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ABSTRACT. This article is a continuation of our previous work [5], where we
formulated general existence theorems for pullback exponential attractors for
asymptotically compact evolution processes in Banach spaces and discussed its
implications in the autonomous case. We now study properties of the attractors
and use our theoretical results to prove the existence of pullback exponential
attractors in two examples, where previous results do not apply.

1. Introduction. Global pullback attractors proved to be a useful tool to study the
asymptotic dynamics of infinite dimensional non-autonomous dynamical systems.
To be more precise, let here and in the sequel (X,dx) denote a complete metric
space and T = R or T = Z. The rules of time evolution in the non-autonomous
setting are dictated by a two-parameter family U = {U(¢t,s)| t > s}, t,s € T, of
continuous operators from X into itself, which is called an evolution process in
X, if it satisfies the properties

U(t,t) = Id te,
U(t,s)oUl(s,r) =U(t,r) t>s>r t,s,retT
(t,s,2) — U(t,s)x is continuous from T x X — X,

where T := {(t,s) € T x T| t > s}, Id denotes the identity in X and o the
composition of operators.
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If T=2Z we call U a discrete evolution process and for T = R a time continuous
evolution process.

Definition 1.1. The family of non-empty subsets {A(t)| t € T} of X is called the
global pullback attractor of the evolution process {U(t,s)| t > s} if the sets
A(t) are compact, for all ¢ € T, and the family {A(t)| ¢ € T} is strictly invariant,

U(t,s)A(s) = A(t) Vit > s.

Moreover, it pullback attracts all bounded subsets of X; that is, for every time
t € T the set A(t) pullback attracts every bounded set D C X at time ¢,

lim distu (U(t,1 = 5)D, A(1)) =0,

and {A(t)| t € T} is minimal within the families of closed subsets that pullback
attract all bounded subsets of X.
Here, disty(-, ) is the Hausdorff semidistance in X; that is,

distg (A, B) = sup inf dx(a,b) for subsets A, B C X.
acAbEB

Different from the definition of global attractors in the autonomous case, the
minimality property is an additional property needed to ensure the uniqueness of
the global pullback attractor. It can be omitted if the pullback attractor is uniformly
bounded in the past, i.e., if the union

U 4®)

t<to

is bounded for all ¢ty € T. The following theorem characterizes the evolution pro-
cesses possessing a global pullback attractor, for its proof we refer to [7] or [4].

Theorem 1.2. Let {U(t,s)| t > s} be an evolution process in a complete metric
space X. Then, the following statements are equivalent:

(a) The evolution process {U(t,s)| t > s} possesses a global pullback attractor.
(b) There exists a family of compact subsets {K (t)| t € T} of X such that for all
t € T the set K(t) pullback attracts all bounded subsets of X at time t.

Furthermore, the pullback global attractor is given by

At)= |J w(D,t) teT,

D C X
bounded

where w(D,t) denotes the pullback w-limit set of the set D C X at time instant
teT.

The pullback w-limit set of the subset D C X at time instant ¢ € T is defined
by

w(D,t):= [ |JUtt-s)D,
r>0s>r
and A denotes the closure of a subset A C X.

Like global attractors of semigroups in the autonomous context, global pullback
attractors are generally not stable under perturbations and the rate of convergence
to the attractor is unknown, which motivates to consider pullback exponential attrac-
tors (see [8], [16] and [5]). Pullback exponential attractors are families of compact
subsets of the phase space whose fractal dimension is uniformly bounded and that
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pullback attract all bounded sets at an exponential rate. They are, due to the expo-
nential rate of attraction, more stable under perturbations and contain the global
pullback attractor. In particular, to show the existence of a pullback exponential
attractor is one way of proving the existence and finite dimensionality of the global
pullback attractor.

