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. A Supplementary Material

s A.1 Derivation of log-odds for disease combinations in multinomial model
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In the following, we consider the log-odds of the joint occurrence of diseases, based on information
about the exclusive occurrence of single diseases. The derived formulas are employed in Section 2.2.2,
Approach IId, Step 1, Option (iii). We focus on the joint consideration of two and three different
but potentially related diseases. The derived relationships can also be extended to more than three
diseases, and the formulas can be employed as a sub-model in the context of d > 3 co-occurring
diseases.

To start with, we look at the scenario of two diseases A and B. Let Y be a multinomial random
variable denoting the disease status of a particular patient which can take the values A (meaning
that the patient suffers exclusively from disease A), B (analogously), AB (both diseases occur
simultaneously) of H (the patient is healthy, the reference category). By wa, 7, map and 7y we
denote the probability for Y taking the respective value. Additionally, we introduce binary random
variables A and B indicating whether the patient suffers from the respective disease (value one) or
not.

The log-odds for Y taking the values A, B and AB are defined as

nd
a 1 =1 (22) g (2D o



» respectively. The odds ratio (OR) for a 2 x 2 contingency table is often used as a measure of
23 association [1]. We will make use of it to determine the desired association between two diseases.

2 We first calculate the log-odds ratio for diseases A and B, using the definition for OR from [2], as

P(A=1,B=1) ; P(A=0,B =
log(ORa.p) = log (PEA —1,B= 03 / PEA —0,B= )
oy (PA=1B=1)-P(4=0,B=0)
“ot (54 =150 PA=05-1)) )
o (PO =AB) - P(Y = H
_Og<P(Y:A P(YzB))

)
=log(P(Y = AB)) +log(P(Y = H)) — log(P(Y = A)) —log(P(Y = B)).
»s  Equations (1), (2) and (3) can be rearranged to the following;:

log(P(Y = A)) = na +log(P(Y = H)),
log(P(Y = B)) = np +log(P(Y = H)), (5)

log(P(Y = AB)) = nag +log(P(Y = H)).

s Plugging in the formulas from Equation (5) into Equation (4), we can write

log(OR4,5)

=nap +1og(P(Y = H)) +log(P(Y = H)) —na —log(P(Y = H)) —np —log(P(Y = H))

=MNAB —NA —1B-

2z Thus, we can calculate the linear predictor for category AB as

nap =10g(OR4 B) + 14 + 1B,

)

s where we set OR4 g to the desired association between diseases A and B.
» For three diseases A, B and C (and respective definitions of random variables as above), the linear
s predictor napo for disease combination ABC can be calculated as described in the following. The

a1 possible disease occurrence combinations are A, B, C, AB, AC, BC, ABC and H. Additionally
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to Equations (1)-(3), we define the following;:

and
napc = log (Wﬁi(j) = log <P](3)EY:A§)C)) - (7)

Analogously to Equation (5), we can rearrange 7¢ and n4pc accordingly:

log(P(Y = C)) = e + log(P(Y = H)), N
log(P(Y = ABC)) = nagc + log(P(Y = H)).

To calculate napo for disease combination ABC, we use the log-odds ratio for diseases A, B and

C, which can be defined by the ratio of the two conditional log-odds ratios:

log(OR 4, pjo=1)
1 = 25 ABIC-Y
0g(ORAB.C) = 08(0R 5. p10—0) (9)

The conditional log-odds ratios can be seen as two different 2 x 2 contingency tables and therefore,

similar to Equation (4), calculated as shown here:

P(A=1,B=1,C=1 P(A=0,B=1,C=1
og(OR4.pio=1) = log (PEA— 1,B=0,C = 1; / PEA— 0,B=0,C = 1§>
:ﬂ%<HA:LB:LC:DaﬂA:QB:QC:U)
PA=1,B=0,C=1)-P(A=0,B=1,C=1)
<J%<mymxypwcv
P(Y = AC) - P(Y = BC)

