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A  Proofs

A.1 Short Derivation of Maximum Entropy Reweighting of MD

Trajectories using Observables

The maximum entropy approach®! has been widely adopted>? % to derive reweighting schemes
to find a minimally biased probability distribution that satisfies experimental constraints.
Consider a reference probability distribution p(x), e.g., an empirical distribution estimated
from MD simulation data, and an unknown target distribution p’(x) that should match
experimental measurements. Following Jaynes’ maximum entropy principle, we seek to
minimize the KL divergence from p(x) to p’(x) subject to the constraint that the expectations

of observables O;(x) under p'(x) match their experimental values o;. That is,

[ P'(x)
min x) lo dx 1
1 /p (x) log (%) (1)
subject to:
Epx)Oi(x)] =0; fori=1,...,M (2)

[rax=1 (3)

Using the method of Lagrange multipliers, we obtain the following objective:

5= [vx10s 2 fjj)) dx+§xi ( [ #x00ax - ) o ( [ ax- 1) (1)

where {\;}}, are the Lagrange multipliers for the constraints on the M observables, and p
is the multiplier for density normalization. Setting the functional derivative 0.5/dp’ to zero

yields
'x)

—log b
p(x)

L+ Y XOi(x) +p=0. (5)
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Finally, solving for p/(x) and determining p through normalization gives

P'(x) o p(x) exp <— Z AiOi(X)> : (6)

1 S6

where the \s are determined, e.g., following Bottaro et al.””, such that the constraints on

the expectations are satisfied. This reweighted distribution represents the maximum entropy
solution that satisfies the experimental constraints while minimizing the bias introduced

relative to the reference distribution p(x).

A.2 Bounding the Wasserstein distance

In this section, we derive an upper bound on the squared Wasserstein distance W3 (po, pj),
where the distributions py and pf, are obtained by evolving a common terminal distribution
p1 = p} backward in time according to the ODEs in Egs.4 and 9 in main manuscript. We
begin by proving a Grénwall-type lemma (see, e.g., Bressan and Piccoli®”, Lemma 2.1.2) that

will be useful to prove our result.

Lemma 1. Let T > 0 and let f be an absolutely continuous function over [0,T] satisfying

the differential inequality

d

@f(t) <a(t)f(t) + b(t) for a.e. t €10,T), (7)
where a,b € L'([0,T]) are integrable functions. Then, for everyt € [0,T],

() < exp ( /O () du> £(0) + /O exp ( / () du) b(s) ds . (8)

Proof. Define the absolutely continuous function

B(E) = exp (— /0 " () du)
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and note that () > 0, ¢(0) =1, and

Multiplying both sides of Eq. (7) by ¥(¢) and integrating from 0 to ¢, we have

/wsi-swséw@mv@®+l%@mms )

D) f( / P'(s)f(s)ds < /tl/J (s)a(s)f(s)ds+ /Otw(s)b(s) ds  (10)
SIS - F(0) + / ®</w >m+£%@mm5<m
Mﬁ0<f)&AM%@®- (12)

We then divide both sides by () again to conclude:

< % Ot %b(s) ds (13)
~ exp ( /0 " () du) £(0) + /0 exp ( / () du) b(s) ds (14)

Proposition 2. Let T > 0, and let v,v' : [0,T] x R — R? be measurable in time and
L,-Lipschitz in space, with L, integrable. Let py be a probability measure on R?, and define
dXt _

Pe, Py as the pushforwards of py under the flows of the ODEs = vi(x;) and % = v(x}).
Then for all t € [0,T],

t t
W2(po 1) g/ exp (t—s—i—Q/ Ludu> Erny, [IVa() = Vi) ds . (15)
0 s

Proof. Let ¢, ¢, be the flows of the ODEs, i.e., x; = ¢y(xo), 24 = v,(¢(x)), and similarly

dt
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for x' and ¢}. Define the coupling:

77-15 = (th, Q%)*p[) € F<ptap:€) ; (16)

i.e., the pushforward of py through the map x — (¢:(x), ¢;(x)). By definition of 2-Wasserstein

distance, we can write:

W5 (pr, 1) < / I — x'||* e (%, %) = Egexyir [1%e = x1]17] (17)
Take any xg,x{, € R and let x; = ¢(x¢) and x; = ¢}(x{). Then,
d /112 / / /
EHXI‘, =X I” = 2(x¢ — xp) - (ve(xe) — vi(x3)) (18)
= 2(x; = x7) - (Vo) = ve(x3)) + 2(x — x3) - (va(x}) — vi(x3))  (19)

We bound the first term using the Cauchy—Schwarz inequality and the L;-Lipschitzness of v;:

2(x — xp) - (Ve(xt) = va(x7)) < 2flxe = x| [[ve(xe) — va(xi)| (20)

< oL, — X 1)
Using 0 < |la — b||? = ||a||* + ||b||* — 2a - b for the second term we have:
2(x — %) - (ve(xt) = vi(xp)) < [l — x31* + [[ve(3xt) — vi(xp) I - (22)

Plugging these two bounds into Eq. (19), we get

d

EHXt —xi|]? = 2(x¢ — x}) - (Ve(xe) — ve(x})) + 2(x — X)) - (ve(x}) — vi(x}))  (23)
< 2L4|Jxe — X317 + [Jxe — X7 + [[va(x)) — vi(x))| (24)
= (2L + 1) |lxe — x3|* + [[ve(x}) — vi(x))[1? - (25)
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Finally, taking expectations on both sides w.r.t. (x;,x}) ~ 7, and exchanging expectation

and derivative under standard regularity assumptions, we get:

d

T L =xilP] < (Lo +1) E [xe = xi[°] +E [[[va(xi) = vi(x)IIP] - (26)

This inequality can be expressed as

PO < o nsw 00, F0)=0, 1)

with
F(#) = Ege oy [lI%e = x4]17] (28)
b(t) = B [IVex) = viRDIP] (29)

Applying Lemma 1 with a(t) = (2L; + 1), we get:

f(t) < /O t exp ( / t(2Lu +1) du) b(s) ds (30)

_ /Ot ¢ exp (2/: Ludu) b(s) ds (31)

Since from Eq. (17) we know that W3(p;, p) < f(t), the statement follows:

t t
W) < [ o (2 [ Ludn) B [Iva60 - Vi) a2
0 s

[]

Although the result in the time-reversed case is straightforward as it directly follows from

a time reparameterization, we state it and prove it for the sake of completeness.

Proposition 3. Let v,v' : [0,1] x R — R? be measurable in time and L;-Lipschitz in

space, with L, integrable. Let po,ply be probability measures on R, and define p;,p} as the
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pushforwards of py under the flows of the ODEs %t = vy(x;) and %; = vj(x}). Assume

p1 =py. Then,

1 ¢
W3 (po, ph) < / exp (t + 2/ L, ds) Exp! [Hvt(x) — V;(X)HZ] dt . (33)
0 0

Proof. Consider the time reversal transformation s = 1 —¢. Define X, = x;_, and X/, == x{_,,
where x; and x; satisfy the original ODEs with vector fields vy, v}, with x; ~ p;, x} ~ p}, and
p1 = p). Differentiating the reversed processes, we get:

dis _ Xm—s dt o _ Il
- @ as o Vmbas) = Vs o

and similarly for X’. Thus, the reversed processes satisfy:

dxs . . ax,  _, .,
ds - VS(XS) ’ ds - VS<XS) ) (35)
where we defined the reversed velocity fields v4(x) := —v;_4(x) and V. (x) := —v|_(x). From

the definitions X, = x;_, and x|, := x_, it directly follows that p, = p;_, and p, = p|_,. At

s = 0, we have py = p1 = p| = P}, so the reversed processes start from the same distribution.
Since v; and v} are L;-Lipschitz in space with L; integrable, v and v/, are L;_g-Lipschitz.
The reversed ODEs start at s = 0 from the same distribution (py = pf,) and evolve to p; = py

and py = p at s = 1. Applying Proposition 2, we get:

1 1
W2(py, 7)) < / exp (1 — 5+ 2/ L,_, du> Ex~p, [||\75(X) — {f;(x)”g} ds . (36)
0 s

Substituting ps = p1_s and pl, = p}_,, using the definitions of v, v}, and applying a change
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of variables t = 1 — s, we obtain the desired bound:

Winat) < [ e (1-s+2 [ Ludu) By [Iviest) — ViG] @5 (30
-/ exp (t v2 lt Lo du) By [IIV2(x) = ViG] (39)
-/ e (142 L. ) By (i) = ViG] (39)

[]

In this work, we are specifically interested in the ODEs (4) and (9) in main manuscript:

Proposition (Restatement of Proposition 1 in main manuscript). Let p, and p, be the dis-
tributions at time ¢ obtained by solving the ODEs (4) and (9) backwards in time from the
same initial distribution p; at ¢ = 1. Assume that the vector fields are measurable in time

and L;-Lipschitz in space with L; integrable. Then:

1 4
g t ! s
W) < [ (@) D5 B (a0l dr, wlt) = 2B )
Proof. The ODEs (4) and (9) have the following vector fields:

vi(x) = £(x, ) — %g(t)Qs(x, )

vi(x) = f(x,t) — %g(t)2 (s(x,t) + h(x,t)) .