Definition 1.3. Let {U(t, s)| t > s} be an evolution process in the metric space
(X,dx). We call the family of non-autonomous sets M = {M(t)| t € T} a pullback
exponential attractor for the evolution process {U(t,s)| t > s} if

(i) the subset M(t) C X is non-empty and compact V¢ € T,
(ii) the family M is positively semi-invariant; that is,

Ul(t, s)M(s) C M(t) Vit > s,
(iii) the fractal dimension of the sections M(t), t € T, is uniformly bounded,
sup { dim; (M(1)} < oo,
teT

(iv) and M exponentially pullback attracts all bounded subsets of X: There exists
a positive constant w > 0 such that for every bounded subset D C X and every
teT

lim e“*disty (U(t, t — s)D, M(t)) = 0.
5§—00
If an evolution process possesses a pullback exponential attractor {M(t)| ¢t € T},
the existence of the global pullback attractor {A(t)| ¢ € T} follows immediately
from Theorem 1.2. Moreover, the global pullback attractor is contained in the
pullback exponential attractor and possesses finite dimensional sections. Indeed,
the minimality property in Definition 1.1 implies

Alt) c M(t)  VteT.

An algorithm for the construction of non-autonomous exponential attractors was
first developed in [12] for discrete evolution processes, where the authors considered
forwards exponential attractors. The method is based on the compact embedding of
the phase space V into an auxiliary normed space W and the smoothing or reqular-
izing property of the evolution process (see Section 2). Using the pullback approach
the result was recently extended in [8] and [16] for time continuous evolution pro-
cesses. Common assumptions in both articles were that the process satisfies the
smoothing property, which implies that it is eventually compact, and the existence
of a fixed bounded uniformly pullback absorbing set. This allows the pullback ex-
ponential attractor M to be unbounded in the future but it is always uniformly
bounded in the past, i.e., the union

U M)

t<to
is bounded for all ¢tg € T. Moreover, the Holder continuity in time of the evolution
process was essential for the construction in [8] and [16]. It is typically satisfied in
parabolic problems, but not by evolution processes generated by hyperbolic equa-
tions. We proposed an alternative method for time-continuous evolution processes
in [5], which does not require the Holder continuity in time of the evolution process,
we extended the algorithm for evolution processes that are asymptotically compact
and considered a time-dependent family of bounded pullback absorbing sets instead
of a fixed bounded pullback absorbing set. Our construction leads to better bounds
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for the fractal dimension of the sections of the attractors and to existence results
for pullback exponential attractors that are not necessarily uniformly bounded in
the past. To prove the finite fractal dimension of global pullback attractors that are
not uniformly bounded in the past has been an open problem. Previous construc-
tions of pullback exponential attractors were therefore limited to evolution processes
possessing global pullback attractors that are uniformly bounded in the past (see
Section 1 in [16] and Remark 3.2 in [18]).

In [13] the authors proposed a construction for forwards exponential attractors
for time continuous evolution processes, which is similar to our method. However,
the existence of the uniform attractor for the evolution process is a priori known and
the existence of a fixed bounded uniformly forwards absorbing set is assumed. This
is equivalent to the assumption of a fixed bounded uniformly pullback absorbing
set and implies the uniform boundedness of the forwards exponential attractor (i.e.,
U,er M(2) is bounded). They consider asymptotically compact evolution processes
in the weaker space W, a construction for processes that are asymptotically compact
in the stronger phase space V' as we formulated in [5] has not been considered
before (see [8], [16], [13] and for autonomous exponential attractors [11], [12]). We
discussed and compared these different settings and results in [5], Section 3.2.

Our present article is the continuation of [5], where we constructed pullback expo-
nential attractors for asymptotically compact evolution processes in Banach spaces
assuming that the process possesses a family of time-dependent pullback absorbing
sets that possibly grow in the past and studied its implications in the autonomous
setting. We now discuss properties of the attractors and apply the theoretical re-
sults to prove the existence of pullback exponential attractors in two applications.
In both examples, previous results are not applicable and the generalizations we
developed in [5] are essentially needed.

