPPk for k = 3 can be found in Appendix C.2, illustrating the shape 
of the fibers of K and the majorization of the non-smooth ℓ2/3 penalty by the smooth sur-
rogate ℓ2 penalty. Given an objective P  with smooth L and non-convex ℓ2/k regularization 
Rβ(β), applying the optimization transfer defined by (Rβ, K, Rξ) yields the correspond-
ing Q:
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	 P(ψ, β) = L(ψ, β) + λk∥β∥2/k
2/k = L(ψ, β) + λk

∑d
j=1 |βj |2/k

, � (23)

	Q(ψ, u1, . . . , uk) = L
(
ψ, u⊙k

l

)
+ λ

∑k
l=1 ∥ul∥2

2 = L
(
ψ, u⊙k

l

)
+ λ

∑d
j=1

∑k
l=1 u2

jl . � (24)

The optimality conditions of the AM-GM inequality ensure lower hemicontinuity of the 
solution map in Lemma 10 by Lemma 6, implying equivalence of P  and Q:
Corollary 4  The optimization of P  (23) is equivalent to optimization of the smooth surrogate 
Q (24) by Def. 2, and solutions to P  can be constructed as (ψ̂, β̂) = (ψ̂, û⊙k

l ).

This result is also shown in Hoff (2017), but its application there is limited to simple lin-
ear models that can be optimized with alternating ridge regression. Extending the HPP, 
the HPPk also corresponds to a horizontally “stretched" diagonal network structure with 
increased depth, as shown in Fig. 5a. The relation of parametrization and corresponding 
network structure for linear models was also studied in simpler settings and without proof 
of our general result (Dai et al., 2021; Tibshirani, 2021). Besides these works in explicit 
regularization, a strand of literature in DL uses diagonal linear networks to study the implicit 
regularization of GD (Gissin et al., 2019; Gunasekar et al., 2018; Li et al., 2021; Moroshko 
et al., 2020; Woodworth et al., 2020).
Regarding applications of the HPPk to general objectives P(ψ, β) without surrogate regu-
larization, we can establish the global openness of the k-linear surjection K:

Lemma 11  The map K :
∏k

l=1 Rd → Rd , (u1 , . . . , uk) �→
⊙k

l=1 ul  is globally open.

Consequently, applying Lemma  2, smoothly parametrizing any continuous objective 
using the HPPk preserves the local minima of P .

5.2  Group Hadamard Product Parametrizations of Depth k

The smooth optimization transfer for ℓ2,1 regularized problems can be naturally extended 
to structured sparsity with non-convex ℓ2,2/k regularization. We start with the same set-up 
as in Sect. 4, but now consider deeper factorizations of β. Recall that the GHPP is defined 

Fig. 5  Deep diagonal linear networks corresponding to parametrizations of a linear predictor. a) HPP (for 
ℓ2/k), b) GHPPk  (for ℓ2,2/k), c) GHPPk1,k1+k2  (for ℓ2/k1,2/(k1+k2)). The depth up to and includ-
ing the grouping layer is k1, followed by k2 = k − k1 more diagonal layers. Nodes on the left represent 
input features and the single node on the right the output
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as K(u, ν) = u ⊙G ν = β. Further factorizing the grouping parameter ν into k − 1 Had-
amard factors, i.e., ν =

⊙k−1
r=1 νr, defines the GHPPk map:

	

K : Rd ×
k−1∏
r=1

RL → Rd, (u, ν1, . . . , νk−1) �→ u �G ν�(k−1)
r =




u1
...

uL


 �




1|G1|
∏k−1

r=1 ν1r

...
1|GL|

∏k−1
r=1 νLr




Equivalently, the parametrization on the group level reads βj = uj

∏k−1
r=1 νjr, where 

βj , uj ∈ R|Gj | and νjr ∈ R, for j = 1, . . . , L and r = 1, . . . , k − 1. Applying plain ℓ2 reg-
ularization under this parametrization, i.e., Rξ(u, ν1, . . . , νk−1) ≜ ∥u∥2

2 +
∑k−1

r=1 ∥νr∥2
2, 

induces the non-smooth and non-convex regularizer Rβ(β) = k ∥β∥2/k
2,2/k for structured 

sparsity in the base parametrization. To show this, we first prove that the minimum ℓ2 pen-
alty under the parametrization map constraint equals Rβ:

Lemma 12  Given the parametrization K(u, ν1 , . . . , νk−1 ) = u ⊙G ν
⊙(k−1)
r , the mini-

mum of the surrogate ℓ2  penalty Rξ(u, ν1 , . . . , νk−1 ) ≜ ∥u∥2
2 +

∑k−1
r=1 ∥νr∥2

2  subject to 
K(u, ν1 . . . , νk−1 ) = β constitutes the following SVF for Rβ(β) ≜ k ∥β∥2/k

2 ,2/k:

	

min
u, ν1, . . . , νk−1 :

β = u ⊙G ν
⊙(k−1)
r

∑L
j=1

(
∥uj∥2

2 +
∑k−1

r=1 ν2
jr

)
= k∥β∥2/k

2,2/k ∀β ∈ Rd.
� (25)

For an objective P(ψ, β) with non-convex ℓ2,2/k regularization,

	 P(ψ, β) = L(ψ, β) + λk∥β∥2/k
2,2/k = L(ψ, β) + λk

∑L
j=1 ∥βj∥2/k

2 ,� (26)

the smooth surrogate Q obtained from the tuple (Rβ, K, Rξ) is given by

	
Q(ψ, u, ν1, . . . , νk−1) = L

(
ψ, u ⊙G ν

⊙(k−1)
r

)
+ λ

∑L
j=1

(
∥uj∥2

2 +
∑k−1

r=1 ν2
jr

)
.� (27)

By Lemma 6, the optimality conditions obtained in the proof of Lemma 12 imply a lower 
hemicontinuous solution map as a function of β, so that we can state:
Corollary 5  The optimization of P  in (26) is equivalent to the optimization of the 
smooth surrogate Q in (27) by Definition  2, and solutions to P  can be constructed as 
(ψ̂, β̂) = (ψ̂, û ⊙G ν̂r

⊙(k−1)).

We can think of the parametrization K as a composition involving the GHPP and the 
HPPk−1 for ν to gain insights into the network architecture corresponding to a linear model 
overparametrized by K. Compared to the depth-two network matching the GHPP in Fig. 3c, 
the network for the GHPPk shown in Fig. 5b adds k − 1 diagonal layers after the initial 
layer, corresponding to the additional deeper factorization of ν in the GHPPk. In the previ-
ously mentioned less general setting, Tibshirani (2021) first discovered that optimizing a 
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network as in Fig. 3c with weight decay induces an objective with the same global minimum 
as an ℓ2,2/k regularized linear model.

Regarding the preservation of local minima when applying the GHPPk to a general 
objective P(ψ, β) without surrogate regularization, we can use the compositional nature of 
the GHPPk to obtain points of local openness, as required by Lemma 2:
Corollary 6  (Points of local openness of the GHPPk) The parametrization mapping 
K(u, ν1 , . . . , νk−1 ) = u ⊙G ν

⊙(k−1)
r  is locally open at (u, ν1 , . . . , νk−1 ) whenever the 

GHPP (15) is locally open at (u, ν
⊙(k−1)
r ).

Besides the proof in Appendix A.13, conditions for the local openness of the GHPP are 
stated in Lemma 9. Note that the optimality conditions in the proof of Lemma 12 thus also 
imply the local openness of K at all local minimizers of Q.

5.3  Generalizing the GHPP to Mixed ℓp,q  Quasi-Norms

We can extend the principle behind the construction of the GHPPk, i.e., starting with the 
GHPP and factorizing the ν parameter, to deeper parametrizations factorizing both u and ν 
simultaneously into k1 and k2 Hadamard factors. In the following, we establish that smooth 
ℓ2 regularization of the resulting surrogate parameters induces non-convex ℓp,q  mixed-norm 
regularization in the base parametrization, with (p, q) ∈ {(2/k1, 2/(k1 + k2)) : k1, k2 ∈ N}. 
We start with the same structured parameter set-up as in Sect. 4, partitioning the components 
of β into L groups. Consider the GHPP map given by β = u ⊙G ν, with u = (u1, . . . , uL)⊤ 
and ν = (ν1, . . . , νL)⊤, together comprising L pairs of group-wise parameters (uj , νj). 
Factorizing each uj  into a product of k1 Hadamard factors µjt, t = 1, . . . , k1, and each νj  
into a product of k2 scalar factors νjr, r = 1, . . . , k2, we can define the following surjective 
parametrization mapping K termed the GHPPk1,k1+k2 :

	

K :
∏k1

t=1 R
d ×

∏k2
r=1 R

L →Rd, (µ1, . . . , µk1 , ν1, . . . , νk2 ) �→ µ�k1
t �G ν�k2

r

=




µ�k1
1t
...

µ�k1
Lt


 �




1|G1|
∏k2

r=1 ν1r

...
1|GL|

∏k2
r=1 νLr


 =




β1
...

βL


 = β ,

� (28)

where µt ≜ (µ1t, . . . , µLt)⊤ ∈ Rd and νr ≜ (ν1r, . . . , νLr)⊤ ∈ RL. Note that each µjt is the 
t−th factor of the j-th parameter group with entries (µj1t, . . . , µj|Gj |t)⊤ ∈ R|Gj |. On the group 
level, the parametrization reads βj = ujνj = (

⊙k1
t=1 µjt)

∏k2
r=1 νjr = µ⊙k1

jt

∏k2
r=1 νjr, 

for j ∈ [L]. Further, let k ≜ k1 + k2 denote the total factorization depth. To derive the non-
convex group-sparse regularizer for β induced through ℓ2 regularization of µjt, νjr for 
j ∈ [L], t ∈ [k1], r ∈ [k2], a simple generalization of the AM-GM inequality is required. 
Defining the surrogate penalty Rξ as plain ℓ2 regularization, we can show that Rξ and K 
induce an SVF for mixed-norm ℓp,q  regularization.
Lemma 13  Given a parametrization K(µ1 , . . . , µk1 , ν1 , . . . , νk2 )= µ⊙k1

t ⊙G ν⊙k2
r        , the minimum 

surrogate ℓ2  regularization Rξ(µ1 , . . . , µk1 ν1 , . . . , νk2 )≜
∑k1

t=1 ∥µt∥2
2 +

∑k2
r=1 ∥νr∥2

2  subject 
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to K(µ1 , . . . , µk1 , ν1 , . . . , νk2 ) = β constitutes an SVF for Rβ(β) ≜ k ∥β∥2/k
2/k1 ,2/k  and 

is given by

	

min
µ1, . . . , µk1 , ν1, . . . , νk2 :

β = µ⊙k1
t ⊙G ν⊙k2

r

∑L
j=1

( ∑k1
t=1 ∥µjt∥2

2 +
∑k2

r=1 ν2
jr

)
= k∥β∥2/k

2/k1,2/k ∀β ∈ Rd.
�

(29)

Note that by Lemma 6, the optimality conditions in the proof above ensure lower hemicon-
tinuity of the solution map to the SVF. Assuming an objective P(ψ, β) with non-convex 
ℓ2/k1,2/k regularizer Rβ(β), the optimization transfer (Rβ, K, Rξ) defines the following 
equivalent smooth surrogate Q:

	
P(ψ, β) = L(ψ, β) + λk∥β∥2/k

2/k1,2/k
= L(ψ, β) + λk

L∑
j=1

∥βj∥2/k

2/k1
, � (30)

	
Q(ψ, µ1, . . . , µk1 , ν1, . . . , νk2 ) = L

(
ψ, µ⊙k1

t ⊙G ν⊙k2
r

)
+ λ

L∑
j=1

( k1∑
t=1

∥µjt∥2
2 +

k2∑
r=1

ν2
jr

)
. � (31)

Corollary 7  The objective P  in (30) is equivalent to the smooth surro-
gate Q in (31) by Definition  2, and solutions to P  can be constructed as 
(ψ̂, β̂) = (ψ̂, µ̂⊙k1

t ⊙G ν̂⊙k2
r ) =

(
ψ̂,

( ⊙k1
t=1 µ̂t

)
⊙G

( ⊙k2
r=1 ν̂r

))
.

Figure 5c shows an exemplary network architecture corresponding to the GHPPk1,k1+k2  
applied to an LM (Dai et al., 2021). The architecture also provides an intuitive visualization 
of mixed-norm regularization for structured sparsity as a whole. While the depth of the first 
block of diagonal layers, factorizing u into k1 Hadamard factors µt, determines the induced 
within-group norm, the depth of the group-wise constant parameters in ν into k2 Hadamard 
factors determines the induced between-group norm.

5.4  Parametrizations with Parameter Sharing

Parameter or weight sharing enables interesting modifications of the previously presented 
parametrizations, as the parameter redundancy caused by overparametrization can be greatly 
reduced by allowing for shared parameters between the Hadamard factors. Parameter shar-
ing can be defined as identifying two or more parameters of an objective function as a single 
parameter, i.e., interpreting them as identical. For example, the group structure-inducing 
GHPP, K(u, ν) = u ⊙G ν, is essentially the HPP K(u, v) = u ⊙ v, but with shared param-
eters vj = νj1|Gj | within groups j ∈ [L], collapsed into the scalar νj . Despite requiring 
many fewer additional parameters, these parametrizations still define a valid SVF Rβ  like 
their fully overparametrized counterparts.
Deep HPP with shared parameters Consider the parametrization map for the HPPk, 
defined as K(u1, . . . , uk) =

⊙k
l=1 ul. By introducing parameter sharing between (k − 1) 

Hadamard factors, i.e., replacing the Hadamard product of k − 1 separate factors with a self-
Hadamard product, we retain enough freedom to ensure surjectivity of the parametrization. 
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We use u ∈ Rd to denote the first Hadamard factor, and vk−1 ∈ Rd for the other factors 
that are collapsed into a single shared vector v ∈ Rd. The following defines the HPPshared

k

	 K : Rd × Rd → Rd, (u, v) �→ u � (v � · · · � v) = u � (
⊙k−1

l=1 v) = u � vk−1 = β.� (32)

The suitable surrogate penalty Rξ to obtain an SVF is a re-weighted ℓ2 penalty accounting 
for the increased contribution of the shared parameter to the parametrization. More pre-
cisely, the shared parameter v is counted (k − 1) times, thereby ensuring the appropriate 
re-weighting for Rξ to define an SVF for non-convex ℓ2/k regularization:
Lemma 14  Given the parametrization K(u, v) = u ⊙ vk−1 , the minimum surrogate ℓ2  
penalty Rξ(u, v) ≜ ∥u∥2

2 + (k − 1 ) ∥v∥2
2  subject to K(u, v) = β constitutes an SVF for 

Rβ(β) ≜ k ∥β∥2/k
2/k , i.e., minu,v:u⊙vk−1 =β ∥u∥2

2 + (k − 1 )∥v∥2
2 = k∥β∥2/k

2/k ∀β ∈ Rd .

However, despite constituting a valid SVF with less overparametrization, parameter shar-
ing breaks the balance and symmetry in the parametrization, with unclear consequences for 
the optimization. Yet, we can relate the GD optimization dynamics for the HPPshared

k  to its 
fully overparametrized counterpart HPPk under identical initialization of the to-be-shared 
parameters. Using a rescaled learning rate for the shared factors, we derive identical updates 
for both variants, as detailed in Appendix A.16.

Moreover, initializing all k Hadamard factors of the HPPk identically prohibits them 
from changing their sign over the iterations for sufficiently small step sizes, since the gradient 
updates vanish as the reconstructed coefficients βj  approach zero. This is because under iden-
tical initialization, the gradient of the entry-wise parametrization Kj((ujl)k

l=1) =
∏k

l=1 ujl 
is given by a vector of identical entries 

∏
l′ ̸=l ujl′  for l ∈ [k]. Hence, since all u0

jl are identi-
cal, they also receive identical updates and thus stay identical, ut+1

jl = ut+1
jl′ ∀l ∈ [k]. In this 

case, the only way for the product to change signs is by passing through the origin, which is 
prohibited by the vanishing products in the parametrization gradient. This can be exploited 
to solve non-negative least squares (Chou et al., 2022; Gissin et al., 2019).
HDP of depth k without and with shared weights Similar to how the HPP can 
be generalized to the deeper parametrization HPPk, the HDP from 3.2 can be 
generalized to deeper variants inducing ℓ2/k regularization in the base parame-
trization under ℓ2 regularization of the surrogate parameters. Chou et al. (2023) men-
tion this fully-overparametrized generalization of the HDP, here named HDPk: 
K :

∏2k
l=1 R

d → Rd, (u1, . . . , uk, v1, . . . , vk) �→ u⊙k
l − v⊙k

l = β. In their analysis of gradi-
ent dynamics they restrict themselves to the case of identical initialization, effectively giving rise to 
the following parametrization termed the HDPshared

k , incorporating parameter sharing between 
the ul and the vl for l ∈ [k], respectively: K : Rd × Rd → Rd, (u, v) �→ uk − vk = β. In 
DL, these parametrizations are widely applied in the implicit regularization literature to 
obtain simple-to-analyze depth-k networks that exhibit rich optimization and implicit regu-
larization dynamics see, e.g.,, (Woodworth et al., 2020; Li et al., 2021).
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6  Hadamard Powers: Non-integer Factorization Depths for 
Unrestricted ℓq  and ℓp,q  Regularization

The parametrizations based on (group) Hadamard products can induce ℓq  and ℓp,q  regu-
larization under surrogate ℓ2 regularization for the restricted class q ∈ {2/k|k ∈ N} and 
(p, q) ∈ {(2/k1, 2/(k1 + k2)|k1, k2 ∈ N}. Extending Hadamard product-based param-
etrizations to Hadamard powers permits a more flexible choice of the induced regular-
izer, allowing selection of the previously restricted p and q arbitrarily from q ∈ (0, 1] and 
0 < q < p ⩽ 2. Thus, smooth optimization for non-convex sparse regularization can be 
achieved using our framework for any feasible real-valued choices of q and p, extending 
previous results to non-integer factorization depths.

6.1  Hadamard Power Parametrization

To construct a parametrization that induces ℓq  regularization of β under (slightly modi-
fied) ℓ2 regularization of the surrogate parameters for any q ∈ (0, 1], we extend the notion 
of self-Hadamard products to Hadamard powers. For powers vk

j  with positive, real-valued 
exponents k to be well-defined, we require positivity of the base vj , e.g., by designing 
parametrizations of the form βj = uj |vj |k−1. The resulting HPowPk map is

	 K : Rd × Rd → Rd, (u, v) �→ u � |v|◦(k−1) = β,� (33)

where |v|◦(k−1) denotes element-wise raising the |vj | to the (k − 1)-th power, with k > 2 
to ensure K ∈ C1. This generalizes the self-Hadamard product 

⊙k−1
l=1 v = vk−1, defined 

for k ∈ N, to real-valued positive exponents, with ◦(k − 1) denoting non-integer exponents.
Lemma 15  Given the parametrization K(u, v)= u ⊙ |v|◦(k−1), the minimum surrogate ℓ2  
regularization Rξ(u, v) ≜ ∥u∥2

2 + (k − 1 ) ∥v∥2
2  subject to K(u, v) = β constitutes an 

SVF for Rβ(β) ≜ k ∥β∥2/k
2/k , i.e., minu,v:u⊙|v|◦(k−1)=β ∥u∥2

2 + (k − 1 )∥v∥2
2 = k∥β∥2/k

2/k ∀β ∈ Rd.