The result directly follows by applying Proposition 3:

2 / ! ! g(t)4 2
W35 (po, o) S/ exp |t + 2/ L,ds 1 Exp [||h19(x, il ] dt . (41)
0 0

S-8



A.3 Bounding the KL divergence

Proposition 4. Let p,p' : RY x [0,1] — Rsq be two probability paths over time t € [0,1],

induced by two reverse-time SDFEs:
dx; = p,(x;) dt + g dwy | dx; = py(xq) dt + g dw, (42)

where Wy, W, are reverse-time Wiener processes, p, p' : R4 x [0,1] — R?, and ¢ : [0,1] — Rso.
Assume that py = p}, that both SDEs admit strong solutions, and that P' < P, where P, P’

are the path measures induced by the SDEs on C([0,1],RY). Then:

Dra(iilm) < 5 | 5 B (11100 = 0] . (43)

Proof. By applying the chain rule of the KL divergence®® Theorem 2.4 at t =0 and ¢ = 1,

we have:

Dic(PIIP) = Diwbllp) + B | Drt (P

i IPxo=;)| (44)

Dicu(P'lIP) = Dic (01 Ip1) +Ex . | Dict (Pl =
=0

xl:xf)] . (45)

The subscripts on the path measures denote conditioning on the value of the process at a
specific time (by disintegration of path measures). We can therefore bound Dy, (pp||po) by a

KL divergence between path measures:

Dict(ph1p0) < Exiepy, | Dict(Ply s IPri=s)| - (46)

By Girsanov’s theorem ™,

DKL(P

x1=x7F
1=%1 t

omet) = 3o | [ ) — ] (a7)
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We can now write the iterated expectation as an expectation over the unconditional path

measure P’

1 "1
Bt (D0 PhIPesmst)] = 5Esion [Er, | [ ol — x| | a9

*
X1 =X7
t

~ g8 [ [ ) ol ] (19)

Finally, we switch the expectation and integral (Fubini-Tonelli), and simplify the expectation
over P’ into an expectation over the time marginal p; since the argument of the integral only

depends on t:

1 , ) B 1l / o e
= [/ g ale) = ()l dt} = / 7 Bt () = 7] e, (50)

¢ ¢
which concludes the proof. O

In this work, we are specifically interested in the reverse-time SDEs (3) and (8) in main

manuscript:

Proposition (Restatement of Proposition 2). Let p; and p, be the distributions at time ¢
induced by the reverse-time SDEs (3) and (8) starting from the same distribution p; at t = 1.
Assume that both SDEs admit strong solutions, and that P’ < P, where P, P’ are the path
measures induced by the SDEs on C/([0, 1],R?). Then:

/ ! t4
Drahlon) < [ wia(®) X By (ot O] dt, winlt) = -
0

Proof. The result directly follows by applying Proposition 4 to the drifts of the reverse-time
SDEs (3) and (8). O
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B Experimental details

B.1 Coarse-grained Boltzmann Emulator model architecture and
training setup

The score function in this work is based on the CPaiNN architecture introduced in®'? with
np = 64 hidden features and five message passing layers. The score is calculated in two steps
- embedding and processing by CPaiNN. In the embedding step, each node is embedded
using a lookup function. The pairwise distances between nodes and the diffusion time ¢ is
encoded with a positional embedding as described in®''. The embedded ¢ is concatenated to
the node features and the resulting vector is projected down to n, dimensions using an MLP.
Additionally, each node is assigned n;, zero-vectors serving as initial equivariant features.

The embedded graph is processed by the score model and the final equivariant features
are read out as the score.

The score model was trained in a DDPM setup as described in®'’

using an exponential
moving average®'? with a decay value of 0.99, batch size of 128, and the Adam optimizer

with a learning rate of 0.001, 5, = .9, By = .999.

B.2 Analysis of CLN025 MD Trajectory

To evaluate our methods, we calculate pair-wise C* distances of the ten-residue miniprotein
and project those features onto the two slowest time-lagged independent components®'? with
a lag time 7 = 10ns. We then clustered the MD trajectory into n = 128 states using KMeans.
The discretized trajectory was then used for estimating a Markov State Model (MSM)“14516
using a lag time of 7 = 10ns°'". For detailed discussions on the background and use of these
methods, we refer the reader to!*518-520,

In order to identify the transition states for, both chignolin and Protein G, we computed

S21

the committor probabilities®*', defining transition states as those with values near 0.5. If we

consider a reactive process of a system on a space €2 going from a state A C €2 to another
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state B C Q,s. t. AN B = (), the committor ¢; describes the probability of reaching state

B before A starting from i.°* Considering the protein folding process, A is the unfolded

state and B is the folded state, ¢; =

P(folded first | starting at state i). Most importantly

in our context, are states with committor values near 0.5, indicating an equal likelihood of

folding or unfolding, which are identified as transition states (Fig. S1 and Fig. 4 in main

manuscript). These states often represent critical bottlenecks in the folding process or in

chemical reactions and are thus of significant biophysical and chemical interest.