In particular, we consider a non-autonomous Chafee-Infante equation in a bounded
domain 2 C R", n € N,

%u(x,t) = Au(z,t) + du(z, t) — B(t) (u(ac,t))3 TEQ, t>s,

0

—_ = >

aI/u(gc,t) 0 x €O, t>s,
u(z,s) = us(x) €, seR,

where A > 0 and the initial data us € C(2). The non-autonomous term 3 : R — R
is strictly positive, continuously differentiable, bounded when time ¢ tends to co and
vanishes as t goes to —oo. We show that the generated evolution process satisfies
the smoothing property and possesses a semi-invariant family of pullback absorbing
sets. The diameter of the absorbing sets grows in the past since the function g
vanishes when ¢ tends to —oo. From our results in [5] we deduce the existence of
a pullback exponential attractor for the generated evolution process. This implies
that the global pullback attractor exists and that its sections are of finite fractal
dimension. Furthermore, we prove that the global pullback attractor is unbounded
in the past,
lim diam(A(t)) = oo,

t——o0
where diam denotes the diameter in the space C(Q), which provides a positive
answer to the question whether the finite fractal dimension can be established for
global pullback attractors that are not uniformly bounded in the past (see Section
1 in [16] and Remark 3.2 in [18]).
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The second application is the non-autonomous dissipative wave equation

2 0
@u(x,t) + ﬁ(t)gu(x, t) = Au(z,t) + f(u(z,t)) reQ, t>s,
u(z,t) =0 eI, t>s,
u(zx, s) = us(x), 2u(:c, s) = vs(x) z €, seR,

ot

where 2 C R", n € N, n > 3, is a bounded domain. We assume that the non-
linearity f: R — R is continuously differentiable and of sub-critical growth.

The initial value problem generates an asymptotically compact evolution process
U in the phase space V := HJ(Q2) x L%(Q). We prove that the evolution process can
be represented as a sum U = S + C, where the family of operators S satisfies the
smoothing property with respect to V' and an auxiliary normed space W compactly
embedded into V', and C is a family of contractions in the stronger space V. Our
main result in [5] implies the existence of a pullback exponential attractor for the
evolution process U. Previous results cannot be applied since the constructions of
exponential attractors were developed for evolution processes or semigroups that are
asymptotically compact in the weaker space W, i.e., under the assumption that the
family C' is a contraction in W (among others see [11], [12] and [13]). Moreover, the
former existence results for pullback exponential attractors in [8] and [16] required
the Holder continuity in time of the evolution process, which is generally not satisfied
by hyperbolic equations.

The outline of our paper is as follows. In Section 2 we recall the main result of [5]
about the existence of pullback exponential attractors for asymptotically compact
evolution processes. We discuss properties of the pullback exponential attractors
and consequences of our existence theorem in Section 3. Finally, in Section 4 we ap-
ply our theoretical results and show the existence of pullback exponential attractors
for a non-autonomous damped wave equation and a non-autonomous Chafee-Infante
equation.

2. A general existence theorem for pullback exponential attractors. In
this section we recall the existence result for pullback exponential attractors ob-
tained in [5]. Let U = {U(¢,s)| t > s} be an evolution process in the Banach space
(V]| - llv). The construction of the pullback exponential attractor is based on the
existence of a time-dependent pullback absorbing family, the compact embedding
of the phase space into an auxiliary normed space and the asymptotic smoothing
property of the process. We assume the process U can be represented as U = S+C,
where {S(t,s)| t > s} and {C(t,s)| t > s} are families of operators satisfying the
following properties:

(Ho) Let (W, ]| - |lw) be another normed space such that the embedding V' << W
is dense, compact and

[ollw < pllollv - VoeV,

for some constant p > 0.

(H1) There exists a family of bounded sets B(t) C V, t € T, that pullback absorbs
all bounded subsets of V: For every bounded set D C V and every t € T there
exists a pullback absorbing time Tp; € Ty := {t € T|¢ > 0} such that

U(t,t —s)D C B(t) Vs>Tpy.
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(H2) The family {S(t,s)| t > s} satisfies the smoothing property within the ab-
sorbing sets: There exist ¢ € T4 \{0} and a constant x > 0 such that

1S(t+t,t)u — St +1t,t)vlly < &llu—v|w Yu,v € B(t), t € T.
(Hs) The family {C(¢,s)| t > s} is a contraction within the absorbing sets:
|Ct+t,t)u—Ct+t )|y < Mu—o|v Vu,v € B(t), t €T,

where the contraction constant 0 < \ < %
(H4) The process {U(t,s)| t > s} is Lipschitz continuous within the absorbing sets:
For all t € T and t < s <t +t there exists a constant L; ; > 0 such that

U (s, t)u — U(s, t)v|ly < Ly s|lu—vllv Yu,v e B(t), teT.