Note that the sign of the constrained minimizer ûj  is uniquely determined by the sign of βj  
due to the non-negativity of |v̂j |k−1. By the optimality conditions, the squared coefficients 
u2

j  and |vj |2 must equal |βj |2/k at the minimum, so that by Lemma 6, the set-valued solution 
map is lower hemicontinuous and Assumption 1 is satisfied. Thus, for any k > 2, given an 
ℓ2/k regularized base objective P(ψ, β),

	 P(ψ, β) = L(ψ, β) + λk∥β∥2/k
2/k,� (34)

we can construct an equivalent differentiable Q(ψ, u, v) from the tuple (Rβ, K, Rξ):

	 Q(ψ, u, v) = L
(
ψ, u ⊙ |v|◦(k−1)) + λ

(
∥u∥2

2 + (k − 1)∥v∥2
2
)

. � (35)

Corollary 8  The optimization of P  in (34) is equivalent to the optimization of the 
smooth surrogate Q in (35) by Definition  2, and solutions to P  can be constructed as 
(ψ̂, β̂) = (ψ̂, û ⊙ |v̂|◦(k−1)).
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Note that similar to Lemma  14, we modify the usual ℓ2 regularization by multiplying 
each of the |vj |2 by (k − 1) to reflect the imbalance of u and v in the parametrization 
β = u ⊙ |v|◦(k−1).

6.2  Invertible Reparametrization with Hadamard Powers

In Schwarz et al. (2021), a differentiable sparsity-promoting parametrization termed Pow-
erpropagation was introduced, aligning with discussions of related approaches in math-
ematical optimization (Ramlau & Zarzer, 2012). The underlying motivation is to artificially 
increase the curvature of the loss landscape, which induces optimization- and initialization-
dependent “rich get richer" dynamics for sparse training of DNNs: the key idea is that apply-
ing a power parametrization makes the gradient with respect to the surrogate parameters 
critically depend on their current values (cf. Fig. 19a ).

Intuitively, this promotes the accumulation of weights either close to or far away from 
zero, however, Schwarz et al. (2021) did not realize the induced sparse regularization in the 
base parametrization under explicit ℓ2 regularization. Being bijective, Powerpropagation is 
not an over- but rather a reparametrization given by

	 K : Rd → Rd, v �→ v � |v|◦(k−1) = β , k > 1.� (36)

Note that with a single parameter v, it suffices to require k > 1 to ensure K ∈ C1 
contrasting the previous HPowPk (33). To see the “rich get richer” effect, con-
sider a generic objective P(β), whose gradient under Powerporpagation is given by 
∇vP(K(v)) = ∇βP(β) · diag(k|v|◦(k−1)). This additional factor causes amplifica-
tion of gradients for vj  with large magnitudes and attenuation for small magnitudes. 
Considering ℓ2 regularization for this parametrization, the feasible set of the problem 
minv:v⊙|v|◦(k−1)=β ∥v∥2

2 is a singleton containing v̂ such that v̂j = k
√

|βj | for βj ⩾ 0 and 
v̂j = − k

√
|βj | for βj < 0, j ∈ [d]. Hence, ∥v̂∥2

2 contains d summands v̂2
j = |βj |2/k, and 

we conclude minv:v⊙|v|◦(k−1)=β ∥v∥2
2 = ∥β∥2/k

2/k. Since the solution map is continuous in 

β, Assumption 1 holds. Thus, for an ℓ2/k regularized objective P(ψ, β) with real-valued 
k > 1, we can construct an equivalent smooth Q(ψ, v) as follows:

	 P(ψ, β) = L(ψ, β) + λ∥β∥2/k
2/k, � (37)

	 Q(ψ, v) = L
(
ψ, v ⊙ |v|◦(k−1)) + λ∥v∥2

2 . � (38)

Corollary 9  The optimization of P  in (37) is equivalent to the optimization of the 
smooth surrogate Q in (38) by Definition  2, and solutions to P  can be constructed as 
(ψ̂, β̂) = (ψ̂, v̂ ⊙ |v̂|◦(k−1)).

This result shows that it is the functional shape of the parametrization and its warping effect 
on the loss surface that induces sparsity, not overparametrization per se.
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6.3  Hadamard Group Powers (GHPowP)

We can naturally extend the Hadamard power parametrization presented in 6.1 to structured 
sparsity, thereby obtaining a more flexible choice of the hyperparameters p and q in ℓp,q  
regularization. The following two subsections are structured analogously to their Hadamard 
product-based counterparts discussed in Sect. 4. As before, we consider the parameter vec-
tor with group structure β = (β1, . . . , βL)⊤. Consider the following parametrization map-
ping, named the GHPowPk,

	

K : Rd × RL → Rd, (u, ν) �→ u �G |ν|◦(k−1) =




u1
...

uL


 �




|ν1|k−11|G1|
...

|νL|k−11|GL|


 = β.� (39)

On the group level, we have βj = |νj |k−1(uj1, . . . , uj|Gj |)⊤ ∀j ∈ [L], where 

u = (u1, . . . , uL)⊤, ν = (ν1, . . . , νL)⊤, and k > 2. Now, define Rβ(β) ≜ k∥β∥2/k
2,2/k and 

Rξ(u, ν) ≜ ∥u∥2
2 + (k − 1)∥ν∥2

2.
Lemma 16  Given the parametrization map K(u, ν) = u ⊙G |ν|◦(k−1), the minimum of the 
surrogate ℓ2  regularizer Rξ(u, ν) ≜ ∥u∥2

2 + (k − 1 ) ∥ν∥2
2  subject to K(u, ν) = β con-

stitutes an SVF for Rβ(β) ≜ k ∥β∥2/k
2 ,2/k  and is given by

	
min

u,ν:u ⊙G |ν|◦(k−1)=β
∥u∥2

2 + (k − 1)∥ν∥2
2 = k∥β∥2/k

2,2/k ∀β ∈ Rd.� (40)

Using Lemma 6, the optimality conditions provided in the proof ensure lower hemicontinu-
ity of the solution map. Therefore, Assumption 1 holds and we can construct an equivalent 
smooth surrogate Q to an ℓ2,2/k regularized base objective P(ψ, β) for any k > 2:

	 P(ψ, β) = L(ψ, β) + λk∥β∥2/k
2,2/k, � (41)

	 Q(ψ, u, ν) = L
(
ψ, u ⊙G |ν|◦(k−1)) + λ

(
∥u∥2

2 + (k − 1)∥ν∥2
2
)
. � (42)

Corollary 10  The optimization of P  in (41) is equivalent to the optimization of Q in (42) by 
Def. 2, and solutions to P  can be constructed as (ψ̂, β̂) = (ψ̂, û ⊙G |ν̂|◦(k−1)).

6.4  Mixed Norm Regularization with Hadamard Group Powers

Analogous to the previous subsection, we can further apply Hadamard powers to induce ℓp,q  
mixed-norm regularization for arbitrary feasible values 0 < q < p ⩽ 2. As a starting point, 
we again revisit the structured group set-up β = (β1, . . . , βL)⊤. However, to allow for 
non-integer factorization depths, a more complex nested power parametrization is required 
and constructed in the following. Consider the parametrization β = u ⊙G |ν|◦k2 , k2 > 1, 
with u = (u1, . . . , uL)⊤ ∈ Rd and ν = (ν1, . . . , νL)⊤ ∈ RL, corresponding to parame-
trization (39). Additionally, the auxiliary parameter u is parametrized using an invert-
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ible pre-composition, i.e., u = µ ⊙ |µ|◦(k1−1) with k1 > 1 and surrogate parameters 
µ = (µ1, . . . , µL)⊤ ∈ R|G1|+...+|GL| = Rd. We can then define the GHPowPk1,k1+k2  as

	

K : Rd × RL → Rd, (µ, ν) �→ µ � |µ|◦(k1−1) �G |ν|◦k2 =




µ1 � |µ1|◦(k1−1)

...
µL � |µL|◦(k1−1)


 �




|ν1|k2 1|G1|
...

|νL|k2 1|GL|


,

or equivalently on the group level, βj = uj |νj |k2 = µj ⊙ |µj |◦(k1−1) · |νj |k2  for groups 
j ∈ [L]. The parametrization of uj  via µj  is bijective, so that for each uji, i ∈ Gj  in uj , it 
holds µji = sign(uji) · |uji|1/k1 . Thus, we can express the squared Euclidean norm of µj  
as

	
∥µj∥2

2 =
∑
i∈Gj

µ2
ji =

∑
i∈Gj

|uji|2/k1 = ∥uj∥2/k1
2/k1

.

Letting k ≜ k1 + k2 > 2, we define the non-convex base regularizer as 
Rβ(β) ≜ k∥β∥2/k

2/k1,2/k and the surrogate as Rξ(µ, ν) ≜ k1∥µ∥2
2 + k2∥ν∥2

2. Together, K 
and Rξ form an SVF for Rβ:
Lemma 17  For a parametrization K(u, ν) = µ ⊙ |µ|◦(k1 −1) ⊙G |ν|◦k2 , the minimum of 
the surrogate ℓ2  regularizer Rξ(u, ν) ≜ k1 ∥µ∥2

2 + k2 ∥ν∥2
2  subject to K(u, ν) = β con-

stitutes an SVF for Rβ(β) ≜ k ∥β∥2/k
2/k1 ,2/k  and is given by

	
min

µ, ν : µ ⊙ |µ|◦(k1−1) ⊙G |ν|◦k2 = β
k1∥µ∥2

2 + k2∥ν∥2
2 = k∥β∥2/k

2/k1,2/k ∀β ∈ Rd,� (43)

The optimality conditions obtained in the proof of this result further ensure Assumption 1 
holds by establishing lower hemicontinuity of the set-valued solution map of the SVF 
according to Lemma 6. Given an ℓ2/k1,2/k regularized objective P(ψ, β), we can construct 
a surrogate Q(ψ, µ, ν) from the tuple (Rβ, K, Rξ):

	 P(ψ, β) = L(ψ, β) + λk∥β∥2/k
2/k1,2/k, � (44)

	 Q(ψ, µ, ν) = L
(
ψ, (µ ⊙ |µ|◦(k1−1)) ⊙G |ν|◦k2

)
+ λ

(
k1∥µ∥2

2 + k2∥ν∥2
2
)

. � (45)

Corollary 11  The optimization of P(ψ, β) in (44) is equivalent to the optimization of the 
smooth surrogate Q(ψ, u, ν) in (45) for any k1 , k2 > 1  according to Definition 2, and solu-
tions to P  can be constructed from solutions to Q as (ψ̂, β̂) = (ψ̂, µ ⊙ |µ|◦(k1 −1) ⊙G |ν̂|◦k2 ).

7  Optimization Details

In this section, we discuss optimization details of our smooth optimization transfer approach 
and provide some guidance regarding practical implementations.
Iterative optimization using (S)GD A considerable body of literature has established desir-
able convergence properties of (S)GD that hold in overparametrized non-convex settings, 
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such as provably almost always escaping (strict) saddle points under random initialization 
and mild regularity conditions (Lee et al., 2016, 2019). For full-batch GD, however, Du et 
al. (2017) show that it might take exponentially long to escape saddle points. This can be 
reduced to polynomial time in the presence of sufficient perturbation in the gradient updates 
(Ge et al., 2015; Jin et al., 2017), emphasizing the benefit of SGD in efficiently optimizing 
non-convex problems.

The effect of applying a power-product parametrization on the optimization landscape is 
to transfer the problem to a more curved space, which impacts the optimization geometry 
of (S)GD in a way that has been termed the “rich get richer" effect in the Powerpropagation 
literature Schwarz et al. (2021), but can also take other forms depending on the parametri-
zation. The effect hinges on the multiplicative structure of the parametrizations K, leading 
to additional multiplicative dependence of the gradient updates of one factor on the current 
values of a subset of all factors. For the bijective Powerpropagation (36), there is only a sin-
gle surrogate parameter. Hence, the multiplicative dependence on current values becomes 
self-reinforcing: As discussed in Sect. 6.2, loss gradients for large-magnitude parameters are 
magnified, while the gradients for small-magnitude parameters are shrunken, promoting a 
heavy-tailed weight distribution. The same holds for the HDP (11), but separately for each 
surrogate parameter: its (entry-wise) gradient is ∇Kj(γj , δj) = (2γj , 2δj), resulting in self-
reinforcing “rich get richer” dynamics for γj  and δj , respectively. Interestingly, for the HPP 
(10), the multiplicative dependence implies dynamics that are more akin to a “Robin Hood” 
effect that balances the effective learning rates for both parameters, because its entry-wise 
gradient is (vj , uj), i.e., the partial derivatives contain the other factor. For an unbalanced 
factorization |uj | ≫ |vj |, uj  moves slowly because the respective gradient is attenuated 
by vj , and vj  moves fast because the gradient is magnified by uj . If |uj | = |vj |, then both 
parameters have the same effective learning rate. These adaptive dynamics also show in 
the gradient of the smooth surrogate (46) where the product-structured Jacobian JK(ξ)(ξ) 
essentially acts as a parameter-dependent preconditioner leading to adaptive step sizes and 
momentum (Arora et al., 2019).

Besides overparametrization, our approach also imposes differentiable surrogate regu-
larization, which fundamentally differentiates our approach from the mere (unpenalized) 
overparametrization in implicit regularization. In these methods, the optimization dynamics 
of the overparametrized problem are tweaked, e.g., via impractically small initialization 
scales (Vaskevicius et al., 2019; Woodworth et al., 2020; Zhao et al., 2022), so that the opti-
mizer converges to a specific solution on the global minima manifold, such as the minimum 
ℓ1-norm solution. In contrast, our optimization transfer approach transforms the sparsity-
regularized problem while exactly preserving the solution structure, and hence, in theory, is 
agnostic to how this solution is reached. This means our smooth surrogate can, in principle, 
be solved with any optimizer and does not rely on changing the gradient flow dynamics in a 
specific way to induce implicit regularization behavior.
Critical points Due to the results obtained in Lemma 3 and Lemma 4, any local minimum 
of the surrogate optimization problem corresponds to a local minimum in the base param-
etrization. As a result, if the base optimization problem P(ψ, β) is convex, e.g., for a con-
vex L(ψ, β) with ℓ1 or ℓ2,1 regularization, every local minimum of the surrogate problem 
Q(ψ, ξ) is necessarily global. For non-convex base problems, our approach ensures no 
spurious minima are created in the optimization transfer.
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However, such a matching property does not necessarily hold for critical points of the 
surrogate Q, owed to the zero-product property of the parametrizations K. Without loss 
of generality, consider a non-smooth regularized objective P(β) = L(β) + λRβ(β) with 
smooth loss L(β) and no additional unregularized parameters ψ. Applying the proposed 
smooth optimization transfer, we construct the surrogate Q(ξ) = L(K(ξ)) + λRξ(ξ) using 
a smooth parametrization K(ξ) and further imposing surrogate ℓ2 regularization on ξ. The 
gradient of Q with respect to ξ is then given by

	 ∇ξQ(ξ) = J ⊤
K(ξ)(ξ)∇KL(K(ξ)) + λ∇ξRξ(ξ),� (46)

where JK(ξ)(ξ) is the d × dξ-dimensional Jacobian of K at ξ, and the gradients ∇KL(K(ξ)) 
and ∇ξRξ(ξ) are d- and dξ-dimensional vectors, respectively. For the parametrizations we 
consider, the Jacobian JK(ξ)(0) at ξ = 0 is the null matrix. As Rξ(ξ) is a type of ℓ2 penalty, 
we have ∇ξRξ(0) = 0, and it follows ∇ξQ(0) = 0. Therefore, ξ = 0 is a critical point of 
Q, irrespective of the gradient ∇KL(K(ξ)) of L in the base objective. A derivation of the 
Hessian of Q is given in Appendix D.
Regarding the nature of potentially spurious critical points, it is known that parametrizations 
of depth k = 2, such as the HPP or HDP, only induce strict saddle points at ξ = 0, since 
their Hessian evaluated at the origin HK(0) contains parameter-independent non-zero con-
stants that ensure a strictly negative eigenvalue (Zhao et al., 2022).2 Through construction 
of a counterexample, (Kawaguchi, 2016, Corollary 2.4) shows that the strict saddle prop-
erty does not necessarily hold for deep factorizations with depth k > 2. In our framework, 
this corresponds to those parametrizations K that induce non-convex ℓq  or ℓp,q  regulariza-
tion in the base objective under surrogate ℓ2 regularization. For this class of non-convex 
regularizers with unbounded derivatives approaching the origin, β̂ = 0 is always a local 
minimizer in the base problem P(β), regardless of L(β) (Loh & Wainwright, 2015). In the 
constructed smooth surrogate Q(ξ), this is reflected in the Hessian HQ(ξ)(ξ). For k > 2 and 
λ = 0, the Hessian at ξ = 0 degenerates to a null matrix, HQ(ξ)(0) = 0, inducing a higher-
order saddle point. For the regularized problems we are interested in, the strong convexity 
of Rξ(ξ) guarantees that HQ(ξ)(0) has only positive eigenvalues. Thus, ξ̂ = 0 is a local 
minimizer of Q, corresponding to the local minimizer β̂ = 0 in P(β) that is induced by the 
non-convex regularizer Rβ(β). Hence, the additional ℓ2 regularization in our smooth sur-
rogate avoids the problematic spurious non-strict saddle point at ξ = 0 induced by K, even 
for non-convex regularization with k > 2. Importantly, ξ̂ = 0 being a local minimizer of the 
surrogate Q(ξ) for non-convex ℓq  and ℓp,q  regularization in the base problem P(β) is not a 
property of our proposed method, but of the non-convex regularizer Rβ(β).
Initialization Another relevant question concerns finding effective and well-founded ini-
tializations for the surrogate parameters, and how they relate to an appropriate initialization 
of the base parameter βt at t = 0. A natural approach would be to initialize the surrogate 
parameters functionally equivalent to a standard initialization scheme for the base parame-
ter β0. However, in the case of overparametrization, there are many such options, and it is a 
priori unclear how to optimally select among feasible initializations of β0. It seems natural 
to initialize the surrogate parameters ξ according to the optimality conditions provided by 
the implemented SVF, i.e., ξ0 = ξ̂(β0), where ξ̂(β) is the set-valued solution mapping of 

2 A strict or ridable saddle point is a saddle at which the Hessian has at least one strictly negative eigenvalue, 
i.e., there is a direction of descent.
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the SVF, and β0 is obtained from a standard initialization scheme for the base parameters. 
This ensures that the optimization is initialized at a minimizer of the surrogate penalty 
Rξ(ξ) over {ξ : K(ξ) = β0}.