B.2.1 Committor Probabilities and Transition States.

B.3 Observable Guidance

We evaluated our method on two sys-
tems: a synthetic one-dimensional
model and the chignolin protein sys-
tem. For both systems, guidance
parameters were optimized using
Bayesian optimization with Gaus-
sian Processes (GPs) implemented
via scikit-optimize®?*. The scal-
ing function took the form () =
Ninit €Xp(—k(1 — t)), with system-
specific search spaces for ny,;; and
k. All optimizations used 64 func-
tion evaluations with a convergence

threshold of le-5, retaining the 5

2.0 1.0
folded
154 I unfolded
© | WM transition 0.8
1.0 4
06 >
~ 0.5- =
9) 3
h o
0.0 - 040
-0.5 A
0.2
-1.0 A
T T T T 0.0
-3 -2 -1 0
tiIC 1

Figure S1: Committor Probability Voronoi Dia-
gram. Each region is colored by its committor proba-
bility, where values near 1 correspond to folded states
and values near 0 correspond to unfolded states. Re-
gions near 0.5 represent transition states.

best parameter sets. The scaling hyperparameter -, which balances observable matching and

minimum excess work, was consistently set to le-3 after hyperparameter search.
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B.3.1 Synthetic setup and additional results

Task and data. We train a diffusion model on samples from a biased 1D quadruple-well
potential®'*, allowing for direct, distribution-level validation of a system that displays multi-

modality and metastability yet has a numerically accessible unbiased Boltzmann distribution.

Neural Network Architecture and Training. Two multilayer perceptron (MLP) net-
works were trained on the Prinz potential system®'* with kg = 1.38 - 10723 and T = 300 K:
one on the unbiased potential and another incorporating a linear bias of -4. Both networks
were trained for 15,000 epochs using a batch size of 256 and the Adam optimizer with a
learning rate of le-3. The networks shared identical architectures, with input dimension
corresponding to single-atom (na4oms = 1) one-dimensional data, a time embedding dimension
of 3, hidden dimension of 64, and output dimension of 1. The training process employed a
linear beta scheduler with parameters a = 0.1 and b = 20.0. This scheduler controlled the
noise scale during training, allowing for progressive refinement of the learned distributions.
Observable Function Parameterization. For the synthetic system, the observable function
was implemented as a Gaussian Mixture Model (GMM) with four components, parameterized
as shown in Table S1. The Lagrange multiplier was calculated to be -0.66 following®°. The

parameter search space was defined as n,; € [1.0,20.0] and ~ € [1.0,20.0].

Table S1: Gaussian Mixture Model Component Parameters

Component Mean (p) Variance (02) Weight (w)

1 0.30 0.01 0.35
2 -0.24 0.01 0.22
3 0.69 0.01 0.27
4 -0.71 0.01 0.16

Evaluation metrics. We report (i) Ep,,x)[O(x)] to assess constraint satisfaction and (ii)
KL(par || pam) to assess distributional fidelity relative to the ground truth (GT). We compare

a biased reference model, the guided model, and GT.
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Main result. As shown in Fig. S2, guidance corrects the biased density toward GT.
Quantitatively (Table S2), KL is reduced by ~ 10x (from 0.13 to 0.019£0.002) and the

observable expectation moves from —13.6 to 11.954+0.22, closely matching GT 12.01.

Ablation on MEW regularization. We compare training with (y > 0) and without
(v = 0) MEW. Both variants match the observable expectation, but without MEW we observe
mode collapse with mass concentrated in a narrow region and elevated KL, indicating poor
distributional fidelity. MEW preserves the broader reference shape and stabilizes training

(visuals in Fig. S10; summary metrics in Table S3).

Conclusion. This synthetic experiment demonstrates that observable guidance recovers
the correct distribution using only expectation values, while MEW regularization prevents

degenerate solutions and stabilizes training.