The construction of pullback exponential attractors requires to impose additional
assumptions on the pullback absorbing family in Hypothesis (#1).

(A1) The family of absorbing sets {B(t)| ¢ € T} is positively semi-invariant for the
evolution process {U(t,s)| t > s},

U(t,s)B(s) C B(t) Vt>s, t,seT.

(As) For every bounded subset D C V and time ¢ € T the corresponding absorbing
times are bounded in the past: There exists Tp+ € T such that

U(s,s —r)D C B(s) Vs<t, r>Tpy.

The above-stated assumptions allow to construct pullback exponential attractors
for the evolution process {U(¢,s)| t > s} (see [5]).

Definition 2.1. We say that a time-dependent family of bounded sets {B(t)| t € T}
grows sub-exponentially in the past if

diam(B(t))e? —— 0 Vv >0,

t——o00
where diam(B) denotes the diameter of a subset B C V.

In the sequel, we denote by B:X(a) the ball of radius r > 0 and center a € X in
the metric space X and by NZX(A) the minimal number of balls in X with radius
€ > 0 and centers in A needed to cover the subset A C X.

Theorem 2.2. Let {U(t,s)| t > s}, t,s € T, be an evolution process in the Banach
space V. and the assumptions (Ho)—(Ha), (A1) and (Az2) be satisfied. Moreover, we
assume that the diameter of the family of absorbing sets { B(t)| t € T} grows at most
sub-exponentially in the past. Then, for every v € (0, % — ) there exists a pullback
exponential attractor {M"(t)| t € T} for the evolution process {U(t,s)| t > s}, and
the fractal dimension of its sections is uniformly bounded by

dimy (M (t)) <log__1

2(v+X)

(NgV(BY (0))) VteT.

Remark 1. For discrete evolution processes the Lipschitz continuity assumption
(H4) in Theorem 2.2 can be omitted.



PULLBACK EXPONENTIAL ATTRACTORS: PROPERTIES AND APPLICATIONS 1147

3. Properties of the pullback exponential attractor. An immediate conse-
quence of Theorem 2.2 is the existence and finite dimensionality of the global pull-
back attractor. For the proof of the following theorem we define the group of time
shift operators or temporal translations {S,.| r € T} by

S U(t,s):=U(t+r,s+r) t>s, t,s €T,
where r € T and {U(t,s)| t > s} is an evolution process.
Theorem 3.1. Let T =Z or T =R, {U(t, s)| t > s} be an evolution process in the
Banach space V' and the assumptions (Ho)—(H3), (A1) and (Asz) be satisfied. More-
over, we assume that the diameter of the family of absorbing sets {B(t)| t € T}
grows at most sub-exponentially in the past. Then, the global pullback attractor

{A(t)| t € T} of the evolution process {U(t,s)| t > s} exists, and the fractal dimen-
sion of its sections is uniformly bounded by

dim}/(A(t))gye((ijnlf , {log . (NgV(BlV(O)))} ViteT.

A EIgESY)
Proof. For discrete evolution processes the statements follow from Theorem 2.2, Re-
mark 1 and the minimality property of the global pullback attractor (see Definition
1.1).

Otherwise, if T = R, we define the discrete evolution process {U(n, m)| n > m}
by U(n,m) := U(nt,mt) for all n > m, n,m € Z. It satisfies the assumptions
of Theorem 2.2, and we conclude that for every v € (0,1 — \) there exists a
pullback exponential attractor {M} (k)| k € Z} for the discrete evolution process

{U(n,m)| n > m}. We define the sets
MY () == Ut kMY (k) for t € [k, (k+ 1)i[, k € Z,

which implies M\V(kf) = M(k) for all k € Z. Since the operators U(t,s): V — V,
t > s, are continuous and the sections MY (k), k € Z, are compact, {M\”(t), |t € R}
is a family of compact/gubsets of V. Moreover, it follows as in the proof of Theorem
2.2 that the family {M¥(t)| t € R} pullback attracts all bounded subsets of V. By
Theorem 1.2 we conclude that the global pullback attractor {A(t)| ¢ € R} of the
time continuous process {U (¢, s)| t > s} exists, and the minimality property implies
A(t) € M¥(¢) for all t € R.