To provide two examples, consider a parametrization of β using HPPk, i.e., β = u⊙k
l  

with surrogate ℓ2 regularization. One approach then entails initializing the surrogate factors 
ul identically as u0

l = k
√

|β0|, and subsequently multiplying one (arbitrary) factor u0
l  by 

the respective signs of β0.3 For structured sparsity using the GHPP, β = u ⊙G ν, the surro-

gate parameters are initialized as ν0
j =

√
∥β0

j ∥2 and u0
j = β0

j /
√

∥β0
j ∥2, again equivalently 

for sign patterns ±(u0
j , ν0

j ). Another option would be to randomly initialize all factors, but 
increase the initialization scale so that the product is initialized at a desired scale, a variant 
of which is proposed in Kolb et al. (2025).
Effects on optimization landscape The parametrizations K(ξ) = β considered in this work 
(cf. Assumption 2) are based on Hadamard products and powers. This has a notable effect on 
the loss landscape, primarily due to a modification of curvature induced by the multiplica-
tive nature of the parametrizations. For the bijective Powerpropagation (36), the warping 
effect of the reparametrization takes place in the same space as the base parameters and can 
thus be disentangled from overparametrization. Appendix C.3 contains more details.
Practical implementation It is important to consider the case when the surrogate param-
eters ξj  corresponding to some base parameter βj  are initialized in an orthant that maps 
to an incorrect sign under the multiplicative parametrization K compared to the solution 
β̂j . In these cases, it is crucial to use large learning rates during early iterations, as previ-
ously suggested by, e.g., Li et al. (2023). Otherwise, the respective parameter iterates will 
gradually approach zero from the side of the initial orthant. This occurs due to the “rich get 
richer” effect, resulting in diminishing gradient magnitudes as the parameter approaches 
zero, making it difficult to “step over" the zero boundary. Although for most DNNs the sign 
pattern is not identified, large step sizes in DL have been found to drive SGD toward simpler 
structures (Andriushchenko et al., 2023; Chen et al., 2024) and balanced Hadamard factors 
(Ziyin, 2024), thus facilitating sparse optimization. Besides initially large learning rates, 
we further emphasize the importance of the commonplace recommendation of using either 
small batch sizes in SGD or perturbing the gradient updates via additional noise injection 
for faster convergence and the improved ability to escape saddles and local minima (Jin et 
al., 2017). Further, note that using (S)GD to optimize the differentiable surrogate does not 
have an inherent proximal step. Consequently, the iterates can only asymptotically approach 
theoretically zero values in a finite number of steps. However, this issue is benign, as with 
standard training hyperparameters, numerically zero or negligibly small floating point rep-
resentations can be attained. For additionally accelerated and more adaptive optimization, a 
dynamic thresholding schedule can be implemented, in which during training the surrogate 
parameters ξj = 0 parametrizing a scalar parameter are thresholded if the reconstructed 
parameter |βj | < εtiny . In this way, the weights are automatically removed from future 
updates early on, allowing the optimization more time exploring sparser subnetworks with-
out having to implement a hard mask or change the architecture. This is not required due to 
the multiplicative structure of the gradients of K, which necessarily all become zero for all 
future iterations once ξj = 0.

3 Applying any sign pattern to the ul that respects the signs of β0 under the parametrization K is valid.
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8  Related Work

In this section, we relate our optimization transfer framework and the presented parametri-
zations to prior art. In recent years, parametrizations based on Hadamard products have 
attracted considerable interest in several fields, including DL, statistics, signal processing, 
and optimization. The context in which they are applied varies significantly, so we focus 
on works that use these parametrizations for sparsity-inducing regularization with explicit 
surrogate regularization, i.e., not relying on manipulating the optimization dynamics as in 
implicit regularization approaches.
Comparison to prior work using explicit regularization In our work, we extend the lit-
erature on approximation-free, differentiable optimization for sparse regularization using 
a combination of overparametrization and surrogate regularization. An early connection 
between ℓ1 and an adaptive variant of ℓ2 regularization using the HPP was first observed 
by Grandvalet (1998). In statistics, the basic idea was re-discovered for a restricted prob-
lem class by Hoff (2017) using the HPPk, however, without noting its compatibility with 
SGD or its applicability to non-linear models. Unlike our work, their suggested method is 
limited to linear models, for which the overparametrized objective can be optimized using 
alternating ridge regressions due to the multi-convex nature of the optimization problem. 
This multi-convexity is lost in more complex models like neural networks, requiring less 
restrictive optimizers like SGD. Besides these, Tibshirani (2021) additionally studies the 
GHPPk in linear models and finds that they have identical global minima to certain weight-
decayed network architectures (cf. Fig. 3). Notably, a simple weight-decayed diagonal lin-
ear network with one hidden layer has the same global minimum as the lasso, which, in 
turn, is equivalent to applying the Hadamard product parametrization and ℓ2 regularization. 
This observation can also be implicitly inferred from the representation cost analysis of the 
same architecture presented in Dai et al. (2021). Building on the results of Hoff (2017), the 
work of Ziyin and Wang (2023) constitutes a first endeavor to adapt differentiable sparse 
regularization to the dominant SGD optimization paradigm for DNNs, however, using only 
a two-parameter factorization.
Previous works, however, exhibit several limitations. First, their scope is limited to single or 
a small subset of known sparsity-inducing parametrizations (cf. Table 1), while we are the 
first to provide a comprehensive account. Among the works incorporating ℓ2 regularization 
to induce sparsity, the proposed methods are either confined to linear models by scope (Dai 
et al., 2021; Tibshirani, 2021) or restrictions of their optimization procedure (Hoff, 2017). 
The only work applying overparametrization with ℓ2 regularization to broader objectives 
is Ziyin and Wang (2023), whose approach is limited to a simple overparametrization for 
induced convex ℓ1-type regularization. Further, we place particular emphasis on ensuring 
matching local minima as a crucial property to preserve structure in the overparametrized 
problem, which aligns with the work of Levin (2020) and Nouiehed and Razaviyayn (2022) 
and was previously only discussed by Hoff (2017); Ziyin and Wang (2023).

Moreover, although the implicit regularization literature also studies several over-
parametrizations Woodworth et al. (2020); Gunasekar et al. (2018); Nacson et al. (2022); 
Vaskevicius et al. (2019); Li et al. (2021); Gissin et al. (2019); Moroshko et al. (2020); 
Chou et al. (2023); Vivien et al. (2022), these works do not consider the induced regu-
larizer under explicit surrogate regularization and base their implicit regularization on the 
manipulation of optimization dynamics, mainly through vanishing initialization scales. This 
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renders implicit regularization approaches impractical and fundamentally different from our 
approach, besides their restriction to convex ℓ1 regularization in important settings (Nacson 
et al., 2022). Due to these limitations, the goal of implicit regularization works is mainly to 
understand optimization dynamics, and few works are specifically geared toward practical 
applications Zhao et al. (2022); Chou et al. (2022). In contrast, our method does not rely on 
manipulation of the optimization dynamics to reach a specific minimizer, but has the same 
solution structure as the sparsity-regularized problem, a property that is independent of 
optimization dynamics.
Table 2 compares the most closely related prior works. In the following, we further describe 
the related literature on Hadamard parametrizations in different subfields.
DL literature In the theoretical DL community, the surge in activity can be ascribed to the 
correspondence of Hadamard product-based parametrizations of linear models and simple, 
easy-to-analyze network architectures with linear activations (Dai et al., 2021; Tibshirani, 
2021), predominantly studied under the name of diagonal linear networks (Even et al., 2023; 
Gissin et al., 2019; Gunasekar et al., 2018; Li et al., 2021; Pesme et al., 2021; Wang & 
Jacot, 2024), as well as similar stylized architecture for structured sparsity (Li et al., 2023). 
These networks are primarily analyzed in the context of implicit regularization effects and 
the representation cost of neural networks. The first phenomenon studies initialization and 
trajectory-based regularization effects of (S)GD without any explicit regularization term 
(Vaskevicius et al., 2019; Woodworth et al., 2020), whereas the latter is concerned with mea-
suring the cost that is required for a DNN to represent particular functions in terms of norms 
of network weights (Dai et al., 2021; Jacot et al., 2022). Implicit regularization through 
Hadamard product-based overparametrization of linear models was further extended to 
robust and sparse linear regression in Ma and Fattahi (2022) using subgradient descent. In 
the absence of explicit regularization, Chou et al. (2023) study the implicit regularization of 
two variants of Hadamard parametrizations on gradient flow under vanishing initialization, 
obtaining improved sample complexity for compressed sensing problems. The “rich” gradi-
ent dynamics (Woodworth et al., 2020) caused by identical small initialization are further 
developed for overparametrized non-negative least squares problems in Chou et al. (2022). 
Contrasting our explicit surrogate regularization, an important shortcoming of implicit 
regularization approaches is that it is limited to convex ℓq  norms for q ⩾ 1 for common 

Table 2  Overview of related works using Hadamard parametrizations for explicit and implicit sparse 
regularization.
Reference Regularization Induced sparse 

regularizers
Matching 
Local 
Min.

Corre-
sponding 
NN struct.

Application 
to arbitrary 
model sub-
components

Grandvalet (1998) Explicit 
ℓ2 (adaptive)

ℓ1 ✗ ✗ ✗ (LM)

Hoff (2017) Explicit ℓ2 ℓq  (restricted) ✓ ✗ ✗ (LM)
Ziyin and Wang (2023) Explicit ℓ2 ℓ1, ℓ2,1 ✓ (ℓ1) ✗ ✓
Tibshirani (2021) Explicit ℓ2 ℓq , ℓ2,q  (restricted) ✗ ✓ ✗ (LM)
Zhao et al. (2022) Implicit (GD) min-ℓ1-solution ✓ ✗ ✗ (LM)
Our framework Explicit 

ℓ2 (weighted)
ℓq , ℓp,q ✓ ✓ ✓

GD stands for gradient descent, and LM for linear model. In the third column, the addition (restricted) 
refers to a choice of q = 2/k, k ∈ N.
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losses such as the square loss, ruling out non-convex ℓq  regularization for q < 1 (Nacson et 
al., 2022; Woodworth et al., 2020). Li and Lin (2024) improve the adaptivity of sequence 
models using multiplicative overparametrization, whereas Kolb et al. (2025a, 2025b) apply 
structured overparametrization to induce, e.g., attention sparsity in transformer models.
Statistics literature The implicit ℓ1 regularization effect of applying a simple Hadamard 
product parametrization to the parameters of a linear model under vanishing initialization 
and GD was studied by Zhao et al. (2022). Under the name “neuronized priors”, Shin and 
Liu (2022) studies similar parameter factorizations in a Bayesian modeling framework, 
whereas Cheltsov et al. (2024) proposes Hadamard Langevin dynamics for sampling ℓ1 
priors. (Kaushik et al., 2024) derive asymptotics for a family of reweighted least-squares 
approaches for linear models with Hadamard product parametrization.
Signal processing literature Li et al. (2023) recently applied the Hadamard Product Param-
etrization (HPP) to solve the tail-ℓ1 problem in compressed sensing. In a more general 
setting, Yang et al. (2022), and subsequently Parhi and Nowak (2023), analyze the sparse 
functional representations learned by ℓ2 regularized neural networks with homogeneous 
activation functions from a signal processing perspective, employing a similar line of rea-
soning to our work to show the equivalence of group sparse ℓ2,1 and surrogate ℓ2 regu-
larization using their Neural Balance Theorem. Similarly, starting with Neyshabur et al. 
(2015a, 2015b), several works advanced the understanding of ℓ2 regularized networks and 
the inductive biases in the learned representations (see, e.g. Pilanci and Ergen, 2020; Ergen 
and Pilanci, 2021, 2023; Jagadeesan et al., 2022).
Optimization literature Micchelli et al. (2013) study the optimization of convex regular-
izers such as the ℓ1 penalty by smoothly approximating the absolute value using a quadratic 
variational formulation of the regularizer involving an additional surrogate parameter η. This 
concept is similarly discussed in Bach et al. (2012) under the umbrella term sub-quadratic 
norms. Formal connections between the so-called η-trick and the Hadamard product (over)
parametrizations studied in Hoff (2017) are established for convex and lower semicontinu-
ous proper loss functions in Poon and Peyré (2021), who subsequently leverage Hadamard 
parametrizations to smooth bilevel programming (Poon & Peyré, 2023). Recently, Ouyang 
et al. (2025) studied smooth ℓ1 regularization using Hadamard parametrizations and derive 
the surrogate Kurdyka-Lojasiewicz exponent at second-order stationary points from that of 
the original objective. An analysis of the optimization dynamics of the HPPk applied to a 
linear model under gradient flow is presented in Labarrière et al. (2024) and connections 
to a corresponding mirror flow are made by, e.g., Poon and Peyré (2023); Labarrière et al. 
(2024); Jacobs and Burkholz (2025); Jacobs et al. (2025). Another branch of literature in 
optimization that is related to our approach is the perspective functions framework, a versa-
tile tool for constructing proximal methods (Combettes & Müller, 2018, 2020).

9  Numerical Experiments

In this section, we present experimental findings supporting our theoretical results and dem-
onstrating the generality of our method by applying it to various learning problems ranging 
from non-convex regularized linear regression to enhanced DNN pruning and filter-sparse 
convolutional neural networks (CNNs). The main goal of these experiments is not to estab-
lish the superiority of our method over other approaches but rather to demonstrate the prac-
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tical feasibility and competitiveness of using SGD to solve non-smooth regularization.4 
Details on optimization settings and architectures can be found in Appendix B.

9.1  Failure of (Sub)GD to Solve Sparse Regularization

First, we illustrate the failure of directly applying GD to solve both unstructured and struc-
tured sparsity regularization, even in the case of a convex (group) lasso objective with linear 
predictor and independent features. In DL libraries, the gradient at non-differentiable points 
is typically assigned zero in the GD update, effectively constituting subgradient descent. To 
this end, we draw X ∈ R1000×100, β ∈ R100, and ε ∈ R1000 from independent Gaussians 
and compose the noisy outcome as Y = Xβ + ε. For the group lasso, the parameters are par-
titioned into L = 20 groups. The objectives in the base parametrization for both regularizers 
are Pℓ1 (β) = 1

n ∥Y − Xβ∥2
2 + λ∥β∥1 and Pℓ2,1 (β) = 1

n ∥Y − Xβ∥2
2 + λ

∑L
j=1 ∥βj∥2, 

and we compare three optimization approaches: directly applying GD to the non-smooth 
objective, GD under smooth optimization transfer using the (G)HPP, and a highly efficient 
specialized combination of non-smooth methods, implemented in glmnet (Friedman et 
al., 2010) and SGL (Simon et al., 2013). The equivalent differentiable objectives of the 
second approach are defined as Qℓ1 (u, v) = 1

n ∥Y − X(u ⊙ v)∥2
2 + λ

2 (∥u∥2
2 + ∥v∥2

2) and 
Qℓ2,1 (u, ν) = 1

n ∥Y − X(u ⊙G ν)∥2
2 + λ

2 (∥u∥2
2 + ∥ν∥2

2) for u, v ∈ R100 and ν ∈ R20.

Figure 6 shows the failure of direct GD to achieve parameter (group) sparsity. In contrast, 
applying GD to the equivalent smooth objective Q matches the regularization paths of the 
specialized optimizers, providing numerical evidence that by optimizing the equivalent sur-
rogate, the non-smooth base problem can be solved exactly using fully differentiable stan-
dard GD. Figure 11 further plots the parameter norms as a function of λ, complementing 
previous findings. For direct GD, the weight norm even starts to increase for large values of 
λ, raising serious concerns about the actual effect achieved by direct GD optimization for ℓ1 
regularized DNNs e.g.,, (Han et al., 2015; Wen et al., 2016; Liu et al., 2017).

9.2  Comparison with Convex and Non-convex Regularizers

Next, we investigate the behavior of our smooth optimization method for ℓq  regularization 
under SGD in a high-dimensional (d > n) sparse linear regression simulation setting, com-
paring against widely-used convex and non-convex regularizers. The ℓq  regularized sparse 
linear regression problem we consider is defined as P(β) = 1

n ∥Y − Xβ∥2
2 + λ∥β∥2/k

2/k. 
Smooth optimization of this objective is achieved by overparametrization of β using the 
HPPk for factorization depths k ∈ {2, 3, 4, 6}. Combined with ℓ2 regularization of the 
surrogate parameters, equivalent smooth surrogates for SGD optimization are given by 
Q(u1, . . . , uk) = 1

n ∥Y − Xu⊙k
l ∥2

2 + λ
k

∑k
l=1 ∥ul∥2

2. We compare our models against 
widely used implementations of convex ℓ1 and non-convex SCAD and MCP regularizers, as 
well as an oracle model that is obtained as the least squares estimator using only the true infor-
mative features. All models are evaluated with respect to their standardized estimation error 

∥β̂ − β∗∥2
2/∥β∗∥2

2, as well as their test root mean squared error 
√

n−1∥Y − Ŷ ∥2
2 (RMSE).

4 We stress that the proposed method offers a differentiable formulation of sparse regularizers, thus inherently 
tying its performance to that of the induced regularizer.
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Figure 7 shows the distribution of estimation and test prediction errors over 30 simulation 
runs. The results indicate that the performance of our differentiable method for ℓq  regu-
larization improves monotonically with the factorization depth k, outperforming ℓ1 regu-
larization for k > 2, and surpassing or matching both SCAD and MCP. These results are 
noteworthy considering the use of vanilla SGD without tuning. Comparing the performance 
of the Hadamard parametrized model of depth k = 2 and the standard implementation of 
the lasso, we find virtually identical results, empirically validating our theoretical results.

Besides estimation and prediction error, the support recovery of our approach is also of 
interest for variable selection. In line with previous findings, we demonstrate empirically 
that deeper factorizations improve support recovery. Appendix B contains the correspond-
ing results, as well as additional experiments for both a low-dimensional (d < n) setting and 
varying sparsity of the ground-truth parameter, whose findings are consistent with previous 
results.