="NABC +Nc —NAc — NBC
(10)
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_ P(A=1,B=1C=0)  PA=0,B=1,C=0)

og(OR 4 pig-0) = log (P(A —T5=0c=0/ Pa=0B=0.6=V)
W (PA=1B=1,C=0)-P(A=0,B=0,C=0)
T\ PA=1,B=0,C=0)-P(A=0,B=1,C =0)
e (P =A4B)- P(Y = H) (11)

S\P(Y=4) P(Y = B)
=log(P(Y = AB)) +log(P(Y = H)) —log(P(Y = A)) —log(P(Y = B))
=1NAB —17A —1B-
Using Equations (10) and (11) in Equation (9), we get

log(OR4,p.c) = 10g(OR 4 pjc=1) —10g(OR 4 pjc=0) (12

=NABC T 1c —NAc —NBC —NAB + 1A +1B.

Finally, rearranging Equation (12), the linear predictor for disease combination ABC' can be defined

as:

napc =10g(ORA B c) — NaB —Nac — NBc + 14 + 1B + 1c. (13)

A.2 Required input specifications for Step II

Table A1 summarizes required input specifications for the model-based Approaches Ila to IId and

the correlation-based Approaches Ib and I'Ve.



Approach

Required parameter

IIa Vector of k covariates for patients i = 1,...,n: &; = (zi1,...,2:) (obtained by
Step I)
Vector of regression coefficients for each disease j € {1,...,d}:
Bj = (Bjos---,Bix)
IIb Vector of k covariates for patients i = 1,...,n: &; = (zi1,...,7:) (obtained by
Step I)
Vector of regression coefficients for each disease j € {1,...,d}: 85 = (Bjo,-- -, Bix)’
Coeflicients 7;; which describe how the occurrence probability of disease [ is
influenced by the occurrence of diseases j € {1,...,1 — 1}
IIc Vector of k covariates for patients i = 1,...,n: &; = (zi1,...,z:) (obtained by
Step I)
Vector of regression coefficients for each disease j € {1,...,d}: B; = (Bjo,-- -, Bix)’
Matrix B* defining which diseases j and [ share a latent factor for 5,1 € {1,...,d}
Set of coefficients A;; € R which indicate the influence of the latent factor shared
by diseases j and [ on disease j
I1d Vector of k covariates for patients i = 1,...,n: ; = (zi1,...,z) (obtained by
Step I)
Alternatives:
(i) Vector of regression coefficients for each disease combination r € {2,...,2%}:
:B’I‘ = (Brov R} 57‘k)/
(ii) Vector of regression coefficients for each disease j € {1,...,d}:
Bi = (Bjo, .-, Bix)’
(iii) Vector of regression coefficients for each single disease j € {1,...,d}:
B; = (Bjo, - -, Bjr)"; additionally odds ratios OR; which quantify for patient
i the association between the single diseases contained in combination r
IVe Vector of k covariates for patients i = 1,...,n: &; = (zi1,...,2i) (obtained by
Step I)

(d x d)-dimensional matrix R,, with pairwise correlations between all d diseases
(d x k)-dimensional matrix Ry, with pairwise correlations between all d diseases
and k covariates

Marginal cumulative distribution functions Fy ; for j € {1,...,d}

Prevalence p; for each individual disease j

Table Al: Required input specifications for Approaches Ila to IId and IVe. Here, we assume that
Step I has already been completed by using either Approach Ia or Ib. In addition to the listed
parameters, one needs to specify prevalences p; for each individual disease j (for Approaches Ila
to Ilc) or p, for each disease combination r (for Approach IId) to proceed to Steps III and IV.



s A.3 Parameter values for use case

« Tables A2 and A3 list parameters that were derived from real data (with standardized metric
s covariates) and used as input values for synthetic data generation in the use case in Section 2.4.
1 These are correlation coefficients among and between covariates and disease occurrences for the
o correlation-based Approaches Ib (all paths) and IVe (Path E) in Table A2, and regression coefficients
si  for the model-based Approaches Ila to IId (Paths A to D) in Table A3.