Since v € (0, % — ) was arbitrary Theorem 2.2 implies that the fractal dimension
of the discrete global pullback attractor is uniformly bounded by

LV F : W RV
dimf (AGkD) < _intflog o (NEBYO)) | vEez

and it remains to estimate the fractal dimension of the time continuous sections.
To this end let 7 € R be arbitrary. We consider the shifted evolution process
{8, U(t,s)| t > s} and the associated discrete evolution process {U,(n,m)| n > m},
which is given by ﬁr(n,m) := U,(nt,mt) for all n > m, n,m € Z. By Theorem
2.2 and Remark 1 for every v € (07% — A) there exists a pullback exponential
attractor {My ,(k)| k € Z} for the discrete evolution process {U,(n,m)| n > m},
and the fractal dimension of its sections satisfies the estimate stated in the theorem.
We follow the previous arguments to conclude that the global pullback attractor
{A,(t)| t € R} for the time continuous evolution process {S,U(t,s)| t > s} exists
and observe that
An(t) = At + 1) vt eR.
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Moreover, the fractal dimension of the discrete sections of the global pullback at-
tractor is uniformly bounded,

dimf (A, (kD) < it { dim (M2,(0))}

VE(O,%—)\)
: w Vv
<, if {1 (VB O) )

for all k£ € Z. Finally, since r € R was arbitrary and
A (kt) = A(kt + ) VkeZ,

we obtain the uniform bound for the fractal dimension of the time continuous global
pullback attractor {A(t)| t € R}. O

Remark 2. We remark that the Lipschitz continuity (#4), which is essential for the
construction of the time continuous pullback exponential attractor, is not required
to establish the existence of the global pullback attractor and to derive estimates
on its fractal dimension (see the hypothesis in Theorem 3.1).

Remark 3. The (Kolmogorov-) e-entropy of a pre-compact subset A C X is defined
as
Ho(A) = logy(NX(A))

and was introduced by Kolmogorov and Tihomirov in [15]. The order of growth of
H. as e tends to zero is a measure for the massiveness of the set A in X, even if
the fractal dimension of A is infinite.

The bound on the fractal dimension of the global pullback attractor in Theorem
3.1 is related to the entropy numbers for the embedding of the spaces V and W.
For k € N the k-th entropy number for the embedding V < W is defined as

2k71
ep 1= inf{e > 0| BY(0) ¢ | BY (wy), w; € W,j = 1,...,2k—1}.
j=1
If V and W are infinite dimensional Banach spaces such that the embedding V' <<
W is compact, then 0 < e < oo for all k£ € N.
Let A=0 and v € (0, %) be as in Theorem 3.1, that is, the evolution process U
satisfies the smoothing property. Assuming that e, — 0 as k — oo and that there
exists k € N such that e, = % we obtain in our estimate

(k—1)In(2)
In(5-L '

2Kep

log . (NY(BY (0)) <

We further observe that
log 1 (NXV(BY(O))) — 0.
2v ® V%%

On the other hand, if the entropy numbers grow polynomially in %7 ie,ife, =%

kOL
for some constants ¢, > 0, then

(k—1)In(2)
log 1 (N?/(BY(O))) < In(5=) + aln(k) k—oo

and consequently,

log 1 (N%V(BY(O))) —— 0.

v—0
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These observations illustrate that there exists an optimal constant v € (0, %) to
minimize the bound on the fractal dimension in Theorem 3.1.

For certain function spaces the entropy numbers can explicitly be estimated
(see [10]). For instance, for the embeddings of the Sobolev spaces W*1'P(Q) into
W#2:4(Q), where Q C R™ is a smooth bounded domain and s1,s2 € R, p,q € (1,00)

are such that s; — s5 — nmax {O7 % — %} > 0 it is known that

k™ <ep <ok T
for some constants ¢1,c2 > 0 (Theorem 2, Section 3.3.3 in [10]), and our argumen-
tation above applies.