9.3  Unstructured Sparsity: Enhanced DNN Pruning

In this application, we demonstrate how one-shot pruning of DNNs can be enhanced with 
differentiable (non-convex) sparse regularization using the HPPk. Pruning (Lecun et al., 
1989) is the dominant sparsification technique for DNNs (Hoefler et al., 2021) and selec-
tively removes components according to some saliency criterion, typically chosen to be the 
weight magnitude. Our method, as any sparse regularizer, can be easily combined with other 
sparsification schemes, e.g., by additionally applying global magnitude pruning (Blalock et 
al., 2020) after training the overparametrized sparse network.
To evaluate this approach, we train a LeNet-300-100 on the MNIST image classification 
task (Deng, 2012) using Adam. The fully connected network has two hidden layers with 
300 and 100 units and ReLU activation. We apply the HPPk to all 266, 610 weights and 
biases for depths k ∈ {2, 3, 4}. After training, the Hadamard factors are collapsed and the 
reconstructed model is further pruned to desired sparsity levels without finetuning. Fig-
ure 8 (left) shows the pruning curves for λ = 0 and different depths k. The plot reveals 
that factorizing the parameters without surrogate ℓ2 regularization already improves the 
pruning performance, in line with the arguments provided for the mechanism of Power-

Fig. 6  Comparison of regularization paths of (G)HPP-based GD and direct (Sub)GD optimization of the 
non-smooth ℓ1 regularized lasso a and ℓ2,1 regularized group lasso b objectives. Dashed lines indicate 
(optimal) solutions of the non-smooth optimizer. Parameters (groups) with magnitude (ℓ2 norm) below 
1 × 10−6 are considered 0.
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propagation (Schwarz et al., 2021). This is surprising since the model expressivity has not 
changed, highlighting important trajectory-dependent effects. The right plot is with active 
ℓ2 regularization, inducing sparse ℓ2/k regularization according to our theory. The Pareto 
curves are taken as the best performance over a grid of λ values for each sparsity level. 
The results show drastic improvements over both the baseline (magnitude pruning) and the 
unregularized overparametrization, with induced non-convex regularization (k > 2) further 

Fig. 8  One-shot pruning curves obtained by overparametrizing the weights and biases of a LeNet-300-
100 trained on MNIST using the HPPk . Left: results for unregularized models. Right: adding smooth ℓ2 
regularization perhaps counterintuitively produces profound sparsity-inducing effects. Magnitude-based 
pruning constitutes the baseline and the error bars show standard errors over five random initializations

 

Fig. 7  Stand. estimation error (top row) and test prediction error (bottom row) for two Σ settings (col-
umns) of our approach for depths k ∈ {2, 3, 4, 6}, compared with specialized optimizers for ℓ1 and 
non-convex SCAD and MCP penalties
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outperforming induced ℓ1 sparsity. At a fixed accuracy of 75%, magnitude pruning still 
uses ≈ 24, 000 param., while the models for k = 2, 4 require only ≈ 1, 800 and 230 param-
eters, respectively. Similarly, at a fixed sparsity of 99.9%, the model performance for k = 2 
almost degrades to random guessing, while the depth 4 model retains > 80% test accuracy.

9.4  Structured Sparsity: Filter-Sparse CNNs

The next experiment applies the structured Hadamard power parametrization from 
Sect.  6.3 to a small VGG-style CNN to obtain filter sparsity. The network has a total 
of 99,  178 parameters of which 64,  800 are filter weights. Although structured spar-
sity in DL generally leads to poorer performance-sparsity trade-offs than unstruc-
tured sparsity, its capacity to jointly remove whole model components permits a much 
greater reduction in computational footprint and is thus of particular interest for practi-
cal applications. Writing the regularized CNN training objective for filter sparsity as 
P(ψ, β) = L(ψ, β) + λ∥β∥2/k

2,2/k, all biases and the weights of fully-connected layers are 
contained in ψ while β comprises the grouped filter weights of the convolutional layers. 
Applying the GHPowPk as defined in (39) to β, the equivalent differentiable objective 
reads Q(ψ, u, ν) = L(ψ, u ⊙G |ν|◦(k−1)) + λ

k

∑L
j=1(∥uj∥2

2 + (k − 1)ν2
j ), where L is the 

total number of filters. Effectively, the weights of each filter are multiplied by a shared sca-
lar |νj |k−1, inducing the group structure. Note that by using a structured Hadamard power 
parametrization, only one additional parameter per filter is introduced for any factorization 
depth k, resulting in minimal overparametrization (99, 370 parameters). Figure 9 shows the 
regularization path for the overparametrized CNNs trained on MNIST using real-valued 
depths k ∈ {2, 2.5, 3}. The models are trained using SGD without any post-hoc pruning and 
compared to (structured) magnitude pruning of the original CNN based on the ℓ2 norm of 
the filter weights. The results show a > 90% filter reduction at a negligible drop in accuracy, 
with deeper factorizations allowing for slightly higher sparsity. In comparison, structured 
magnitude pruning already starts degrading sharply at 50% sparsity.
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Fig. 9  Structured Sparsity using GHPowP. Left: regularization paths for (structured) filter sparsity using 
the GHPowPk  for k ∈ {2, 2.5, 3} to overparametrize the filter weights of a small VGG architec-
ture trained on MNIST. Structured magnitude pruning based on filter norms constitutes the baseline. 
Right: layer-wise sparsity patterns for the GHPowP3. Error bars show standard errors over ten random 
initializations
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9.5  Computational Complexity

An important question is how the overparametrization in our method affects the runtime 
complexity of DNN training using SGD. Since the networks are reduced to their base param-
etrization after training and sparse components are removed, the inference time complexity 
is reduced by the extent of the achieved sparsity. During training, the overparametrization 
increases both model size and computational complexity, which is heavily dependent on the 
architecture, hardware, and specific choice of K.
To evaluate the impact of our approach, we train a fully-connected ReLU network with 
four hidden layers on the Fashion MNIST data set (Xiao et al., 2017). Figure 10 reports the 
mean wall-clock training time per sample for different batch sizes and factorization depths 
k of both the HPPk (22) and its parameter-sharing counterpart the HPPshared

k  (32). The 
results show that the computational overhead increases sublinearly in k, but with diminish-
ing effects for larger batches. For the HPPk, training time is at worst roughly tripled for 
k = 8, whereas parameter sharing affords significant improvements over the full HPPk: 
for batch sizes ⩾ 64, there is no discernible increase in training time for the tested depth 
levels. Details on architecture, hardware, and additional results for a ResNet are provided 
in Appendix B.4.

10  Summary and Discussion

In this work, we propose a general framework for smooth optimization of objectives that 
involve non-smooth and potentially non-convex sparse regularization of parameter subsets. 
Being model- and loss-agnostic, our approach is applicable to a wide range of scenarios. 
The key idea underlying our method is to find a smooth variational form of the non-smooth 
sparse regularizer. Applying a smooth parametrization map and a change of regularizers 
enables the construction of an equivalent smooth surrogate objective, eliminating the need 
for specialized optimization routines for non-smooth and non-convex problems. Moreover, 
our framework can be easily integrated into existing differentiable structures such as DNNs. 
Our general template is applied to the smooth optimization of a broad range of non-smooth 
ℓq  and ℓp,q  regularized optimization problems for (structured) sparsity. Numerical experi-

Fig. 10  Time per sample (training) for different factorization depths and batch sizes. Left: full overparam-
etrization using the HPPk . Right: parameter sharing significantly reduces computational overhead. Aver-
ages over four epochs are displayed
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ments demonstrate the practical feasibility and effectiveness of our method in various sparse 
learning problems and in comparison with other methods.
Our approach also presents certain limitations that merit discussion. One limitation pertains 
to the initialization of the surrogate parameters, where an optimal choice is not straightfor-
ward. In addition, while our approach enables efficient optimization using SGD, obtaining 
(numerically) exact zeros is not guaranteed for small λ. This is a characteristic of SGD and 
not a limitation of the optimization transfer per se. For variable selection, we recommend a 
post-thresholding step. It is worth emphasizing that these challenges do not inherently limit 
the potential of our approach; instead, they underline key areas where additional research 
is needed.
There are several promising avenues for future research. Notably, our approach offers the 
flexibility to construct reparametrized, sparse “drop-in" replacements for network com-
ponents, allowing for modular sparse regularization in differentiable network structures. 
This makes our method especially well-suited for exploring applications across various 
domains, such as input-sparse DNNs. Although a heuristic initialization performed well in 
our experiments, there is further great interest in understanding how to construct initializa-
tion schemes tailored to the surrogate parameters. There is also an opportunity to investigate 
the relationship between our smooth optimization transfer approach and implicit regulariza-
tion methods in the DL literature. Our approach enforces a balanced parameter norm con-
dition through surrogate ℓ2 regularization, which bears similarities to the balanced weight 
conditions employed in implicit regularization techniques. Investigating this relationship 
could reveal valuable insights and potential synergies between the two approaches. Lastly, 
establishing theoretical conditions for the existence of differentiable parameterizations K 
and surrogate regularizers Rξ inducing a given Rβ  constitutes an interesting direction for 
future research.

Appendix A Proofs of Lemmas and Theorems

A.1 Proof of Lemma 1

Proof  Assume (ψ̂, β̂) is a local minimizer of P(ψ, β), then ∃ ε > 0 : ∀(ψ′, β′) ∈ B((ψ̂,

β̂), ε) : P (ψ̂,β̂) ⩽ P(ψ′, β′). Since K(ξ) is a continuous surjection, so is 
K̃(ψ, ξ) ≜ (ψ, K(ξ)). Pick any (ψ̂, ξ̂) ∈ K̃−1(ψ̂, β̂)= {ψ̂} × {ξ̂ : K(ξ̂) = β̂}. By conti-
nuity of K̃, there ∃δ > 0 : K̃(B((ψ̂, ξ̂), δ))⊆ B(K̃(ψ̂, ξ̂), ε) = B((ψ̂, β̂), ε). This means 
∀ (ψ′, ξ′) ∈ B((ψ̂, ξ̂), δ) : (ψ′, K(ξ′)) =(ψ′, β′) ∈ B((ψ̂, β̂), ε). Since by assumption, 
P (ψ̂, β̂) ⩽ P(ψ′, β′) for all (ψ′, β′) ∈B((ψ̂, β̂), ε), and by continuity all (ψ′, ξ′) ∈
B((ψ̂, ξ̂), δ) map to some (ψ′, β′) in B((ψ̂, β̂), ε) under K̃, we conclude that

	∀ (ψ′, ξ′) ∈ B((ψ̂, ξ̂), δ) : P(K̃(ψ̂, ξ̂)) = P(ψ̂, K(ξ̂)) = P(ψ̂, β̂) ⩽ P(ψ′, β′) = P(ψ′, K(ξ′)) .

Therefore, if (ψ̂, β̂) is a local minimizer of P(ψ, β), then all (ψ̂, ξ̂) in the fiber K̃−1(ψ̂, β̂) 
are local minimizers of P(ψ, K(ξ)) with equivalent local minima P(ψ̂, β̂) = P(ψ̂, K(ξ̂)). 
� □
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A.2 Proof of Lemma 2

Proof  Assume  (ψ̂, ξ̂) is a local minimizer of P(ψ, K(ξ)), then 
∃ ε > 0 : ∀(ψ′, ξ′) ∈ B((ψ̂, ξ̂), ε) : P(ψ̂,K(ξ̂)) ⩽ P(ψ′, K(ξ′)). Since K(ξ) is locally 
open at ξ̂, so is K̃(ψ, ξ) ≜ (ψ, K(ξ)) at (ψ̂, ξ̂). By local openness, we can find δ > 0 
such that B(K̃(ψ̂, ξ̂), δ) ⊆ K̃(B((ψ̂, ξ̂), ε)). Thus, ∀ (ψ′, β′) ∈B(K̃(ψ̂, ξ̂), δ) ∃ (ψ′, ξ′) ∈
B((ψ̂, ξ̂), ε) such that (ψ′, K(ξ′)) = (ψ′, β′). But since we have by assumption that 
∀ (ψ′, ξ′) ∈ B((ψ̂, ξ̂), ε) : P(ψ̂, K(ξ̂)) = P(ψ̂, β̂) ⩽ P(ψ′, K(ξ′)), and we established 
∀(ψ′, β′) ∈ B((ψ̂, β̂), δ) ∃ (ψ′, ξ′) ∈ B((ψ̂, ξ̂), ε) : (ψ′, β′) = (ψ′, K(ξ′)), it follows

	 ∀ (ψ′, β′) ∈ B((ψ̂, β̂), δ) : P(ψ̂, β̂) = P(ψ̂, K(ξ̂)) ⩽ P(ψ′, K(ξ′)) = P(ψ′, β′) .

Thus, (ψ̂, β̂) = (ψ̂, K(ξ̂)) is a local minimizer of P(ψ, β) with corresponding local mini-
mum P(ψ̂, β̂) = P(ψ̂, K(ξ̂)). □

A.3 Proof of Lemma 3

Proof  Assume (ψ̂, β̂) is a local minimizer of P(ψ, β), then ∃ ε > 0 : P(ψ̂, β̂) ⩽ P(ψ′, β′) 
∀ (ψ′, β′) ∈ B((ψ̂, β̂), ε). Since K(ξ) is a continuous surjection, so is 
K̃(ψ, ξ) ≜ (ψ, K(ξ)). By assumption of the variational form in Assumption  1, 
∃ξ̂ ∈ arg min Rξ(ξ)ξ:K(ξ)=β̂ ⊆ {ξ : K(ξ) = β̂} so that Rξ(ξ̂) =Rβ(K(ξ̂)) = Rβ(β̂), and there-
fore also P(ψ̂, β̂) = L(ψ̂, β̂) + λRβ(β̂) = L(ψ̂, K(ξ̂)) + λRβ(K(ξ̂)) = L(ψ̂, K(ξ̂)) + λRξ(ξ̂) = Q(ψ̂, ξ̂).

By continuity of K̃, there ∃δ > 0 : K̃(B((ψ̂, ξ̂), δ)) ⊆ B(K̃(ψ̂, ξ̂), ε) = B((ψ̂, β̂), ε). This 
means ∀ (ψ′, ξ′) ∈ B((ψ̂, ξ̂), δ) : (ψ′, K(ξ′)) = (ψ′, β′) ∈ B((ψ̂, β̂), ε). Because (ψ̂, β̂) 
is a local minimizer of P(ψ, β), P(ψ̂, β̂) ⩽ P(ψ′, β′) for all (ψ′, β′) ∈ B((ψ̂, β̂), ε), and 
by continuity of K̃, all (ψ′, ξ′) ∈ B((ψ̂, ξ̂), δ) map to some (ψ′, β′) in B((ψ̂, β̂), ε). Then 
we can conclude P(ψ̂, K(ξ̂)) ⩽ P(ψ′, K(ξ′)) for all (ψ′, ξ′) ∈ B((ψ̂, ξ̂), δ). Lastly, using 
the majorization property of the surrogate penalty, Rξ(ξ) ⩾ Rβ(K(ξ)) ∀ ξ, we obtain the 
following chain of inequalities:

	 ∀ (ψ′, ξ′) ∈ B((ψ̂, ξ̂), δ) : Q(ψ̂, ξ̂) = P(ψ̂, K(ξ̂)) ⩽ P(ψ′, K(ξ′)) ⩽ Q(ψ′, ξ′).

Thus, (ψ̂, ξ̂) is a local minimizer of Q(ψ, ξ). Therefore, if (ψ̂, β̂) is a local minimizer 
of P(ψ, β), then all (ψ̂, ξ̂) such that ξ̂ ∈ arg minξ:K(ξ)=β̂ Rξ(ξ) are local minimizers of 
Q(ψ, ξ) with Q(ψ̂, ξ̂) = P(ψ̂, β̂). � □

A.4 Proof of Lemma 4

Proof  Assume (ψ̂, ξ̂) is a local minimizer of Q(ψ, ξ), then ∃ ε0 > 0 such that 
∀(ψ′, ξ′) ∈ B((ψ̂, ξ̂), ε0) : Q(ψ̂, ξ̂) ⩽ Q(ψ′, ξ′). First, we show that for each local minimizer 
(ψ̂, ξ̂) of Q, letting K(ξ̂) = β̂, it must also hold that ξ̂ ∈ ξ̂(β̂) = arg minξ:K(ξ)=β̂ Rξ(ξ), 
i.e., ξ̂ is a minimizer of the SVF given β̂. Suppose for contradiction that ξ̂ is not a mini-
mizer of Rξ(ξ) over the fiber K−1(β̂). Then ∀ ε > 0 ∃ ξ̃ ∈ B(ξ̂, ε) such that K(ξ̃) = β̂ 
and Rξ(ξ̃) < Rξ(ξ̂). Let ε = ε0. Because K(ξ̃) = K(ξ̂), and the loss L(ψ, K(ξ)) is 
constant over all ξ ∈ K−1(β̂), we have L(ψ̂, K(ξ̃)) = L(ψ̂, β̂). But then Q(ψ̂, ξ̃) =
L(ψ̂, β̂) + λRξ(ξ̃) < L(ψ̂, β̂) + λRξ(ξ̂) = Q(ψ̂, ξ̂), with (ψ̂, ξ̃) ∈B((ψ̂, ξ̂), ε0), contra-

1 3

   87   Page 42 of 73



Machine Learning          (2026) 115:87 

dicting local minimality of (ψ̂, ξ̂). Thus if (ψ̂, ξ̂) is a local minimizer of Q(ψ, ξ), then 
ξ̂ ∈ arg minξ:K(ξ)=β̂ Rξ(ξ), with Rξ(ξ̂) = Rβ(β̂), and so Q(ψ̂, ξ̂) = P(ψ̂, β̂).
Using this result, we now proceed to prove that (ψ̂, β̂) is a local minimizer of 
P(ψ, β) by contradiction. Suppose (ψ̂, β̂) is not a local minimizer of P(ψ, β), then 
∀δ > 0 ∃(ψ̃, β̃) ∈ B((ψ̂, β̂), δ) : P(ψ̃, β̃) < P(ψ̂, β̂). By Assumption  1, the set-valued 
solution map ξ̂(β) is lower hemicontinuous at β̂, and Lemma  18 extends this property 
to the identity-augmented product map g : (ψ, β) �→ {(ψ, ξ) : ξ ∈ ξ̂(β)}. Since we know 
ξ̂ ∈ ξ̂(β̂), it follows from lower hemicontinuity of g(ψ, β) at (ψ̂, β̂) that for all ε > 0 there 
is δ > 0 so that:

	 ∀ (ψ′, β′) ∈ B((ψ̂, β̂), δ) ∃ (ψ′, ξ′) ∈ g(ψ′, β′) ∩ B((ψ̂, ξ̂), ε).