B.3.2 cgBE: Chignolin

For the chignolin protein system, we defined the observable function using the interatomic
distance between the first and last C* atoms (C{ and Cfj,). The folding free energy was

calculated as:

AG = —kgTlog (1 pfp ) (52)
—rf

where p; represents the fraction of folded samples, defined using a distance cutoff of 7.5 A
The Lagrange multiplier was determined to be -0.5°°. The parameter search space was set to
Nimis € [1072,1.0] and € [1.0,10.0]. The optimization process used 256 samples per epoch,

with final evaluation conducted on 256 x 256 samples to ensure robust statistical assessment.

B.3.3 BioEmu: Homeodomain

For the homeodomain experiments, we used experimental 3.J-couplings:
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3 Jun ma(@) = A cos? ((b — (;50) +B cos(gb — <;50) +C, ¢ = 60° (53)

using the standard parameterization of Vuister & Bax: A =6.98, B = —1.38, C' = 1.72.
Due to high observable covariance, we selected a subset (10/43) of the most informative
observables for guidance. This was done via covariance analysis, which identifies redundant
measurements that provide overlapping structural information and reveals the effective dimen-
sionality of the conformational space sampled by the observables (see Fig. S6). To identify
these observables, we performed PCA on the covariance matrix and identified observables that
contribute significantly to multiple principal components (threshold: [loading| > 0.25, see
Fig. S7). Determining the Lagrange multipliers was done using,%** and the effective sample
size was found to be 0.255. BioEmu’s internal representation consists of a position matrix
r and a rotation matrix Q.2 Our augmenter module operates directly on the (r, Q) tuple
representation of positions and residue orientations. From these coarse-grained coordinates,
we reconstruct the backbone geometry, which allows us to compute experimental observables
such as the dihedral angle ¢ required for ? Jiyn_ma-couplings. The augmenter then evaluates
the weighted experimental loss and provides its gradients with respect to both r and Q. For
positions, this yields standard FEuclidean forces. For orientations, gradients are first mapped
to the Lie algebra so(3), ensuring that all updates remain consistent with the SO(3) manifold
structure. During denoising, the augmenter is evaluated not on the noisy state (r;, Q;) but on

Tweedie posterior mean estimates of the clean structure. For positions, the Tweedie relation

2 (7)
Fo = I}—i—% (54)
¢

links the network’s position score s,S’") to an estimate of the clean coordinates ry. For

orientations, we apply an analogous manifold-aware update in SO(3),
Qo = Qexp (Q(Z—i wt>) ) (55)
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where w; denotes the predicted rotational score in axis—angle representation and (AZ() maps it
to a skew-symmetric matrix. This update guarantees that QO € SO(3) without requiring an
ambient projection. In this way, observable guidance enters the diffusion model consistently
for both positions and orientations, while preserving Euclidean and manifold constraints. For
training, we used 3,500 samples to evaluate the observable expectations using a batch size of
700. Evaluation was done using 4,900 samples. 7 was set to le-3 and the parameter search

space was set to nii € [1072,1.0] and & € [3.0, 10.0].

B.3.4 Compute Resources and Runtime Details

Observable guidance experiments were conducted using HPC compute infrastructure equipped
with NVIDIA A100 GPUs (80GB memory). Training and evaluation scripts were run on
single-GPU nodes.

For the synthetic system (Sec-

tion 52 and Table 52), each experi- 1.2 4 W reference
10 ground truth
ment took approximately 4 min to ' W guided
0.8
run, consuming 6 GB GPU mem- & 06 -
ory. The chignolin experiments 047
02
(e.g., Figure S13) required up to 0.0

! [ [ [ [ [ [ [ !
) ) -1.00 -0.75 -050 -0.25 000 025 050 075 1.00
30 min of compute time per run, X

and 30 GB of GPU memory due to L I | | T T 1]
-10 -5 0 5 10

[Ep(x)[o(x)]

the larger input size and batch re-

Figure S2: Comparison of Probability Distributions
Before and After Observable Guidance for a 1D
ure S10) were conducted with the Energy Potential. The top plot shows the probabil-

ity distributions for three models: the biased reference
same hardware and each variant el (blue), the ground truth model (yellow), and the
guided model (red). Guidance helps to align the reference
model with that of the ground truth model using only
and 10 (chignolin case) seeds, re- the expectation of an observable function (bottom) while

minimizing excess work.
quiring 1-3 hours per configura-

quirements. Ablation studies (Fig-

was run across b0 (synthetic case)
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tion. In total, the reported experiments required approximately 10 GPU hours. Preliminary
runs and failed hyperparameter sweeps amounted to an estimated additional 100 GPU hours,
not included in the main results. All experiments were executed in a reproducible virtual

environment with pinned dependencies (provided in the supplemental code release).