The following proposition illustrates the relation between the global pullback
and the pullback exponential attractor for evolution processes. We recall that an
evolution process U was called E-asymptotically compact in [19], where B =
{B(t)|t € T} is a family of bounded subsets, if for every ¢t € T and all sequences
(tn)nen in T4 and (zp)nen in B(t — t,,) such that lim,, o t, = 0o the set {U(t,t —
tn)x,|n € N} is pre-compact in V. Furthermore, the sets A(E,t),t € T, were
defined as

AB =N UUe 0B vierT,
s<tT<s

where Z”'HV denotes the closure of the set A in V. Under the assumptions of Theorem
2.2 it can be observed from its proof in [5] that the evolution process U is B-
asymptotically compact, where the family B is the family of pullback absorbing
sets B = {B(t)|t € T} in Assumption (H;). Moreover, it follows from [19] that
A(E ,t),t € T, is a strictly invariant family of non-empty, compact subsets of V' that
pullback attracts all bounded sets and

A(t) c A(B,t)  VteT.
However, the sets do not coincide in general.

Remark 4. For an evolution process {U(¢, s)| t > s} satisfying the hypotheses of
Theorem 2.2 the pullback exponential attractor in [5] was defined as

I8
M) = | U kt”)En(k)‘l v Vte [kt (k+ 1), keZ
n€eNg

(see the proof of Theorem 3.2 and Theorem 3.3). The family of discrete sets
E™(k), n € Ny, k € Z, satisfies the properties

o (k) cU(k,k—n)B(k—n)C B(k),

o tEM(R) < S N N = NV (BY(0),

° U(k‘, k— n)B(k — n) C UuEE”(k) B(‘g(y+)\))n1{k_n (u),
where § denotes the cardinality of a set, B(k) are the pullback absorbing sets for

discrete times k € Z in Hypothesis (#H1), and Ry > 0 is the radius of a ball in V
that contains B(k).

Proposition 1. Let {U(t,s)| t > s} be an evolution process in the Banach space
V' and the assumptions of Theorem 2.2 be satisfied. Then, the pullback exponential
attractor of Theorem 2.2 can be represented as

M (t)=ANB.tyU | ) Ut kDE"(k) Yt e [k, (k+ )i[, k € Z,
n€Ng
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where t is given by (H2) and (H3), and we refer to [5] for the definition and con-
struction of the family of sets E™(k), n € Ny, k € Z.

Moreover, if the family of pullback absorbing sets is bounded in the past, i.e., if
the union \J,<,, B(t) is bounded for all to € T, then

MU (t)=At)u | Ut EDE (k) Vte [k, (k+ i, k€ Z,

neNy

where {A(t)| t € T} denotes the global pullback attractor of the evolution process.

Proof. The pullback exponential attractor in [5] was defined as

|-
M) = | Ut k)E(R) " e [k, (k + 1)i], k € Z.
n€Ny
Let k € Z, t € [kt,(k + 1){[ and = € M(t). Moreover, let (,,)men be a sequence
in U, en, U(t, kt)E™ (k) such that lim, o 2, = 2. For every m € N there exists
nm € Ng such that z,, € U(t,kt)E" (k). If Ny := sup{n,,|m € N} < oo, then
{zm|m e N} C Uanozo U(t, kt)E™m (k) and since the set is finite,

No
z= lim @, ¢ QOU(t,kt)E m (k).

Otherwise, there exists a subsequence, which we denote by (n,,)men as well, such
that lim,,_cc 1y = 00. By the definition of the sets E™(k) we have

le::l](t,(k _'7%n)£)ywz
for some y,, € B((k — ny,)t). It follows that z € A(B, t), and we conclude
MY(t) c A(B,t)U ] U(t, ki) E" (k).
n€Np

To show the reverse inclusion let ¢ € T and 2 € A(B,t). Then, there exist
sequences (tm)men in Ty, limy, o0t = 00, and (T, )men in B(t — t,,) such that
x = limy,—00 U(t, t —ty, ) Tp,. We argue by contradiction and assume that there exist
€ >0 and Ny € N such that

distp (U(t, t — tim)Tm, MY (t)) > € Vm > No.