Letting ε = ε0 and (ψ′, β′) = (ψ̃, β̃), this implies there is also (ψ̃, ξ̃) ∈ B((ψ̂, ξ̂), ε0) with 
ξ̃ ∈ ξ̂(β̃). As ξ̃ is a minimizer of Rξ(ξ) over the fiber K−1(β̃), we have Rξ(ξ̃) = Rβ(β̃) 
and thus P(ψ̃, β̃) = Q(ψ̃, ξ̃). But then we have found (ψ̃, ξ̃) ∈ B((ψ̂, ξ̂), ε0) such that 
Q(ψ̃, ξ̃) = P(ψ̃, β̃) < P(ψ̂, β̂) = Q(ψ̂, ξ̂), contradicting that (ψ̂, ξ̂) is a local minimizer 
of Q. This shows that if (ψ̂, ξ̂) is a local minimizer of Q(ψ, ξ), then (ψ̂, β̂) = (ψ̂, K(ξ̂)) is 
a local minimizer of P(ψ, β) with Q(ψ̂, ξ̂) = P(ψ̂, β̂). □

Lemma 18  (Lower hemicontinuity of product-augmented maps) Let ξ̂ : Rd ⇒ Rdξ  
be lower hemicontinuous at β̂ ∈ Rd . Augmenting ξ̂(β) by the identity func-
tion idψ : Rdψ → Rdψ , ψ �→ ψ, we can define the Cartesian product map 
g : Rdψ × Rd ⇒ Rdψ × Rdξ , (ψ, β) �→ g(ψ, β) ≜ {(ψ, ξ) : ξ ∈ ξ̂(β)}. Then g is lower 
hemicontinuous at (ψ̂, β̂) ∈ Rdψ × Rd  for any ψ̂ ∈ Rdψ .

Proof  Let ε > 0 and let (ψ̂, ξ̂) ∈ g(ψ̂, β̂), i.e., ξ̂ ∈ ξ̂(β̂), be arbitrary. Since ξ̂(β) 
is lower hemicontinuous at β̂, there is δ1 > 0 such that for all β̃ ∈ B(β̂, δ1) and all 
ξ′ ∈ ξ̂(β̂), there exist ξ̃ ∈ ξ̂(β̃) with ξ̃ ∈ B(ξ′, ε/

√
2), in particular for ξ̂ ∈ ξ̂(β̂). Set 

δ ≜ min(δ1, ε/
√

2). Let (ψ̃, β̃) ∈ B((ψ̂, β̂), δ). Then ∥ψ̃ − ψ̂∥2
2 + ∥β̃ − β̂∥2

2 < δ2 ⩽ ε2

2 , 
so in particular, ∥ψ̃ − ψ̂∥2 < δ ⩽ ε/

√
2, and β̃ ∈ B(β̂, δ1). Hence there exists ξ̃ ∈ ξ̂(β̃) 

with ∥ξ̃ − ξ̂∥2 < ε/
√

2. Combining these, we obtain

	
∥(ψ̃, ξ̃) − (ψ̂, ξ̂)∥2

2 = ∥ψ̃ − ψ̂∥2
2 + ∥ξ̃ − ξ̂∥2

2 <
ε2

2
+ ε2

2
= ε2,

so that (ψ̃, ξ̃) ∈ B((ψ̂, ξ̂), ε). Since (ψ̃, ξ̃) ∈ g(ψ̃, β̃), this shows that for all 
(ψ̃, β̃) ∈ B((ψ̂, β̂), δ), there exists (ψ̃, ξ̃) ∈ g(ψ̃, β̃) ∩ B((ψ̂, ξ̂), ε). Since ψ̂ and ξ̂ ∈ ξ̂(β̂) 
were arbitrary, this shows the lower hemicontinuity of g at (ψ̂, β̂). □

A.5 Proof of Lemma 6

Proof  We prove lower hemicontinuity for each ξ̂j(βj), j ∈ [L], separately, and then extend 
to the entire solution map ξ̂(β). Our argument proceeds by (i) deriving the minimal Rξj (ξj) 
over the fiber K−1

j (βj) given our structural assumptions, (ii) analytically constructing 
solution magnitudes attaining this minimum, and (iii) verifying the solution map is lower 
hemicontinuous.
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Fix j ∈ [L] and consider βj ∈ R|Gj |. As each of the k factors ξjl is either a scalar or a vector 
in R|Gj |, let Sj ⊆ [k] denote the subset of scalar indices, Vj = [k] \ Sj  the vector indices, 
and let the respective sum of exponents be k1 =

∑
l∈Vj

αl and k2 =
∑

l∈Sj
αl. By the 

power-product assumption on Kj , each entry i ∈ Gj  can be written as

	

Kji(ξj) =
∏k

l=1 sign(ξ(i)
jl ) |ξ(i)

jl |αl

︸ ︷︷ ︸
Assumption 2

=
∏

l∈Vj
sign(ξjli) |ξjli|αl

︸ ︷︷ ︸
≜βV

ji
=βji/βS

j

·
∏

l∈Sj
sign(ξjl) |ξjl|αl

︸ ︷︷ ︸
≜βS

j

= βji,

where ξ(i)
jl  equals the ith entry ξjli of ξjl for l ∈ Vj  and ξ(i)

jl = ξjl for scalars l ∈ Sj . The 
partial product βV

ji  written as the fraction βji/βS
j  is well-defined for βj ̸= 0, as the product-

structure implies ξjl ̸= 0 ∀ l ∈ Sj  and hence βS
j ̸= 0.

(i) Minimum of Rξj (ξj) overK−1
j (βj). For βj = 0, the unique norm-minimizing solution 

ξ̂j(0) is the singleton {0}, yielding Rξj (0) = 0. Next, consider βj ̸= 0. We reorder the 
terms in Rξj (ξj) as follows:

	Rξj (ξj) =
∑k

l=1 αl∥ξjl∥2
2 =

∑
l∈Vj

αl∥ξjl∥2
2 +

∑
l∈Sj

αlξ
2
jl =

∑
i∈Gj

∑
l∈Vj

αl ξ2
jli +

∑
l∈Sj

αl ξ2
jl.

Using the weighted AM-GM inequality (Prop. 4) on the first term and inserting the param-
etrization constraints Kij(ξj) = βji = βV

ji · βS
j , the constrained minimum is

	

∑
i∈Gj

∑
l∈Vj

αl ξ2
jli ⩾

∑
i∈Gj

k1
( ∏

l∈Vj

(
ξ2

jli

)αl
)1/k1 =

∑
i∈Gj

k1
(∣∣ ∏

l∈Vj

sign(ξjli)|ξjli|αl
∣∣)2/k1 =

∑
i∈Gj

k1|βji/βS
j |2/k1 = k1∥βj/βS

j ∥2/k1
2/k1

,

Applying the same inequality to the partially minimized sum and inserting Kj , it holds

	

k1∥βj/βS
j ∥2/k1

2/k1
+

∑
l∈Sj

αl ξ2
jl ≥ (k1 + k2)

(
∥βj/βS

j ∥2
2/k1

·
∏

l∈Sj
(ξ2

jl)αl
)1/(k1+k2)

= (k1 + k2)
(
∥βj/βS

j ∥2/k1 |βS
j |

)2/(k1+k2) = (k1 + k2)∥βj∥2/(k1+k2)
2/k1

.

Combined, this yields the minimum value of Rξj (ξj) over K−1
j (βj):

	
Rξj (ξj) =

k∑
l=1

αl ∥ξjl∥2
2 ⩾ k1∥βj/βS

j ∥2/k1
2/k1

+
∑
l∈Sj

αl ξ2
jl ⩾ (k1 + k2)∥βj∥2/(k1+k2)

2/k1
,

with equality holding if and only if both AM-GM optimality conditions are 
met, i.e., |ξjli| = |ξjl′i| = |βji/βS

j |1/k1 ∀l, l′ ∈ Vj  and all i ∈ Gj , as well as 

|ξjl| = |ξjl′ | = ∥βj/βS
j ∥1/k1

2/k1
= ∥βj∥1/(k1+k2)

2/k1
∀ l, l′ ∈ Sj , while Kj(ξj) = βj .

(ii) Construction of solutions. The AM–GM optimality conditions and the multiplicative 
structure of Kj  determine the absolute values of all solution parameters. Applying correct 
sign configurations to ξj  respecting sign(βj) under Kj  then produces full solutions. For a 
direct construction for any βj ̸= 0, define for k1, k2 ⩾ 1 the scale at which the scalar fac-
tors must balance at optimality, T (βj) ≜ ∥βj∥1/(k1+k2)

2/k1
. Then the absolute values of the 

solution parameters are given by:
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ξ̂

abs

j : R|Gj | → Rdξj , βj �→ |ξj | =
{

|ξjl| = T (βj) for |ξjl| ∈ R, l ∈ Sj

|ξjl| = T (βj)−k2/k1 |βj |◦(1/k1) for |ξjl| ∈ R|Gj |, l ∈ Vj

Since ξ̂
abs

j  is a composition of continuous functions on R|Gj | (norms, powers, multipli-
cation), its continuity follows immediately. Note for vector-valued |ξjl|, each ith entry 
is T (βj)−k2/k1 |βji|1/k1 , i ∈ Gj . To verify the balancedness optimality conditions, we 
have by construction |ξjli| = |ξjl′i| = T (βj)−k2/k1 |βji|1/k1 ∀ l, l′ ∈ Vj , i ∈ Gj , as well 
as |ξjl| = T (βj) ∀ l ∈ Sj . To show that the ξjli balance at the optimal scale in the first 
AM-GM application, see

	|βji/βS
j |1/k1 = |βji/T (βj)k2 |1/k1 = T (βj)−k2/k1 |βji|1/k1 = |ξjli| ∀ l ∈ Vj i ∈ Gj .

Finally, to confirm that the lower bound of the penalty for the factors in Vj , k1∥βj/βS
j ∥2/k1

2/k1
, 

is balanced in the second AM-GM application, we use both the definition of T (βj) and 
|βS

j | = T (βj)k2  to obtain

	

∥βj/βS
j ∥1/k1

2/k1
= T (βj)−k2/k1 ∥βj∥1/k1

2/k1
= ∥βj∥−k2/(k1(k1+k2))

2/k1
∥βj∥1/k1

2/k1
= ∥βj∥k1/(k1(k1+k2))

2/k1

= ∥βj∥1/(k1+k2)
2/k1

= T (βj).

To show feasibility of the constructed solutions, select any βji = Kji(ξj), i ∈ Gj . Then:

	

Kji(ξ̂abs
ji (βj)) =

∏
l∈Sj

T (βj)αl

∏
l∈Vj

(T (βj)−k2/k1 |βji|1/k1 )αl = T (βj)k2
(
|βji|1/k1 T (βj)−k2/k1

)k1

= T (βj)k2 (|βji|1/k1 )k1 T (βj)−k2 = |βji|.

The non-uniqueness of the solution signs and the multiplicative parametrization result in 
sign-flip symmetries. This also implies that, in addition to balanced magnitudes, solutions 
also require suitable sign configurations to ensure Kj(ξj) = βj  and not a sign-permuted 
version.
(iii) Lower hemicontinuity of solution mapping. To establish lower hemicontinuity of 
ξ̂j(βj), our goal is to show: for all ξ̄j ∈ ξ̂j(βj) and any ε > 0, there is δ > 0 so that for all 

β′
j ∈ B(βj , δ) there exists ξ′

j ∈ ξ̂j(β′
j) ∩ B(ξ̄j , ε). The continuity of the ξ̂

abs

j (βj) signifi-
cantly simplifies the argument.
Fix an arbitrary βj ̸= 0 and any solution ξ̄j ∈ ξ̂j(βj). By our construction of the absolute 
values of the solutions, it follows that |ξ̄jl| = T (βj) and |ξ̄jli| = T (βj)−k2/k1 |βji|1/k1  for 

all i ∈ Gj , l ∈ [k]. For any β′
j  near βj , we can use the construction ξ̂

abs

j (β′
j) to obtain |ξ′

j |.

For a fixed ξ̄j ∈ ξ̂j(βj), define the signed function ξ̂
sign

j (β′
j) ≜ sign(ξ̄j) ⊙ ξ̂

abs

j (β′
j) by 

applying the signs of ξ̄j  to the absolute values. Trivially, ξ̂
sign

j (βj) = ξ̄j . Note that this 
is a slight abuse of notation: in the case of a zero entry βji = 0, we have ξ̄jli = 0 ∀ l ∈ Vj , 
and the respective entries in sign(ξ̄j) are undefined. In this case, we set those signs to any 
pattern that respects sign(β′

ji) to ensure Kji(ξ̂sign
ji (β′

j)) = β′
ji for all β′

j  sufficiently close 
to βj . This is permissible for our argument because the sign of ξ′

jli becomes irrelevant 
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when measuring distance to ξ̄jli = 0. For simplicity, we can hence assume sign(ξ̄j) 

to be well-defined. Because ξ̂
abs

j  is continuous at βj , ∀ε > 0∃δ > 0 : ∀β′ ∈ B(βj , δ): 

ξ̂
abs

j (β′
j) ∈ B(ξ̂

abs

j (βj), ε). But then ξ′
j ≜ ξ̂

sign

j (β′
j) ∈ B(ξ̄j , ε) must hold, because

	

∥ξ̄j − ξ′
j∥2 = ∥ sign(ξ̄j) ⊙ |ξ̄j | − sign(ξ̄j) ⊙ |ξ′

j |∥2 = ∥ sign(ξ̄j) ⊙ (ξ̂
abs

j (βj) − ξ̂
abs

j (β′
j))∥2

= ∥(ξ̂
abs

j (βj) − ξ̂
abs

j (β′
j)∥2 < ε

Therefore, ξ̂j(βj) is lower hemicontinuous at βj ̸= 0. Now, for βj = 0 we have 

ξ̂j(0) = {0}. Because we know ξ̂
abs

j (βj) continuously approaches 0 as βj → 0 we can 
infer that for all ε > 0 there is δ > 0 such that for any β′

j ∈ B(0, δ), all solutions in ξ̂j(β′
j) 

are in B(0, ε), and thus ξ̂j(βj) is also lower hemicontinuous at 0.
This shows ξ̂j(βj) is lower hemicontinuous on R|Gj |. Since each ξ̂j(βj) is lower 
hemicontinuous on R|Gj | and the solution map is the Cartesian function product 
ξ̂(β) = (ξ̂1(β1), . . . , ξ̂L(βL)), it follows that ξ̂(β) is lower hemicontinuous at every 
β ∈ Rd. □

A.6 Proof of Lemma 7

Proof  As in Lemma  5, we can proceed by finding the minimum element-wise. Since 
the constraint implies that the difference of two non-negative numbers equals βj  for 
j = 1, . . . , d, we further differentiate by the sign of βj . For βj = 0, the constraint 
reduces to γ2

j = δ2
j , which provides a unique minimizer (γ̂j , δ̂j) = (0, 0), resulting 

in a minimum ℓ2 regularization term of 0 = |βj |. For βj > 0, the constraint gives us 
γ2

j = βj + δ2
j ⩾ βj =⇒ |γj | ⩾

√
|βj | =

√
βj . Thus, we consider γj = ±

√
|βj | and 

δj = 0. This choice trivially satisfies the constraint, and it is easy to see that any other 
pair (γj , δj) satisfying βj = γ2

j − δ2
j  needs to have a strictly larger magnitude in both γj  

and δj , resulting in a larger sum of the squared 2-norms. Thus the minimizers for βj > 0 
are given by (γ̂j , δ̂j) = (±

√
|βj |, 0), resulting in a minimum regularization term of 

|βj |. For βj < 0, an analogous argument holds: By the constraint γ2
j − δ2

j = βj  we have 
δ2

j = γ2
j − βj ⩾ −βj = |βj | =⇒ |δj | ⩾

√
|βj |. Considering δj = ±

√
|βj | and γj = 0, 

we again observe that any other pair (γj , δj) satisfying the constraint has strictly larger mag-
nitude in γj  and δj , resulting in a larger ℓ2 regularization term. Thus, the minimizers for 
βj < 0 are given by (γ̂j , δ̂j) = (0, ±

√
|βj |), yielding a minimum ℓ2 penalty of |βj |.

In all three cases, the minimum of γ2
j + δ2

j  subject to γ2
j − δ2

j = βj  is given by |βj |. The 
proof is completed by iterating over j = 1, . . . , d. □

A.7 Proof of Lemma 8

Proof  Due to the separable structure of the parametrization, we can proceed by finding the 
minimizer for each summand j ∈ [L]. Using the AM-GM on ∥uj∥2

2 and ν2
j ,
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∥uj∥2

2 + ν2
j

2
⩾

√
ν2

j · ∥uj∥2
2 =

√
(νj · ∥uj∥2)2 = |νj | · ∥uj∥2 = ∥νjuj∥2 = ∥βj∥2 ,

where we used the absolute homogeneity of norms. The expression reduces to equality if 
and only if ∥uj∥2

2 = ν2
j = ∥βj∥2. Iterating over all groups j = 1, . . . , L shows that the 

constrained minimum in (18) is indeed 2∥β∥2,1 for all β ∈ Rd. □

A.8 Proof of Lemma 9

Proof  We show that K : Rd × RL → Rd, (u, ν) �→ u �G ν, is locally open at 
(u, ν), with u = (u1, . . . , uL)⊤ and ν = (ν1, . . . , νL)⊤, if the (uj , νj) are such that 
νj = 0 implies ∥uj∥2 = 0 for all j ∈ [L]. Recall that d = |G1| + . . . + |GL|. We proceed 
in two steps. First, we find the points of openness for the group-wise parametrizations 
Kj : R|Gj | × R → R|Gj |, (uj , νj) �→ ujνj . In a second step, we then show that local open-
ness of Kj  at (uj , νj) for j ∈ [L] implies local openness of the GHPP

	 K(u, ν) ≜ u ⊙G ν = (u1ν1, . . . , uLνL)⊤ = (K1(u1, ν1), . . . , KL(uL, νL))⊤

at u = (u1, . . . , uL)⊤ and ν = (ν1, . . . , νL)⊤. For the first step, we show that the Kj  are 
open at all points (uj , νj) ∈ R|Gj | × R except (uj , νj) ∈ (R|Gj | × {0}) \ {(0, 0)}. To do 
this, we use the following result on the local openness of matrix multiplication:

Proposition 2  (Prop.  1 in Nouiehed and Razaviyayn (2022), rephrased) Let 
M : Rm×z × Rz×n → Rm×n, (M1, M2) �→ M1M2, denote the bilinear matrix multi-
plication mapping such that z ⩾ min{m, n}. Then M is locally open at (M1, M2) if and 
only if

	

∃M̃1 ∈ Rm×z : M̃1M2 = 0m×n ∧ M̃1 + M1 is full row-rank or

∃M̃2 ∈ Rz×n : M1M̃2 = 0m×n ∧ M̃2 + M2 is full column-rank .