B.4 Path Guidance

Similar to observable guidance, path and loss guidance were evaluated on two systems: a
synthetic two-dimensional setup and the chignolin mini-protein. We experimented with
various functional forms for the guiding strength and time-dependent bandwidth and found

that sigmoid-like step functions performed well across both tasks:

(V) = Vinit (1 — o (J(t = 05))) (56)

hi(@) = Qinit + 0 (@qg(t — ¢5)) (57)

To optimize the parameter sets ¢ and ¢ we applied Bayesian optimization with Gaussian
Processes (GPs), using the scikit-optimize library. We employed the gp_hedge acquisition
function, which dynamically combines strategies such as Expected Improvement (EI), Proba-
bility of Improvement (PI), and Lower Confidence Bound (LCB) based on their empirical
performance. After initial exploration, we restricted the search space to a sensible domain to

improve optimization efficiency and support a broader sweep of experimental configurations.

B.4.1 Synthetic System

We evaluated our method on a simple three-moon example, where the two-dimensional dataset
consists of three noisy half-moon arcs generated by sampling from shifted semicircles with
optional convexity and added Gaussian noise (see Fig. S11). While two of the arcs are well-
represented in the training data, only 2.5% of the samples belong to the third arc, creating a

challenging low-data region. We adopt the Conditional Flow Matching (CFM) framework“?°,

S-17



from which the score function can be derived for augmentation. To approximate the resulting
vector field, we train a four-layer MLP on 10,000 samples for 3,000 steps using a learning
rate of 107% and a batch size of 256. Training hyperparameters were selected via a small
grid search on an NVIDIA A100 GPU. For optimizing the guidance schedules in Eqgs. (56)
and (57), we run 25 Bayesian optimization steps. To classify whether a sample falls within
the target moon, we train a two-layer MLP classifier using a learning rate of 1073, 1,000
training steps, and a batch size of 256. For path and loss guidance, we evaluated v values
between 0 and 1, finding 0.03 working best for path guidance and 0.1 for loss guidance. For

sampling we use 20 guiding points generating 1000 samples in one batch.

B.4.2 Chignolin System

The Boltzmann Emulator used for sampling the chignolin system is described in Appendix B.1.
Since loss guidance could not be reliably optimized via Bayesian optimization, we performed
an extensive grid search over hyperparameters, including various functional forms for the
schedules in Egs. (56) and (57). This grid search was run for 24 hours on a single NVIDIA
H100 GPU and served primarily to investigate the failure modes of loss guidance. The
corresponding results are shown in Fig. S13B. To improve stability, we explored gradient
clipping and found it essential for loss guidance. For MEW-guided optimization, we focused
exclusively on path guidance. We tested ~ values between 0 and 1 and found values v < 0.5
to be effective. Each run consisted of 50 Bayesian optimization steps, with one function
evaluation taking approximately 2.5 minutes. As a result, a full optimization run for a fixed
~ required about two hours on a single NVIDIA H100 GPU (80GB). After each iteration, we
computed committor probabilities of the sampled protein conformations using the method
described in Appendix B.2 to estimate the proportion of transition-state configurations. For
each of the 50 guiding points available, we generated 10 samples, leading to a sample batch

size of 500.

S-18



B.4.3 BioEmu: Protein G

BioEmu models both backbone geometry and local frames, diffusing translations r» € R?
and orientations Q € SO(3). While we reuse the Euclidean path-guidance construction
for translations, we extend it to orientations by defining a KDE-style guidance term in the
rotation tangent space s0(3).

At diffusion time ¢, let Q, € SO(3) denote a residue’s current orientation and let {QJ'}M,
be the corresponding guiding orientations (i.e., the orientation components of X7). We form

right-trivialized relative rotations
Al = Log(Q Q1) € so(3). (58)

(and identify Al with its axis—angle vector in R® when taking norms). Using a Gaussian

kernel with time-dependent bandwidth hEQ)(go),

- 1AL < ki
ki o exp <——2 ) wy = . (59)
2 (¥ ()

the corresponding rotational perturbation is then

(@) = 17D St g (60

which we add to BioEmu'’s predicted rotational score prior to the integration step. Separate
time-dependent schedules are used for positional vs. rotational strength and bandwidth, both
parameterized in the same functional forms as Egs. (56) and (57), but with independent
parameter sets for translations and rotations. The experimental setup is the same as in
Appendix B.4.2; but due to the increased number of parameters, we use 250 Bayesian
optimisation steps. Therefore, to run optimisation for a fixed value of 7, we require about 4
hours on a single NVIDIA H100 GPU. For sampling, we use BioEmu’s default configuration

of 100 sampling steps using the Heun solver.
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C Results: Observable Guidance

All error bars for observable guidance were calculated as the standard deviation between
n runs (n = 50 for the 1D energy potential experiments and n = 10 for the chignolin

experiments.

tiC 2

tic1

-18 -06 06 1.8 3.0
AG [kcal/mol]

Figure S3: tICA Projection of Original and Observable-Guided Model. State space
distribution projected onto the first and second tICs for the original (A) and guided (B) BG.
The plots are colored by their respective energies.