Let k € Z be such that t € [kt, (k + 1)f[, and let k,, € Z, s,, € [0,%[ be such that
t —ty = (k — k)t — s;,. We observe that

U((k - kn)t, (k — k)t — Sm)Tm € B((k — km)f)
and obtain by the definition of the pullback exponential attractor
distr (U(t, t— )T, M”(t))
< disty (U(t, KOU (Kt — ty)em, Ut k) E"(k))
neNg

< LdistH(U(kf,tftm)xm, U E”(k))
n€Np

< Ldisty (U(kf, (k= kn)?) B((k — ka)8), | E”(k:)),

n€eNy
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for some constant L > 0, where we used the Lipschitz-continuity (1) in the second
inequality and the semi-invariance of the absorbing sets in the last inequality. It
follows from the proof of Theorem 2.2 in [5] that

U((kt, (k — km)D)B((k = kn)) € | By, (u),
u€Ekm (k)

where the sequence of radii ry,, — 0 as &, tends to co. We conclude that
disty (U(t,t — tm)Tm, MY (1)) < €

if m € N is sufficiently large, which contradicts our assumption and shows the
relation A(B,t) C M"(¢).
To prove the second statement in the proposition it suffices to show the inclusion

MU(t) Cc A u | UL EDE (k) Vte [kt (k+1)E], k€ Z,
neNy
since the global pullback attractor is contained in the pullback exponential attrac-
tor. Let k € Z,t € [kt,(k+ 1)t[,z € M¥(t) and (z,,)men be a sequence in
Unen, U(t, kt)E™ (k) such that lim,, o0 ,n = @. For every m € N there exists
nm € Ng such that z,,, € U(t, kt)E™ (k). If Ny := sup{n,|m € N} < oo, it follows

as above that
No

z= lim a, € QOU(t,k:t)E (k).
Otherwise, there exists a subsequence, which we denote by (n,,)men as well, such
that lim,,;—cc N = 00, and by the definition of the sets E™(k) we have

T = U(t, (k= 1) t) Y

for some y,,, € B((k—ny,)t). By assumption, the family of absorbing sets is bounded
in the past, which implies that {y,,|m € N} C J,, B(s) C D for some bounded
set D C V. It follows that B
—— v
x = mlgnoo T = n}gnoo U(t, (k—nm)t)ym € w(D,t) C A(t) = U w(D,t)

D C X
bounded

where we used the representation of the global pullback attractor in Theorem 1.2.
O

Remark 5. Let {U(¢,s)| t > s} be an evolution process in V, the hypothesis of
Theorem 2.2 be satisfied and {A(¢)| t € T} and {M"(¢)| t € T} be the corresponding
global and exponential pullback attractor. We remark that

U Ul(t, kt)E™ (k) N A(t)
n€Ny
is a countable dense subset of the section A(t) of the global pullback attractor for
every t € [kt, (k+ 1)t[, k € Z.

Moreover, if the pullback exponential attractor is bounded in the past, Propo-
sition 1 implies that the Hausdorff dimensions of the sections A(t) and of MY (t)
coincide,

distyg (MY (1)) = distl; (A(t))  VteT,
since the Hausdorff dimension of every countable set is zero. In this case, if we
required finite Hausdorff instead of finite fractal dimension in the definition of ex-
ponential attractors we could add an arbitrarily large countable semi-invariant set
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to the global attractor without changing its dimension. This is not possible if we
impose finite fractal dimension in the definition of exponential attractors (see also
[9], Chapter 7, for the autonomous case).

If an evolution process {U(t, s)| t > s} possesses the global pullback attractor
{A(t)] t € T} and is periodic, that is S,U = U for some r € T, the invariance
property

Ul(t, s)A(s) = A(t) Vt>s, t,seT,
shows that the periodicity is directly inherited by the attractor. Since pullback
exponential attractors are not unique we could certainly construct for an evolution
process U and the shifted process S,.U, where r € T, pullback exponential attractors
My and Mg, 7 that do not satisfy the cocycle property

My(t+71)=Ms.y(t) Vt,reT.

However, if {My(t)| t € T} is a pullback exponential attractor for the evolution
process U the translation of the attractor {My(t + r)| ¢ € T} yields a pullback
exponential attractor for the shifted process S,.U, for every r € T.