Letting m = |Gj | > 1, z = 1 and n = 1, we can apply this result to the group-wise functions 
Kj : Kj  is open at (0, 0) ∈ R|Gj | × R if ∃ν̃j : 0ν̃j = 0 and 0 + ν̃j  has full column-rank, i.e., 
ν̃j ̸= 0. This holds for all ν̃j ̸= 0. Further, Kj  is open at (uj , νj), with ∥uj∥2 ⩾ 0, νj ̸= 0, if 
∃ν̃j : uj ν̃j = 0, and νj + ν̃j ̸= 0. This holds for ̃νj = 0. Finally, Kj  were to be open at (uj , 0) 
with ∥uj∥2 > 0, if either ∃ν̃j : uj ν̃j = 0 and νj + ν̃j ̸= 0, or ∃ũj : ũjνj = 0 and uj + ũj  
has full row-rank. The first condition implies ν̃j = 0, but then 0 + ν̃j = 0, contradicting 
νj + ν̃j ̸= 0. Also, there is no such ũj  as in the second condition, since uj + ũj ∈ R|Gj |×1 
can not be full row-rank for |Gj | > 1. Therefore, we have shown that the Kj  are locally open 
at all points in R|Gj | × R except (uj , νj) ∈ (R|Gj | × {0}) \ {(0, 0)}.
For the second step, let the Cartesian product of two Euclidean spaces be endowed with the 
norm ∥∥·∥2 , ∥·∥2∥2. We now show that if Kj  is open at (uj , νj) for j ∈ [L], then K is open 
at (u, ν), i.e.,

	 ∀ε > 0 ∃ δ̃ > 0 : B(K(u, ν), δ̃) ⊆ K(B((u, ν), ε)) .
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Let ε > 0 be arbitrary. Define εj ≜ ε/
√

L. By the local openness of the Kj  at (uj , νj), there 
are δj  such that B(Kj(uj , νj), δj) ⊆ Kj(B((uj , νj), εj)) for all j ∈ [L]. Let δ̃ ≜ minj{δj} 
and let β̃ ∈ B(K(u, ν), δ̃) be arbitrary. Writing β̃ = (β̃1, . . . , β̃L)⊤, we then have

	 ∥β̃ − K(u, ν)∥2
2 =

∑L
j=1 ∥β̃j − Kj(uj , νj)∥2

2 < δ̃2 ,

which implies ∥β̃j − Kj(uj , νj)∥2 < δ̃ ⩽ δj . By local openness of the 
Kj , there then exist (ũj , ν̃j) such that Kj(ũj , ν̃j) = β̃j , with ∥(uj , νj) − (ũj , ν̃j)∥ =

∥∥uj − ũj∥2, |νj − ν̃j | ∥2 < εj = ε/
√

L. Defining ũ = (ũ1, . . . , ũL)⊤ and 
ν̃ = (ν̃1, . . . , ν̃L)⊤, we find

	

∥(u, ν) − (ũ, ν̃)∥2 = ∥ ∥u − ũ∥2, ∥ν − ν̃∥2 ∥2
2 =

∑L
j=1 ∥uj − ũj∥2

2 +
∑L

j=1 |νj − ν̃j |2

=
∑L

j=1 ∥ ∥uj − ũj∥2, |νj − ν̃j | ∥2
2

<
∑L

j=1

(
ε√
L

)2
= ε2 ,

and thus ∥(u, ν) − (ũ, ν̃)∥ = ∥ ∥u − ũ∥2, ∥ν − ν̃∥2 ∥2 < ε. By definition of K, we have

	 K(ũ, ν̃) = (K1(ũ1, ν̃1), . . . , KL(ũL, ν̃L))⊤ = (β̃1, . . . , β̃L)⊤ = β̃ ∈ Rd .

Taking both results together, we obtain β̃ ∈ K(B((u, ν), ε)). Because β̃ was chosen without 
loss of generality, it follows that B(K(u, ν), δ̃) ⊆ K(B((u, ν), ε)). As ε > 0 was arbitrary, 
we have shown the second step, i.e., that local openness of Kj  at (uj , νj) for all j ∈ [L] 
implies local openness of K at (u, ν), with u = (u1, . . . , uL)⊤ and ν = (ν1, . . . , νL)⊤.

Combining both steps completes the proof, and it is shown that K is locally open at 
(u, ν), if for all (uj , νj), j ∈ [L], it holds that νj  is zero only if ∥uj∥2 = 0 as well. □

A.9 Derivation of Group Size-Adjusted GHPP

We can induce the group size-adjusted group lasso penalty Rβ(β) ≜
∑L

j=1
√

|Gj | ∥βj∥2 
as a simple extension to the previous GHPP approach, by counting each entry in vj  as 
its own parameter for the surrogate regularization, instead of subsuming all entries of the 
Hadamard factor under the scalar parameter νj  as in 4.1. In this setting, the surrogate ℓ2 
regularization term counts νj  not once, but |Gj | ≜ pj  times, and is written as follows: 
R̃ξ(u, ν) =

∑L
j=1

(
∥uj∥2

2 + pjν2
j

)
. Applying the AM-GM inequality to ∥uj∥2

2 and 
(√pjνj)2 for j ∈ [L], it holds

	

∑L
j=1

(
∥uj∥2

2 + (√pjνj)2)
⩾ 2

∑L
j=1

√
∥uj∥2

2(√pjνj)2 = 2
∑L

j=1

√(
∥uj∥2(√pjνj)

)2

= 2
∑L

j=1

∣∣∥uj∥2 · (√pjνj)
∣∣ = 2

∑L
j=1

√
pj · |νj | · ∥uj∥2

= 2
∑L

j=1
√

pj∥νjuj∥2 = 2
∑L

j=1
√

pj∥βj∥2 ,

with equality if and only if ∥uj∥2
2 = (√pjνj)2 = √

pj∥βj∥2. The constrained minimizers 
ûj  and ν̂j  corresponding to some βj  are obtained as
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arg min(uj , νj) :
βj = νjuj

∥uj∥2
2 + (√pjνj)2 =




±
(

βj√
∥βj∥2/

√
pj

,
√

∥βj∥2/
√

pj

)
∥βj∥2 0

(0, 0)∥βj∥2 = 0

for each j ∈ [L]. Using identical arguments as for the unadjusted GHPP in 4.1, we can 
construct the equivalent smooth surrogate Q in Eq. (21) for the non-smooth objective P  
regularized with the adjusted ℓ2,1 penalty in Eq. (20). Minimizing Q over (ψ, u, ν) yields 
(local) solutions to P  in (20), which can be reconstructed using (ψ̂, β̂) = (ψ̂, û ⊙G ν̂) as 
defined above.

A.10 Proof of Lemma 10

Proof  Applying the AM-GM inequality for each j = 1, . . . , d to the squared parameters u2
jl, 

l = 1, . . . , k, we obtain

	
u2

j1 + . . . + u2
jk

k
⩾ k

√
(u2

j1) · . . . · (u2
jk) = k

√
(uj1 · . . . · ujk)2 = k

√
|βj |2 = |βj |2/k ,

with equality holding if and only if u2
j1 = . . . = u2

jk = |βj |2/k. Summing over all j ∈ [d] 
then shows the result. � □

A.11 Proof of Lemma 11

Proof  To  prove the global openness of the k-linear function 

K :
∏k

l=1 R
d → Rd, (u1, . . . , uk) �→

⊙k
l=1 ul = β, defining the HPPk, we make use of 

an existing result for scalar-valued multilinear maps and then generalize it to the d-dimen-
sional real-valued case.

Proposition 3  (Theorem 1.2 in Balcerzak et al. (2016), rephrased) Let X1, . . . , Xk be 
normed spaces over the scalar field K ∈ {R,C}, and let T from X1 × · · · × Xk to K be a 
nontrivial k-linear functional. Then T is globally open.

Using this result, the global openness of the HPPk for d = 1 follows directly, or equiv-
alently, for a single entry of the general d-dimensional HPPk. We define the entry-wise 
parametrizations as Kj :

∏k
l=1 R → R, (uj1, . . . , ujk) �→

∏k
l=1 ujl = βj  for j ∈ [d], such 

that

	

K(u1, . . . , uk) = (K1(u11, . . . , u1k), . . . , Kd(ud1, . . . , udk))⊤

=⇒
k⊙

l=1

ul = (
∏k

l=1 u1l, . . . ,
∏k

l=1 udl)
⊤

,

where ul = (u1l, . . . , udl)⊤ ∈ Rd contains the parameters in each Hadamard factor l ∈ [k]. 
Let uj = (uj1, . . . , ujk)⊤ ≜ (ujl)k

l=1 ∈ Rk collect the parameters of the entry-wise param-
etrizations Kj  for j ∈ [d]. For clarity, we also use (ul)k

l=1 to abbreviate (u1, . . . , uk), and 
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further endow the k-times Cartesian product of Euclidean spaces with the norm ∥(ul)k
l=1∥ 

≜ ∥ ∥u1∥2, . . . , ∥uk∥2 ∥2.
We now proceed to show that local openness of Kj  at uj = (ujl)k

l=1, i.e.,

	 ∀εj > 0∃δj > 0 : B(Kj((ujl)k
l=1), δj) ⊆ Kj(B((ujl)k

l=1, εj)) ∀ j ∈ [d],

implies local openness of K at (ul)k
l=1, i.e.,

	 ∀ε > 0∃δ̃ > 0 : B(K((ul)k
l=1), δ̃) ⊆ K(B((ul)k

l=1, ε)),

where each ul is constructed as ul = (u1l, . . . , udl)⊤ from the points of openness 
uj = (ujl)k

l=1 of the Kj . Let ε > 0 be arbitrary and define εj ≜ ε/
√

d. By our assumption, 
there are δj  such that Preposition (3) holds for each j ∈ [d] with εj . Let δ̃ ≜ minj{δj} and 
pick any β̃ ∈ B(K((ul)k

l=1), δ̃). It then holds by definition

	 ∥β̃ − K((ul)k
l=1)∥2

2 =
∑d

j=1|β̃j − Kj((ujl)k
l=1)|2 < δ̃2 ⩽ δ2

j ,

implying β̃j ∈ B(Kj((ujl)k
l=1), δ̃) ⊆ B(Kj((ujl)k

l=1), δj). By local openness of the Kj , it 
follows that β̃j ∈ Kj(B((ujl)k

l=1, εj)). This means that ∀ j ∈ [d] we have

	∃(ũjl)k
l=1 : Kj((ũjl)k

l=1) = β̃j and ∥(ujl)k
l=1 − (ũjl)k

l=1∥2 = ∥ |uj1 − ũj1|, . . . , |ujk − ũjk| ∥2
2 < ε2

j .

Collecting the ũjl as ũl = (ũ1 l, . . . , ũdl)⊤ for l ∈ [k], and evaluating K at these arguments, 
we obtain

	 K((ũl)k
l=1) = (K1((ũ1 l)k

l=1), . . . , Kd((ũdl)k
l=1))⊤ = (β̃1, . . . , β̃d)⊤ = β̃ ∈ Rd ,

as well as

	

∥(ul)k
l=1 − (ũl)k

l=1∥2 = ∥ ∥u1 − ũ1∥2, . . . , ∥uk − ũk∥2 ∥2
2 =

∑k
l=1 ∥ul − ũl∥2

2

=
∑k

l=1
∑d

j=1 |ujl − ũjl|2 =
∑d

j=1 ∥(ujl)k
l=1 − (ũjl)k

l=1∥2
2

<
∑d

j=1 ε2
j = d

(
ε√
d

)2
= ε2 ,

i.e., ∥(ul)k
l=1 − (ũl)k

l=1∥ < ε. Taking both findings together, it follows ̃β ∈ K(B((ul)k
l=1, ε)). 

Because β̃ was arbitrary, we have B(K((ul)k
l=1), δ̃) ⊆ K(B((ul)k

l=1, ε)). Finally, because 
ε > 0 was arbitrary, local openness of Kj  at (ujl)k

l=1 for all j = 1, . . . , L implies local 
openness of K at (ul)k

l=1. Since the Kj  are globally open, it follows that K is also globally 
open, completing the proof. � □

A.12 Proof of Lemma 12

Proof  Using the AM-GM on the group-wise parameters j ∈ [L], it holds
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∑L
j=1

∥uj∥2
2+

∑k−1
r=1 ν2

jr
k ⩾

∑L
j=1(∥uj∥2

2 · ν2
j2 · . . . · ν2

jk)1/k =
∑L

j=1

(√
(∥uj∥2 · νj2 · . . . · νjk)2

)2/k

=
∑L

j=1 |∥uj∥2 · νj2 · . . . · νjk|2/k =
∑L

j=1 (|νj2 · . . . · νjk| · ∥uj∥2)2/k

=
∑L

j=1 ∥uj · νj2 · . . . · νjk∥2/k
2 =

∑L
j=1 ∥βj∥2/k

2 = ∥β∥2/k
2,2/k

with equality if and only if ∥uj∥2
2 = ν2

j2 = . . . = ν2
jk = ∥βj∥2/k

2 . The result follows. � □

A.13 Proof of Corollary 6

Proof  First, we note that local openness is preserved under composition. Given two maps 
K1 : M → N  and K2 : N → O between (Cartesian products of) Euclidean spaces, if K1 is 
open at m ∈ M, and K2 is open at n = K1(m) ∈ N , then K2 ◦ K1 is open at m.
To obtain points of local openness of K(u, ν1, . . . , νk−1) = u ⊙G ν

⊙(k−1)
r , we utilize the 

preservation of local openness under composition by reducing K to a composition involving 
two parametrizations of which we already know the points of openness, the HPPk, and the 
GHPP. Specifically, we express K as the composition K = GHPP ◦ Ku,ν , where Ku,ν  is 
an auxiliary globally open map constructed in the following.

We have that Kν :
∏k−1

r=1 RL → RL, (ν1, . . . , νk−1) �→ ν
�(k−1)
r , is globally open due 

to Lemma 11, as it can be recognized to be the HPPk−1 for vectors in RL. Then, we can 
define the identity-augmented map

	
Ku,ν : Rd ×

k−1∏
r=1

RL → Rd × RL, (u, ν2, . . . , νk) �→ (u, Kν(ν1, . . . , νk−1))

that is simply the Cartesian product function of Kν  and the identity function 
idu : Rd → Rd, u �→ u, and maps inputs for the GHPPk to the input domain of the 
GHPP by adding an independent extra entry u and multiplying the remaining k − 1 inputs 
νr ∈ RL element-wise to obtain a single ν ∈ RL, so the image of (u, ν2, . . . , νk) under 
Ku,ν  is (u, ν) ∈ Rd × RL. Since local openness is trivially preserved for an identity-aug-
mented Cartesian product map, and Kν  is globally open, Ku,ν  is also globally open. Due to 
the composability property, K is thus locally open at (u, ν2, . . . , νk) if the GHPP is locally 
open at (u, Kν(ν1, . . . , νk−1)) by Lemma 9. □

Remark 3  (Points of Openness for the GHPPk1,k1+k2 ) To establish preservation of local 
minima under smooth parametrization of β using GHPPk1,k1+k2  (28) in general objec-
tives P(ψ, β) using Lemma 2, we can make essentially the same line of arguments as in 
the previous result regarding the points of openness for the GHPPk. First, we define nested 
parametrizations Ku and Kν , both of which are globally open maps since they correspond 
to a HPPk mapping with depths k1 and k2, respectively. These are combined in the glob-
ally open pre-composition Ku,ν ≜ (Ku(µ1, . . . , µk1 ), Kν(ν1, . . . , νk2 )). This allows us 
to express K as the composition K = GHPP ◦ Ku,ν . By the preservation of local openness 
under composition, if points in the domain of K are such that the conditions for local open-
ness of the GHPP in Lemma 9 apply for Ku and Kν , then K is also locally open at that point.
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A.14 Proof of Lemma 13

Proof  This proof requires a simple weighted generalization of the AM-GM inequality:

Proposition 4  (Weighted AM-GM inequality) Let n ∈ N, x1, . . . , xn non-negative real val-
ues, w1, . . . , wn non-negative real weights, and w ≜

∑n
i=1 wi. Then

	
w1x1 + w2x2 + · · · + wnxn

w
⩾ w

√
xw1

1 xw2
2 · · · xwn

n ,

with equality holding if and only if x1 = . . . = xn.
We proceed in two steps. First, the AM-GM inequality is applied to the k1 squared param-
eters µjti present in the parametrization of a single scalar entry βji of β, i ∈ Gj , for each 
j = 1, . . . , L. From this, the minimum of 

∑k1
t=1 ∥µjt∥2

2 as a function of the auxiliary param-
eter uj  can be inferred. In the second step, the weighted AM-GM inequality is used to 
obtain the minimum of the overall regularization term:

	

L∑
j=1

( k1∑
t=1

∥µjt∥2
2 +

k2∑
r=1

ν2
jr

)
=

L∑
j=1

( ∑
i∈Gj

k1∑
t=1

µ2
jti +

k2∑
r=1

ν2
jr

) (i)
↓

⩾
L∑

j=1

( ∑
i∈Gj

k1
( k1∏

t=1

µ2
jti

)1/k1 +
k2∑

r=1

ν2
jr

)

=
L∑

j=1

(
k1

∑
i∈Gj

∣∣
k1∏

t=1

µjti

︸ ︷︷ ︸
uji

∣∣2/k1 +
k2∑

r=1

ν2
jr

)
=

L∑
j=1

(
k1∥uj∥2/k1

2/k1
+

k2∑
r=1

ν2
jr

)

(ii)
↓

⩾
L∑

j=1

(k1 + k2)

[(
∥uj∥2/k1

2/k1

)k1
·

k2∏
r=1

ν2
jr

]1/(k1+k2)

=
L∑

j=1

k
∣∣∥uj∥2/k1 ·

k2∏
r=1

νjr

∣∣2/k

=
L∑

j=1

k
∥∥uj ·

k2∏
r=1

νjr

∥∥2/k

2/k1
= k

L∑
j=1

∥βj∥2/k
2/k1

= k∥β∥2/k
2/k1,2/k

The first inequality (i) using the AM-GM inequality holds with equal-
ity if and only if µ2

jti = |uji|2/k1 ∀ t = 1, . . . , k1, i ∈ Gj  and 

j = 1, . . . , L. The second inequality (ii) applies Proposition 4 and reduces to equality if and 
only if ∥uj∥2/k1

2/k1
= ν2

j1 = . . . = ν2
jk2

= ∥βj∥2/k
2/k1

∀ j = 1, . . . , L. � □

A.15 Proof of Lemma 14

Proof  We apply the AM-GM inequality to each summand j = 1, . . . , d of the surrogate 
penalty Rξ:
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∥u∥2
2 + (k − 1) ∥v∥2

2
k

=
d∑

j=1

u2
j + (k − 1)v2

j

k
⩾

d∑
j=1

k

√
u2

j

∏k−1
l=1 v2

j =
d∑

j=1

k

√(
uj · vk−1

j

)2

=
d∑

j=1

|βj |2/k = ∥β∥2/k
2/k ,

with equality holding if and only if u2
j = v2

j = |βj |2/k for all j = 1, . . . , d. � □

A.16 Parameter Sharing and Identical Initialization

In (S)GD, dynamics with shared Hadamard factors can be related to their fully overparame-
trized counterparts through identical initialization of the to-be-shared parameters. We define 
a differentiable surrogate Q based on the HPPk, i.e., β = u⊙k

l , with surrogate ℓ2 regular-
ization for Rξ and no additional unregularized parameters ψ:

	 Q(u1, . . . , uk) = L(K(u1, . . . , uk)) + λRξ(u1, . . . , uk) .