S-20



Comparison of CA Distances for Sample Structures
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Figure S4: Comparison of sequential C*—C® distances
guided diffusion model (OG-DDPM, green) and the

between the observable-
original diffusion model

(DDPM, orange). The plots show the distance distributions for all adjacent C* pairs (0-2
through 8-9 using zero indexing) in the protein backbone, showing that the guided model
maintains proper protein geometry while achieving the desired constraints.
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Torsion Angles
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Figure S5: Distribution of backbone torsion angles (¢; through ¢;) comparing the
MD simulation (solid lines) with the observable-guided model (dashed lines).
The close agreement between the distributions indicates that the guided model preserves the
native conformational preferences of the protein while satisfying the experimental constraints.
Each torsion angle is shown in a different color. The differences between the two densities
stems from the guidance procedure. Importantly, the torsion angles themselves remain the
same.

C.1 Ablation Studies

D Results: Path Guidance

D.1 Synthetic System

Before applying our method to the Boltzmann Generator on the chignolin system, we first
evaluated it on a simple three-moon example (Fig. S11; see Appendix B.4.1 for implementation
details). This setup offers a useful testbed, as the low-data region is connected to a high-

density area while remaining well-separated from the other half-moon. The objective of
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Eigenvalues of Covariance Matrix

0 10 20 30 40
Index

Figure S6: Eigenspectrum of Observable Covariance Matrix. The spectrum shows a
high correlation between the observables, indicating that most carry redundant information.

Table S2: Metrics for O(x) and KL divergence across models (synthetic).

Model M Epv0[0(x)]  KL(parllpm)
Ground Truth 12.01 —
Reference —13.6 0.13
Guided 11.95+0.22 0.019 £ 0.002

guidance in this case is to enable transitions into the low-density region without deviating off
the underlying data manifold connecting the moons.

We observe that with ODE sampling, points frequently fall off the manifold, and only
careful tuning of the guiding strength minimizes this issue. In contrast, SDE guiding is more
robust, as noise helps correct guidance errors. Overall, after minimal optimization of 7, and
h¢, both Path Guidance and Loss Guidance perform well on this toy example. However, in
both methods, careful calibration of the guiding strength at low ¢ is essential, as errors at this
stage cannot be corrected later. Hence, we found the sigmoid function to be effective in these
scenarios, as it naturally converges to 0 for ¢ — 1. In contrast to the Chignolin experiment,

we find that loss guidance performs equally well in this synthetic setting, likely due to the

Table S3: Metrics for O(x) and KL divergence with and without MEW regularization.

Model M E,,,0[0(x)] KL[par(x)|pm(x)]

w/o MEW 0.131 0.754 £ 1.533
w/ MEW 0.131 0.029 £ 0.007
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Figure S7: Principal Components Loading Analysis for Observable Covariance.
The four biggest PCs are shown with a cut-off at 25 % to separate significant contributions
to the observables.

simplicity of the data distribution, where the (KDE) in data space sufficiently captures the
underlying probability distribution. We also investigate the effect of MEW regularization
and observe that omitting the regularization reduces the diversity of the generated samples.
Without MEW, the samples tend to be overly guided towards the guiding points on most

probable regions, failing to capture the full variance of the underlying distribution Fig. S12.
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D.2 Ablation Studies on Loss guidance

Since reliable sampling with loss guidance could not be achieved, we conducted a more
thorough investigation to enable a fair comparison. Instead of relying on Bayesian optimization,
we performed an extensive grid search over the guiding parameters (see Appendix B.4.2
for details), with particular focus on smaller guiding strengths to mitigate the effects of
unstable or misaligned gradients. Compared to path guidance, the grid search results
show substantially lower guiding success, with a maximum transition-state sampling rate
of only 0.15%. While this does represent an improvement over unguided sampling (1%),
most configurations with non-negligible guidance success resulted in degenerate samples
(Fig. S13B). Our analysis suggests that while loss guidance can partially align the model with
the target angle distribution, it struggles to follow the desired sampling trajectory throughout
the generative process. As a result, strong corrections near the data distribution are required,

increasing the risk of sample degeneration (Fig. S13A).