IMID FMS Age Sex CRP FiRST NRS Tender

IMID 1.00 -0.70 0.20 0.27 0.35 -0.18 0.05 -0.22
FMS -0.70 1.00 -0.18 -0.52 -0.22  0.57 0.28 0.83
Age 0.20 -0.18 1.00 0.04 0.21 0.00 0.13 -0.02
Sex 0.27 -0.52 0.04 1.00 0.17 -0.25 -0.10 -0.43
CRP 0.35 -0.22 0.21 0.17 1.00 -0.06 0.13 -0.07
FiRST -0.18 0.57 0.00 -0.25 -0.06 1.00 0.40 0.53
NRS 0.05 0.28 0.13 -0.10 0.13  0.40 1.00 0.33
Tender -0.22 0.83 -0.02 -0.43 -0.07  0.53 0.33 1.00

Table A2: Input correlations for data generation derived from real data. Path E uses the full matrix;
for Paths A to D, only rows/columns 3 to 8 are relevant. Correlation was computed as follows: For
pairs of variables that are both continuous in the real data, we use Pearson’s correlation coefficient
[3]; for pairs of binary variables, we calculate the tetrachoric correlation (see Section 2.3); for pairs
containing one continuous and one binary variable, we calculate the polyserial correlation [4, 5].

Brmip BrMS  BonlyIMID  BonlyFMS  BIMID&FMS

(Intercept) 0.01 -1.96 0.52 -0.44 -2.45
Age 0.17 -0.45 0.15 -0.34 -0.60
Sex 0.10 -0.87 -0.04 -1.03 -0.12
CRP 2.32 -2.04 2.18 -1.18 1.08
FiRST -0.10 0.63 -0.02 0.62 0.67
NRS 0.14 0.21 0.12 0.19 0.85
Tender -0.31 1.39 0.30 1.57 1.45

Table A3: Input regression coefficients for data generation in Step II of Paths A to D, derived from
real data as described in Section 2.4.2.
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A.4 Use case: Additional results

We provide additional results for the use case in Section 2.4: Just like Figure 2 in the main
manuscript, Figures Al to A5 display relative differences between the estimated value of the
regression coefficient or correlation coefficient and the input value; here for all covariates other
than Age. Table A4 lists estimated values of the regression coefficient or correlation coefficient, and

Table A5 shows empirical disease prevalence and disease association in simulated data.
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Figure A1l: Simulation results as in Figure 2 in the main manuscript, this time for covariate h = Sex.
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Figure A2: Simulation results as in Figure 2 in the main manuscript, this time for covariate h = CRP.
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Figure A3: Simulation results as in Figure 2 in the main manuscript, this time for covariate h =
FiRST.
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Figure A4: Simulation results as in Figure 2 in the main manuscript, this time for covariate h = NRS.
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Figure A5: Simulation results as in Figure 2 in the main manuscript, this time for covariate h =
Tender.
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PIMID PFMS PonlyIMID DonlyFMS PIMID&FMS VIMID, FMs

(target: 0.52)  (target: 0.21)  (target: 0.49)  (target: 0.19)  (target: 0.03)  (target: 0.42)

Path | Mean Diff Mean Diff Mean Diff Mean Diff Mean Diff Mean Diff
A 0.52 0 0.22 0 0.45 -0.04 0.15 -0.04 0.07 0.04 0.22 -0.20

B 0.52 0 0.22 0 0.32 -0.17  0.02 -0.17  0.20 0.17 042 0.00

C 0.52 0 0.22 0 0.32 -0.17  0.02 -0.17  0.20 0.17 0.42 0.00

D 0.52 0 0.22 0 0.49 0.00 0.19 0.00 0.03 0.00 0.42 0.00

E 0.52 0 021 0 0.49 0.00 0.18 -0.01 0.03 0.00 0.41 -0.01

Table A5: Empirical disease (combination) prevalence and association in simulated data: average
values (‘Mean’) and their difference (‘Diff’) to the target value (‘target’) across 1,000 generated
datasets. Each row stands for a data generation path; columns represent the prevalence of diseases or
disease combinations (IMID, FMS, onlyIMID, onlyFMS and IMID&FMS) and Cramer’s V between

IMID and FMS.
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