Consider an updating scheme for the ul, given by ut+1
l = ut

l − α∇ul
Q(ut

1, . . . , ut
k), 

where α denotes the learning rate. Assume identical initialization for k − 1 factors, i.e., 
u0

1 = ũ and u0
2 = . . . = u0

k = ṽ. Then we have for l = 1, . . . , k,

	∇ul
Q(u1, . . . , uk) =

(
∂β/∂ul

)⊤∇βL(β) + λ∇ul
Rξ(·) = diag

(⊙
l′∈[k]\{l}ul′

)
∇βL(β) + 2λul,

where 
(
∂β/∂ul

)
 is a d × d matrix containing partial derivatives 

(∂βi/∂ujl)ij , i, j ∈ [d]. At initialization, the gradients of Q with respect to 
the ul are given by ∇u1 Q(u0

1, . . . , u0
k) = diag

(
ṽk−1)

∇βL(β) + 2λũ and 
∇ul

Q(u0
1, . . . , u0

k) = diag
(
ũ ⊙ ṽk−2)

∇βL(β) + 2λṽ, where l = 2, . . . , k. Note that the 
gradient is constant over the identically initialized factors. It thus follows from the updating 
rule that ut

2 = . . . = ut
k ∀t ∈ N.

Compare this to the gradient of an alternative surrogate Q̃ based on the shared param-
etrization K̃(u, v) = u ⊙ vk−1, with initialization (u0, v0) = (ũ, ṽ) and penalty 
R̃ξ = ∥u∥2

2 + (k − 1) ∥v∥2
2. It is easy to see that ∇uQ̃(u, v) = ∇u1 Q(u1, . . . , uk), and under 

identical initialization for l = 2, . . . , k, we have ∇vQ̃(u, v) = (k − 1)∇ul
Q(u1, . . . , uk). 

Therefore, updating ut+1 = ut − α∇uQ̃(ut, vt) and vt+1 = vt − α
k−1 ∇vQ̃(ut, vt), using 

a scaled learning rate α
k−1  for v, results in identical updates compared to running gradient 

descent on Q with identical initialization for the k − 1 (shared) factors.

A.17 Proof of Lemma 15

Proof  We apply the weighted AM-GM inequality to each summand j ∈ [d] of Rξ:
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∥u∥2
2 + (k − 1) ∥|v|∥2

2
k

=
d∑

j=1

u2
j + (k − 1)|vj |2

k
⩾

d∑
j=1

k

√
u2

j (|vj |2)k−1 =
d∑

j=1

k

√
(uj · |vj |k−1)2

=
d∑

j=1

(
|uj · |vj |k−1
︸ ︷︷ ︸

=βj

|
)2/k =

d∑
j=1

|βj |2/k = ∥β∥2/k
2/k ,

with equality holding if and only if u2
j = |vj |2 = |βj |2/k for all j = 1, . . . , d. � □

A.18 Proof of Lemma 16

Proof  We again apply the weighted AM-GM inequality on the group level for each j ∈ [L] 
of the surrogate penalty Rξ and find

	

∥u∥2
2 + (k − 1)∥ν∥2

2
k

=
∑L

j=1
∥uj∥2

2+(k−1)|νj |2

k ⩾
∑L

j=1

(
∥uj∥2

2 ·
(
|νj |2

)k−1
)1/k

=
∑L

j=1
(
∥uj∥2 · |νj |k−1)2/k =

∑L
j=1 ∥|νj |k−1 · uj∥2/k

2 =
∑L

j=1 ∥βj∥2/k
2 ,

with equality holding if and only if ∥uj∥2
2 = |νj |2 = ∥βj∥2/k

2 ∀j = 1, . . . , L. □

A.19 Proof of Lemma 17

Proof  Applying the weighted AM-GM inequality to the surrogate regularizer Rξ(µ, ν) on 
the group-level for each j ∈ [L], we find

	

k1∥µ∥2
2 + k2∥ν∥2

2
k

=
L∑

j=1

k1∥µj∥2
2 + k2|νj |2

k
=

L∑
j=1

k1∥uj∥2/k1
2/k1

+ k2|νj |2

k

⩾
L∑

j=1

((
∥uj∥2/k1

2/k1

)k1
·
(
|νj |2

)k2

)1/(k1+k2)

=
L∑

j=1

(∣∣∣∥uj∥2/k1 · |νj |k2

∣∣∣
)2/k

=
L∑

j=1

∥uj · |νj |k2 ∥2/k
2/k1

=
L∑

j=1

∥βj∥2/k
2/k1

= ∥β∥2/k
2/k1,2/k ,

with equality holding if and only if ∥µj∥2
2 = |νj |2 = ∥βj∥2/k

2/k1
∀j = 1, . . . , L.�  □

A.20 Fibers and Structure of Product Parametrizations

The fibers or level sets K−1(β) of the parametrizations considered in our work (Assump-
tion 2) are well-behaved and exhibit regularity properties worth discussing. Let β ∈ Rd be 
a parameter that can be partitioned into (β1, . . . , βL) for j ∈ [L], L ⩽ d, so that βj ∈ R|Gj | 
and |G1| + . . . + |GL| = d. Further, let K : Rdξ → Rd be a C1-smooth surjective param-
etrization of β. For product and power-type structures such as the HPPk, GHPP, or the 
GHPowPk, the following holds: All βj ∈ R|Gj |\{0} are regular values of Kj(ξj) for each 
j ∈ [L], i.e., the Jacobian JKj (ξj) has full row rank |Gj | for all ξj ∈ K−1

j (βj). In the fol-
lowing, we derive this for three exemplary parametrizations:
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Example 1  (Regularity of HPPk) As the canonical multiplicative parametrization, con-
sider the HPPk . The Jacobian JKj (ξj) has full row rank |Gj | = 1 at all ξj ∈ K−1

j (βj) 

with βj ̸= 0. This follows from βj =
∏k

l=1 ξjl: each entry βj  depends only on the k fac-
tors (ξjl)l∈[k], and its gradient is nonzero whenever βj ̸= 0, implying ξjl ̸= 0 ∀ l ∈ [k]. 
The partial derivatives ∂βj/∂ξjl are themselves non-zero products of the remaining fac-
tors, JKj (ξj) = [

∏
l ̸=1 ξjl, . . . ,

∏
l ̸=k ξjl] ∈ R1×k . Hence, the Jacobian of each Kj  for the 

HPPk  has full row-rank for all ξj /∈ K−1
j (0).

Example 2  (Regularity of  GHPP) The GHPP parametrizes β as K(ξ) = u ⊙G ν , or group-
wise Kj(ξj) = uj · νj  with uj ∈ R|Gj | and νj ∈ R. The Jacobian JKj (ξj) ∈ R|Gj |×(|Gj |+1) with 
respect to ξj = (uj , νj) is given by

	

JKj (ξj) =




νj 0 · · · 0 uj1
0 νj · · · 0 uj2
...

...
. . .

...
...

0 0 · · · νj uj|Gj |


 .

JKj (ξj) has full row rank |Gj | whenever νj ̸= 0, since the diagonal entries νj  are nonzero 
and span the row space. Thus, all βj ̸= 0 are regular values of Kj , as βj = uj · νj  implies 
νj ̸= 0 whenever βj ̸= 0. Note that the diagonal part is always of full rank as long as 
νj ̸= 0, even if some entries uji = 0.

Example 3  (Regularity of GHPPk) The GHPowPk parametrizes β as K(ξ)= u ⊙G |ν|◦(k−1) , or group-
wise Kj(ξj) = uj · |νj |k−1, k > 2, uj ∈ R|Gj |, νj ∈ R. The Jacobian JKj (ξj) ∈ R|Gj |×(|Gj |+1) with 
respect to ξj = (uj , νj) is given by

	

JKj (ξj) =




|νj |k−1 uj1(k − 1) sign(νj)|νj |k−2

|νj |k−1 uj2(k − 1) sign(νj)|νj |k−2

. . .
...

|νj |k−1 uj|Gj |(k − 1) sign(νj)|νj |k−2


 .

Hence JKj (ξj) has row rank |Gj | as long as νj ̸= 0, similar to the GHPP, and all βj ̸= 0 
are regular values of Kj .
Further, the Kj(ξj) considered in our work are positively homogeneous of degree k ⩾ 2, 
i.e., Kj(c ξj) = ck Kj(ξj) for all ξj  and c > 0. In the context of the fibers of Kj , the posi-
tive homogeneity implies scale-invariance of the shape of each individual fiber at the regu-
lar values βj . That is, a fiber associated with a regular value βj  has the same “shape” as 
the fiber of any scaled version of βj . Moreover, continuity of Kj  ensures that the fibers 
K−1

j (βj) are closed sets. However, they are not compact in the case of overparametrization, 
since the product structure of the Kj  implies unbounded fibers that extend to infinity. The 
following well-known result in differential geometry can be used to characterize the fibers 
of Kj  at regular values, which is a consequence of the inverse function theorem and is also 
known as the preimage theorem e.g., Theorem 3.2 in, (Hirsch, 2012):
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Proposition 5  (Regular value Theorem) Let K : Rdξ → Rd, ξ �→ β, be a Cr, r ⩾ 1, func-
tion and let β ∈ Rd be a regular value of K. Then the fiber K−1(β) is a (dξ − d)-dimen-
sional Cr  submanifold of Rdξ .

Thus, the fiber of Kj  at a regular value βj  forms a (dξj − |Gj |)-dimensional smooth mani-
fold. For product-like parametrizations K with sign-flip symmetries, this manifold con-
sists of disjoint connected components, each embedded within an orthant of suitable sign 
configuration. For any non-zero βj , each connected component of the fiber K−1

j (βj) con-
tains a unique minimal-norm point. By the AM-GM inequality, this point is attained when 
the Euclidean norms of the factors are balanced. Figure 2b visualizes the disjoint com-
ponents (branches of the hyperbola) and their minimal-norm points for the scalar HPP.
As we traverse the fiber away from the minimal-norm points, i.e., the more unbalanced 
the factorization of βj  becomes, the fiber exhibits increasing curvature. Figure 18c illus-
trates such a fiber for a scalar-valued HPPk  parametrization of depth k = 3 (22).
In addition, we can prove the local connectedness of the fibers of K even at the non-reg-
ular value 0, where the Jacobian degenerates to the null matrix for product-type param-
etrizations K:

Lemma 19  (Local Connectedness of fibers of K for product-type parametrizations) Under 
Assumption 2 and assuming all βj ̸= 0 are regular values of the Kj , j ∈ [L], the fibers of 
K : Rdξ → Rd  are (locally) connected sets at every β ∈ Rd .

Proof  By Assumption 2, K(ξ) is block-separable into parametrizations Kj(ξj) and fur-
ther assume the |Gj | × dξj -dimensional Jacobian of each Kj  has full row rank for all 
ξj ̸∈ K−1

j (0). Therefore, the fibers of Kj  at non-zero βj ∈ R|Gj | are Cr  manifolds by 
Proposition 5, and thus locally connected sets whenever Kj  is regular. Further, by the 
product-power structure assumed for Kj , the parametrization Kj(ξj) maps to the non-
regular value βj = 0 if at least one of its factors is zero. Thus, the fiber K−1

j (0) contains 
all ξj1, . . . , ξjk  such that at least one ξjl = 0. This fiber, while not a manifold, is thus a 
connected set, since all of the contained hyperplanes intersect at ξj1 = . . . = ξjk = 0.

Considering the separable Cartesian product structure of K, the fiber of K at β is a Carte-
sian product of the fibers of Kj  at their respective values βj . Each of these fibers is either 
locally connected (for regular values of βj ) or connected (for βj = 0), and thus the fiber 
of K at β is also locally connected. □

A.21 Differentiable SCAD, MCP, and TL1 via the HPP

For the popular non-convex regularizers SCAD, MCP, and the transformed ℓ1 (TL1) pen-
alty, we can derive smooth surrogates based on the HPP and a differentiable surrogate 
penalty Rξ, replacing absolute value terms in Rβ  by their variational quadratic formula-
tion. All three regularizers are defined as separable functions of the entry-wise absolute 
values, to each of which we can apply the surrogate (u2

j + v2
j )/2 ⩾ |βj |. In the following, 

we derive only smooth variational forms of those regularizers; the equivalence of the 
resulting overparametrized optimization problems follows from the fact that the solution 
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map ξ̂ coincides with that for the HPP with induced ℓ1 regularization. Thus, Theorem 1 
can be applied directly.
TL1 penalty The transformed ℓ1 penalty is a non-convex regularizer defined as

	
RT L1

β (β) ≜
d∑

j=1

(a + 1)|βj |
a + |βj |

, a > 0,

where the hyperparameter a steers the degree of non-convexity and interpolates between 
the ℓ0 penalty (for a → 0) and the ℓ1 penalty (for a → ∞). The following result pro-
vides an SVF of RT L1

β  using the HPP, thereby enabling the construction of differentiable 
equivalent surrogate objectives.
Lemma 20  (SVF for the TL1 penalty) Given the HPP K(u, v) = u ⊙ v = β, the minimum 
of the surrogate penalty

	
RT L1

ξ (u, v) =
d∑

j=1

(a + 1)(u2
j + v2

j )
2a + (u2

j + v2
j )

, a > 0,

subject to K(u, v) = β constitutes the following SVF for the TL1 penalty RTL1
β (β):

	
min

u,v∈Rd:u⊙v=β
RT L1

ξ (u, v) = RT L1
β (β)

Proof  Since both RT L1
β  and RT L1

ξ  are coordinate-wise separable, it suffices to show the 
equality for a generic summand j ∈ [d], and the result immediately follows for all sum-
mands. First, note that the scalar function h(t) = (a+1)t

2a+t  is strictly increasing on [0, ∞) 
for all a > 0. Therefore, minimizing the corresponding summand of RT L1

ξ  subject to 
ujvj = βj  is equivalent to minimizing (u2

j + v2
j ) subject to the same constraint. Using 

the AM-GM inequality, we obtain a constrained minimum of 2|βj | attained if and only if 
|uj | = |vj | =

√
|βj | and sign(ujvj) = sign(βj). Thus,

	
min

uj ,vj :ujvj=βj

(a + 1)(u2
j + v2

j )
2a + (u2

j + v2
j )

=
(a + 1)2|βj |
2a + 2|βj |

=
(a + 1)|βj |

a + |βj |
.

Summing over j ∈ [d], we obtain the SVF

	
min

u,v∈Rd:u⊙v=β
RT L1

ξ (u, v) = RT L1
β (β).

� □

It follows that TL1 regularized objectives of the form P(ψ, β) = L(ψ, β) + λRT L1
β (β) 

are equivalent to the smooth surrogate Q(ψ, u, v) = L(ψ, u ⊙ v) + λRT L1
ξ (u, v).
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Minimax Concave Penalty The MCP is a non-convex separable regularizer with a piece-
wise definition, relaxing the penalization rate to 0 away from the origin. In its non-smooth 
formulation, it is given by

	
RMCP

β (β) ≜
d∑

j=1

ρMCP
λ,γ (βj), ρMCP

λ,γ (βj) =

{
λ|βj | − β2

j

2γ , |βj | ⩽ γλ,
1
2 γλ2, |βj | > γλ,

where γ > 1 controls the degree of non-convexity. A fully differentiable surrogate of 
RMCP

β  can be obtained by replacing |βj | by (u2
j + v2

j )/2 and β2
j  by (u2

j + v2
j )2/4. This 

yields the following result:

Lemma 21  (SVF for the MCP) Given K(u, v) = u ⊙ v = β (HPP), the minimum of

	
Rξ(u, v) ≜

d∑
j=1

ρ̃MCP
λ,γ (uj , vj), ρ̃MCP

λ,γ (uj , vj) ≜




λ(u2
j + v2

j )/2 −
((u2

j + v2
j )/2)2

2γ
, (u2

j + v2
j )/2 ⩽ γλ,

1
2

γλ2, (u2
j + v2

j )/2 > γλ.

subject to K(u, v) = β forms an SVF for the MCP regularizer:

	
min

u,v∈Rd:u⊙v=β
Rξ(u, v) = RMCP

β (β)

Proof  Fix j ∈ [d] and set sj ≜ (u2
j + v2

j )/2. On the first, non-constant, branch of ρ̃MCP
λ,γ ,

	
ρ̃MCP

λ,γ (uj , vj) = λsj −
s2

j

2γ
= h(sj), h(t) ≜ λt − t2

2γ
,

and h′(t) = λ − t/γ > 0 for t ∈ [0, γλ], so h is strictly increasing there. Thus, whenever 
the first branch is feasible under ujvj = βj , minimizing ρ̃MCP

λ,γ  reduces to minimizing sj  
on the fiber.

By AM-GM, for all (uj , vj) with ujvj = βj , sj = (u2
j + v2

j )/2 ≥ |ujvj | = |βj |, and 
equality is attained for |uj | = |vj | and correct signs for βj .
If |βj | > γλ, then sj ≥ |βj | > γλ for all feasible (uj , vj), so only the second branch of 
ρ̃MCP

λ,γ  applies and minujvj=βj ρ̃MCP
λ,γ (uj , vj) = 1

2 γλ2.

If |βj | ≤ γλ, the constrained minimizer of sj = (u2
j + v2

j )/2 over ujvj = βj  satisfies 
sj = |βj | ⩽ γλ, so the first branch is feasible and, by monotonicity of h on [0, γλ],

	
min

ujvj=βj

ρ̃MCP
λ,γ (uj , vj) = h

(
min

ujvj=βj

sj

)
= λ|βj | −

β2
j

2γ
.

Moreover, 1
2 γλ2 −

(
λ|βj | − β2

j

2γ

)
≥ 0, so the constant branch cannot improve upon this 

value. Therefore, the entry-wise minima coincide with ρMCP
λ,γ (βj), and summing over 

j ∈ [d] gives the desired SVF
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min

u,v∈Rd: u⊙v=β
Rξ(u, v) = RMCP

β (β).

□
Continuity at the boundary sj = γλ follows from λ(γλ) − (γλ)2

2γ = 1
2 γλ2, which 

coincides with the second branch. Differentiability of ρ̃MCP
λ,γ  with respect to (uj , vj) 

at the boundary sj = γλ follows by observing that the gradient of the first branch is 

∇(uj ,vj)
(
λsj − s2

j

2γ

)
=

(
λ − sj

γ

)
∇(uj ,vj)sj =

(
λ − sj

γ

)
(uj , vj), which vanishes on 

sj = γλ, matching the zero gradient of the constant second branch.

Smoothly Clipped Absolute Deviations The SCAD penalty is a non-convex, separable 
regularizer that transitions from ℓ1 penalization near the origin to an unpenalized regime 
away from 0. In its original non-smooth form, it is defined as

	
RSCAD

β (β) ≜
d∑

j=1

ρSCAD
λ,a (βj),

where a > 2 is a hyperparameter and

	

ρSCAD
λ,a (βj) =





λ|βj |, |βj | ≤ λ,
−β2

j + 2aλ|βj | − λ2

2(a − 1)
, λ < |βj | ≤ aλ,

(a + 1)λ2

2
, |βj | > aλ.