D.3 Baseline Experiments

In this section, we describe the other two baselines, mentioned in Appendix D.2, which do
not augment the vector field. Instead, they utilize the latent representations of the guiding
points XY to initialize the sampling process for generating new points with similar latent
characteristics. While these methods are appealing in their simplicity, they lack direct control

over the sampling process itself.

Latent-KDE (L-KDE). We can fit a KDE in the latent space on X7, sample from it,
and integrate the probability low ODE backwards in time. Fitting the KDE at the prior
can be advantageous because the Euclidean distance, on which most kernels are based, is

better suited for Gaussian-distributed data compared to its use in data space. We refer to

this method as Latent-KDE (L-KDE).
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Stochastic-Reverse (SR). Alternatively, we can select a specific time step ¢ such that the
desired properties are preserved and initialize the backward SDE (Eq. 1 in main manuscript)
with latents from X7. The stochasticity of the SDE will ensure we generate new divers
samples with x’ € A.

We conduct sampling experiments using the aforementioned baseline methods to verify
whether the results align with our intuition. Specifically, for the L-KDE baseline, we evaluate
a Gaussian kernel with noise levels (standard deviations) of {0.01,0.05,0.1}. For the SR
baseline, we consider intermediate times {0.1,0.5,0.9}. For simplicity, we only examine the
scenario where there is a single guiding point (i.e., XY and X7 are singleton sets). Each
experiment is repeated with five different seeds.

In the following figures (Figures Fig. S14 — Fig. S19), we provide various metrics, his-
tograms, and energy surfaces that summarize the trends observed in these baseline guidance
scenarios. Overall, the results strongly suggest that guidance biases the sampling procedure

toward the reference guiding points, which aligns with our intuition.
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Backbone psi angle distributions per residue: Unguided (dashed) vs Guided (solid)
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Figure S8: ¢ backbone distribution before and after guidance. The close agreement
between the distributions indicates that the guided model preserves the native conformational
preferences of the protein while satisfying the experimental constraints. The differences
between the two densities stems from the guidance procedure. Importantly, the torsion angles
themselves remain the same.
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Figure S9: Distribution of Observables Used in Guidance.
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distribution of the observables as a function of state space. Blue indicates predictions from
the original BioEmu model and red are the MEW-regularized predictions.
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Figure S10: Ablation study on MEW regularization in the 1D four-well potential.
Left: With MEW regularization, the guided distribution (red) closely matches both the
reference (blue) and ground truth (yellow) distributions. Right: without regularization,
guidance leads to mode collapse and overconcentration, resulting in low observable prediction
error but poor distributional fidelity. Insets show the expected observable values E,x)[O(x)].
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Figure S11: Sampling the synthetic sys- Figure S12: Guidance with and without
tem. Comparison of unguided, path-guided, MEW regularization. MEW guidance en-
and loss-guided models using both SDE and  sures that we do not collapse onto the guiding

ODE samplers. points.
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Figure S13: Path Guidance vs. Loss-Guidance for sampling Transition States. (A)
Evolution of the mean torsion angle (which determines the state of the protein) during the
diffusion process. (B) Success rates across different parameter settings.
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Figure S16: Energy surface plots. First row: L-KDE baseline for various levels of noise
scale. The smaller the perturbation, the more concentrated the samples around the transition
states region. Second row: SR baseline for various values of intermediate time. The smaller
the stochasticity level, the more concentrated the samples around the transition states region.
Compare with Fig. S1 and Fig.1 A and B in main manuscript.
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Figure S17: Comparison of bond distance distributions for L-KDE and the reference.
The L-KDE baseline (blue) is superposed on the corresponding histogram of the unconditional
(red) distribution (the CLN025 MD simulation). We see that for small perturbations, the
generated samples seem to conform to particular details of the guiding samples. As the noise

increases, the guidance impact diminishes. This is quantified in a more principled way in
Fig. S19.
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Figure S18: Torsion angle histograms for the SR baseline at different noise levels.
Solid lines show SR samples at ¢t = 0.1 (Left) and ¢t = 0.9 (Right), superimposed on the
corresponding unconditional distributions (dashed lines). At high stochasticity (¢t = 0.9), the
torsion angle distribution becomes nearly indistinguishable from the unconditional one.
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Figure S19: Wasserstein distance between baselines and reference bond distance
distributions. We measure the distance between the bond distance distributions of baseline
methods and the CLN025 MD simulation (see Fig. S17). As the stochasticity level increases
for both baselines, the generated distributions converge toward the unconditional reference,
indicating a reduced influence of the guidance signal.
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