As the construction of a smooth surrogate is completely analogous to the previous MCP 
derivation, only a brief description is provided here. The variational equivalence and 
boundary reduction follow the same arguments as in Lemma 21. The fully differentia-
ble surrogate for RSCAD

β  is constructed via replacing |βj | by (u2
j + v2

j )/2 and β2
j  by 

(u2
j + v2

j )2/4, yielding a smooth, piecewise surrogate penalty. As in the MCP construc-
tion, we abbreviate sj ≜ (u2

j + v2
j )/2 and obtain the following smooth surrogate for each 

βj :

	

RSCAD
ξ (u, v) ≜

d∑
j=1

ρ̃SCAD
λ,a (uj , vj), ρ̃SCAD

λ,a (uj , vj) ≜





λsj , sj ≤ λ,
−s2

j + 2aλsj − λ2

2(a − 1)
, λ < sj ≤ aλ,

(a + 1)λ2

2
, sj > aλ.

This yields an SVF of the SCAD penalty under the HPP:

	
min

u,v∈Rd:u⊙v=β
RSCAD

ξ (u, v) = RSCAD
β (β) ∀ β ∈ Rd,

which is continuously differentiable in (u, v) and separable across coordinates. Using 
the same AM-GM arguments as for the MCP, the feasible values of sj  under the con-

1 3

Page 59 of 73     87 



Machine Learning          (2026) 115:87 

straint ujvj = βj  satisfy sj ∈ [|βj |, ∞), with the lower bound attained for balanced fac-
torizations. Consequently, the branch conditions of ρ̃SCAD

λ,a (uj , vj) in terms of sj  reduce 
to thresholds in |βj |: if |βj | > aλ, all feasible points sj  lie on the constant branch. If 
λ < |βj | ⩽ aλ, the minimal feasible sj  lies in the middle branch. Finally, if |βj | ⩽ λ, the 
minimal feasible sj  lies in the first branch. Since ρ̃SCAD

λ,a  is non-decreasing in sj  on each 
piecewise branch, the constrained minimum over ujvj = βj  is attained at the smallest 
feasible value sj = |βj |, recovering exactly the scalar SCAD penalty ρSCAD

λ,a (βj).

Appendix B Details on Numerical Experiments

Table 3 provides a detailed overview of the optimization hyperparameters, simulation set-
tings, and data/task-specific information for the numerical experiments in Sect. 9.

B.1 Comparison of (G)HPP vs SubGD Optimization

Figure 11 shows the norm-based regularization paths for the first experiment. The plot 
confirms that the (group) lasso objective can be effectively optimized using our smooth 
surrogate method, matching the optimal trajectory and inducing numerically exact zeros, 
while direct GD struggles to even shrink parameters near zero.

Table 3  Hyperparameters and details for experiments in Section. 9
Config./experiment Optim. ℓ1 Optim. ℓ2,1 Sparse Lin. 

Reg.
LeNet-300-100 
Pruning

Filter-sparse 
CNN

Optimizer SGD SGD SGD Adam SGD
Learning rate 0.18 0.1 0.005 0.001 0.01
LR scheduler cosine cosine decay 

(10−6)
cosine decay (10−5)

Momentum 0.9 0.9 0 ✗ 0.9
Epochs 3000 2000 2000 75 100
Early stopping ✗ ✗ ✓ (200) ✓ (10) ✓ (6)
Batch size full batch full batch 32 128 32
Loss MSE MSE MSE cross-entropy cross-entropy
Init. 1st factor He Normal He Normal He Normal He Normal (adj.) Glorot Unif
Init. rem. factors 1 (ones) 1 (ones) 1 (ones) He Normal (adj.) 1 (ones)
Threshold (0) 10−6 10−6 val. optimal float32.eps float32.eps

Repetitions ✗ ✗ 30 5 10
Data and tasks
Task type regression regression regression classif classif
Sparsity type unstruct. 

(ℓ1)
struct. (ℓ2,1) unstruct. 

(ℓ2/k)
unstruct. (ℓ2/k) struct. (ℓ2,2/k)

Train samples 1000 1000 500 60, 000 60, 000
Test samples ✗ ✗ 500 10, 000 10, 000
Input dim 100 100 {100, 1000} 784 784
Output dim 1 1 1 10 10
The parentheses for early stopping indicate the patience in epochs.float32.eps ≈ 1.19 × 10−7.

1 3

   87   Page 60 of 73



Machine Learning          (2026) 115:87 

B.2 Sparse Linear Regression

Detailed Set-Up In our experiments, we simulate 30 data sets D = {(xi, yi)}n
i=1, where 

xi ∈ Rd is the feature vector and yi ∈ R the scalar outcome. Each dataset contains 
n = 500 samples each for training, validation, and testing. We focus on the high-dimen-
sional d > n setting, in which the number features, d = 1000, exceeds the number of 
samples. We set the number of informative features in the true parameter vector, β∗ ∈ Rd, 
to s = ∥β∗∥0 = 10. The magnitudes of the true signals range from the smallest signal 
value |βmin| ≜ 1

2 σ
√

(2/n) log(d) to a “large” signal |βlarge| ≜ 2 log(d)σ
√

(2/n) log(d), 
where σ > 0 is the standard deviation of the additive noise in (B1). This range is based on 
the information-theoretic lower bound for recoverable signals (Wainwright, 2009; Zhang, 
2010). Our data are simulated according to the following data-generating process:

	 (X, ε) ∼ PX × Pε, X ∈ Rn×d, ε ∈ Rn , Y = Xβ∗ + ε, Y ∈ Rd , � (B1)

where Pε is a spherical Gaussian distribution N (0, In), i.e., σ = 1, and PX  corresponds 
to N (0, Σ). We consider two settings for the design matrix X : in the first setting, inde-
pendent features with Σ = Id are used, whereas the second setting investigates correlated 
features drawn from a multivariate Gaussian with Toeplitz power covariance structure, 
i.e., Σi,j ≜ ρ|i−j| with correlation ρ = 0.5. The s informative signals’ indices are ran-
domly assigned in each simulation. To optimize the ℓ1, SCAD, and MCP regularized 
problems, we choose a specialized routine based on the Convex-Concave Procedure and 
the Modified Local Quadratic Approximation implemented in the ncpen R package 
(Kim et al., 2021).5

Variable selection SGD does not have an in-built mechanism to produce (theoretically) 
exact zeros, although given a sufficiently large number of iterations, a zero floating-point 
representation can be obtained. To circumvent inefficient training times to obtain numeri-
cally zero parameters in our SGD-optimized models, we use early stopping combined 

5 We also performed experiments with more widespread coordinate descent algorithms implemented in the 
glmnet (Friedman et al., 2010) and ncvreg (Breheny & Huang, 2011) packages with qualitatively identical 
results.

Fig. 11  Comparison of parameter norms of (G)HPP-based GD and direct (Sub)GD optimization of the 
non-smooth ℓ1 regularized lasso (a) and ℓ2,1 regularized group lasso (b) objectives. Dashed lines indicate 
optimal solutions
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with a post-thresholding step as suggested in, (Zhao et al., 2022), whose optimal cut-off 
for the reconstructed parameters is determined on the validation loss.

Figure 12 shows the support recovery, defined as the classification accuracy w.r.t. infor-
mative signals, as well as the number of false positives (FP) for the models in Sect. 9, after 
applying thresholding to our overparametrized models. To disentangle the effects of the 
optimization transfer and the thresholding step, we also apply the same operation to the 
conventional lasso. We can make two basic observations: first, support recovery, and FP 
both improve monotonically with increasing factorization depth k. Second, we observe 
that the thresholding step also significantly improves variable selection performance.
Low-dimensional simulation setting Besides the d > n setting we previously analyzed, 
we repeat the experiment for a low-dimensional d < n setting while keeping the num-
ber of true signals constant. The magnitudes of the non-zero parameters are adjusted to 
the new setting using the provided definitions. Figure 13 shows the results for an iden-
tical simulation set-up as before, but in an alternative lower-dimensional setting with 
d = 100 features, s = 10 non-zero parameters, and n = 500 samples in the training data. 
Qualitatively, the results are consistent with those for the high-dimensional setting, with 
minor instabilities at large factorization depths k, suggesting a trade-off between depth 
and stability.
Further simulations with varying ground-truth parameter Complementary to the pre-
viously analyzed low- and high-dimensional settings, we further repeat all simulations by 
varying the structure and sparsity of the ground-truth vector β∗ ∈ Rd.

In our first additional setting, we keep the number of true signals at 
s = ∥β∗∥0 = 10, but modify their structure and scale by fixing their values to 
(−0.75, −0.25, −2, −2, −2, 2, 2, 2, 0.25, 0.75)⊤. Figure  14 contains the full results for 

Fig. 12  Support recovery accuracy (top row) and false positives (bottom row) for different Σ settings 
(columns) and increasing factorization depths, compared against standard implementations of convex ℓ1 
and non-convex SCAD and MCP penalties
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both low- and high-dimensional settings and independent vs correlated features, with 30 
simulation repetitions for each model, feature dimension, and correlation structure. Quali-
tatively, the results are consistent with previous findings in Figs. 7, 12, 13.

In our second additional setting, we vary the sparsity of the ground-truth vector and 
increase the number of non-zero signals to s = ∥β∗∥0 = 40. We specify half the coeffi-
cients to be “small” and logarithmically spaced between βmin/2 and βlarge/2 as defined 
in Appendix B.2. Note that this includes true signals below the recoverable threshold. The 
remaining 20 “large” signals are selected to have magnitudes between 2 and 5. Half of 
the signals have positive and half have negative signs. Figure 15 contains the full results, 
again with 30 repetitions for each model, feature dimension, and correlation structure. 
Qualitatively, the results are largely consistent with previous findings and further high-
light the trade-off between depth and stability, as the performance for deep factorizations 
with k = 6 becomes brittle and degrades on average.

B.3 Details on CNN Architecture

Our small VGG-style CNN implementation consists of two blocks of two convolutional 
layers after each of which max pooling is applied. The convolutional layers have a kernel 
size of 3 and stride 1. ReLU activation is used for all hidden layers. The classification head 
consists of two hidden layers followed by the softmax output. Dropout (Srivastava et al., 
2014) is applied after each convolutional block and dense layer. The full architecture is:

[[Input((28,28)), Conv2D(32), Conv2D(32), MaxPool2D(2), Dropout(0.25)],
[Conv2D(64), Conv2D(64), MaxPool2D(2), Dropout(0.25)],
[Dense(32), Dropout(0.25), Dense(32), Dropout(0.25), Dense(10)]]

B.4 Additional Results on Computational Complexity

The experiments on computational overhead are performed on a single 16GB RTX A4000 
GPU using TensorFlow 2.9. The time per sample is the average wall-clock time 
for a single epoch normalized by sample size. The fully-connected network (MLP) has 
four hidden ReLU layers with 128 units each, containing ≈ 0.15m parameters. The input 

Fig. 13  Left: standardized estimation error (top row) and support recovery accuracy (bottom row) for 
different Σ settings (columns) of our approach for increasing factorization depths, compared against 
standard implementations of convex ℓ1 and non-convex SCAD and MCP penalties. Right: test prediction 
error (top row) and false positives (bottom row) for different settings of Σ (columns)
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is a flattened (28, 28) image and the softmax output has 10 units. All trainable weights 
and biases are overparametrized. Figure 16 shows additional experiments for the HPPk 
applied to a ResNet-20 (≈ 0.27m param.) trained on CIFAR10 (He et al., 2016). As for 
the MLP, the computational overhead increases with depth and decreases with batch size. 
The recommended batch size of 256 results in a < 5% increase for k = 8.

Appendix C Details on Geometric Intuition

C.1 Difference between HPP and HDP: 2∥β∥1  vs ∥β∥1

In the literature, both the HPP and HDP are used almost interchangeably to induce ℓ1 
regularization in some way. However, there are subtle differences between the two, result-

Fig. 14  Simulation results for different true signal choice. Each subfigure contains the following plots: 
Left: standardized estimation error (top row) and support recovery accuracy (bottom row) for different Σ 
settings (columns) of our approach for increasing factorization depths, compared against standard imple-
mentations of convex ℓ1 and non-convex SCAD and MCP penalties. Right: test prediction error (top row) 
and false positives (bottom row) for different settings of Σ (columns)
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Fig. 16  Time per sample (training) for ResNet20 on CIFAR10. Left: training time per sample for different 
factorization depths k. Right: peak GPU memory utilization. Means and standard errors over four runs 
are displayed.

 

Fig. 15  Simulation results for different ground-truth sparsity. Each subfigure contains the following plots: 
Left: standardized estimation error (top row) and support recovery accuracy (bottom row) for different Σ 
settings (columns) of our approach for increasing factorization depths, compared against standard imple-
mentations of convex ℓ1 and non-convex SCAD and MCP penalties. Right: test prediction error (top row) 
and false positives (bottom row) for different settings of Σ (columns)
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ing in different regularization strengths. Both parametrizations define hyperbolic parabo-
loids for each j = 1, . . . , d where the HPP can be transformed into the HDP via rotation 
and scaling operations. To see this, consider the scalar case β ∈ R. Defining the −45◦ 

rotation of any point (u, v) on the Cartesian plane as (u, v) �→ ( u+v√
2 , v−u√

2 ) ≜ rot(u, v), 

and recalling that the coordinate change from HPP to HDP is (γ, δ) = (u + v, v − u), it 
follows that HDP(γ, δ) = HPP(

√
2 rot(u, v)) = 2 · HPP(rot(u, v)). This means the HDP 

is the HPP but with all points rotated by −45◦ and its output scaled by 2 (or equiva-
lently, its arguments scaled by 

√
2.) Since the surrogate ℓ2 regularizer is the same for 

both parametrizations, this scaling results in a decreased gap between K and the surrogate 
regularizer (cf. Figs. 17 and 4a ). Geometrically speaking, the fibers K−1(β) of the HDP 
extend closer to the origin than for the HPP, allowing minimum-norm points with smaller 
norm. As derived in Sects.  3.1 and  3.2, for β > 0, the minimum-norm points for the 
HPP are ±(

√
β,

√
β), and (±

√
β, 0) for the HDP. Evaluating the surrogate ℓ2 penalty at 

those points, we find an induced regularizer of 
√

β
2 +

√
β

2 = 2|β| for the HPP, but only 
02 +

√
β

2 = |β| for the HDP.

C.2 Geometric Intuition for HPPk  in Three Dimensions

With  ℓ2 regularization, factorizing a scalar parameter β ∈ R using 
K(u) = K(u1, u2, u3) = u1u2u3 yields a minimal constrained ℓ2 penalty of 
Rβ(u1, u2, u3) = 3|u1u2u3|2/3 over K−1(β) , or Rβ(β) = 3|β|2/3 in terms of β, induc-
ing differentiable sparse ℓ2/3 regularization (cf. Fig. 18).

C.3 Curvature-Inducing Effects on Optimization Landscape

The parametrizations considered by us (cf.  Table  1) have a significant impact on the 
loss landscape caused by a change in curvature induced by the multiplicative nature of 
the parametrization. Powerpropagation (36), K(v) = v ⊙ |v|◦(k−1), as a bijective map, 
allows disentangling the curvature effect from overparametrization, i.e., the curvature 
is modified in the same base parameter space. The left panel of Fig. 19a shows that for 
increasing factorization depths k ∈ {2, 4, 6}, increasingly sharp transitions at v ∈ {−1, 1} 

Fig. 17  Left: HPP (blue/green) and the surrogate ℓ2 regularization u2
j + v2

j  (orange). Right: HDP (blue/
green) and surrogate ℓ2 regularization
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are induced. Given an unregularized base objective, the right panel of Fig. 19a shows 
corresponding equivalent surrogate objectives applying Powerpropagation without sur-
rogate regularization. The left panel of Fig. 19b displays the same base objective with 
non-smooth, and in parts non-convex, ℓq  regularization where q = 2/k. The right plot 
depicts the corresponding equivalent surrogates obtained from our optimization transfer.

Appendix D Derivation of Gradient and Hessian of Smooth Surrogate 
Q

For simplicity, we assume no unregularized parameters ψ so that the objective func-
tion Q : Rdξ → R+

0  is defined as Q(ξ) = L(K(ξ)) + λRξ(ξ), where L : Rd → R+
0  and 

K : Rdξ → Rd are C2-smooth functions, Rξ : Rdξ → R+
0  is a strongly convex ℓ2 regular-

ization term, and λ ⩾ 0 a scalar. The gradient of Q with respect to ξ is given by

	 ∇ξQ(ξ) = J ⊤
K(ξ)(ξ)∇KL(K(ξ)) + λ∇ξRξ(ξ),

where JK(ξ)(ξ) is the d × dξ-dimensional Jacobian of K at ξ, and the gradients ∇KL(K(ξ)) 
and ∇ξRξ(ξ) are vectors with d and dξ  entries. The Hessian of Q at ξ is then obtained as

	 HQ(ξ)(ξ) = HK(ξ)(ξ)∇KL(K(ξ)) + J ⊤
K(ξ)(ξ)HL(K(ξ))(ξ)JK(ξ)(ξ) + λHRξ

(ξ),

where HK(ξ)(ξ) is a third-order dξ × dξ × d-dimensional tensor, and HL(K(ξ))(ξ) and 
HRξ

(ξ) are Hessians of dimensions d × d and dξ × dξ . From this representation, we 
can see that JK(ξ)(ξ) = 0 and HK(ξ)(ξ) = 0 imply HQ(ξ)(ξ) = 0 if λ = 0. For λ > 0, 
JK(ξ)(ξ) = 0 and HK(ξ)(ξ) = 0 imply that 0 is a local minimizer of Q(ξ) due to the posi-
tive definiteness of the HRξ

(ξ) implied by the strong convexity of Rξ(ξ).

Fig. 18  Visualization  of HPPk, and a minimum constrained ℓ2 penalty Rβ(u1, u2, u3)
. bHPPk  with K(u1, u2, u3) = u1u2u3 and minimum constrained ℓ2 regularization term 
Rβ(u1, u2, u3) = 3 · |u1u2u3|2/3. c fiber of K at β = 5, illustrating the location of the 4 points with 
minimal distance to the origin at the vertices (û1, û2, û3) of the hyperbolic smooth manifold. The ver-
tices lie tangential to the largest enclosed ℓ2-ball having a radius of 

√
3 · 52/3. Right: two contours 

each of surrogate ℓ2 penalty Rξ (solid shapes) and Rβ  at the same levels (opaque). For each value 
β = u1u2u3 ̸= 0, there are 8 points where the surrogate attains minimum ℓ2 distance; however, only 
half are solutions of the SVF by restriction to orthants that respect the sign of β und
er K
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