Corollary 1. Let {U(t,s)| t > s} be an evolution process in the Banach space
V. We assume that the hypotheses of Theorem 2.2 are satisfied and denote by
{MY ()| t € T} the pullback exponential attractor for {U(t,s)| t > s} in Theorem
2.2. Then, for every r € T the family { M3 ;(t)| t € T}, where

MG p(t) = MGt +r) VteT,
is a pullback exponential attractor for the evolution process {S,U(t,s)| t > s}, and
the family of exponential attractors satisfies

MGt +1) = MG (1) Vt,reT.

If an evolution process is periodic the family of pullback exponential attractors
{ME ()| t € T}rer exhibits the same property.

Proof. Let r € T, {M{,(t)| t € T} be the pullback exponential attractor for the
evolution process {U(t,s)| t > s} in Theorem 2.2 and

M (8) = MY (t +7) VteT.

Then, the family { M ;(¢)| t € T} is semi-invariant under the action of the evolu-
tion process {S,U(t, s)| t > s}. The exponential pullback attraction property with
respect to the process {S,U(t,s)| t > s}, the compactness of the sections and the
uniform bound for its fractal dimension immediately follow from the corresponding
properties of the family {M{;(t)| t € T}, which proves that {M% ,(t)| t € T} is a
pullback exponential attractor for the shifted process. O

Finally, we formulate assumptions for the construction of forwards exponential
attractors.

Definition 3.2. Let {U(¢,s)| t > s}, t,s € T, be an evolution process in the metric
space (X,dx). We call the family M = {M(t)| t € T} a forwards exponential
attractor for the evolution process {U(t,s)| t > s} if it satisfies Properties
(1)-(iii) in Definition 1.3 and forwards exponentially attracts all bounded subsets of
X: There exists a constant w > 0 such that

lim e“*disty (U(t +5,t)D, M(t + 3)) =0,
S5—00

for every bounded subset D C X and every t € T.
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We replace the hypothesis (#1) and (A2) by the following:

(H1)" There exists a family of bounded subsets B(t) C V, ¢t € T, that forwards
absorbs all bounded subsets of V: For every bounded set D C V and every
t € T there exists a forwards absorbing time Tp ¢ € T such that

U(t+s,t)D C B(t+ s) Vs>Tp,.

(A2) For every bounded subset D C V and time ¢ € T the corresponding absorbing
times are bounded in the future: There exists Tp; € T, such that

U(s+r,s)D C B(s+r) Vs>t, r>Tp,.

Theorem 3.3. Let {U(t,s)| t > s} be an evolution process in the Banach space V
and the assumptions (Ho), (H1)', (Ha)—(Ha4), (A1) and (As)’ be satisfied. Moreover,
we assume that the diameter of the family of absorbing sets {B(t)| t € T} grows at
most sub-exponentially in the past.

Then, for every v € (O,% — A) there exists a forwards exponential attractor
{M¥(t)| t € T} for the evolution process {U(t,s)| t > s}, and the fractal dimension
of its sections is uniformly bounded by

dim{’ (M (£)) <log_1 (NE’(BY (0))) VteT.
For discrete evolution processes Hypothesis (H4) can be omitted.

Proof. Forwards exponential attractors can be constructed by slightly modifying
the proof for pullback exponential attractors in [5]. O

Remark 6. If the pullback absorbing time Tp + corresponding to a bounded subset
D C X in Hypothesis (H1) is independent of the time ¢ € T, the family {B(¢)| t € T}
is also forwards absorbing for the process. More precisely, the properties (#;) and
(H1)" are indeed equivalent in this case, and the conditions (A2) and (A4z2)" are
automatically satisfied.

Consequently, in this case the pullback exponential attractor constructed in The-
orem 2.2 coincides with the forwards exponential attractor in Theorem 3.3.

4. Applications. In this section we illustrate our results and prove the existence of
pullback exponential attractors for evolution processes generated by non-autonomous
PDEs.

4.1. Non-autonomous Chafee-Infante equation. The following initial value
problem for the non-autonomous Chafee-Infante equation yields an example for a
finite dimensional global pullback attractor which is unbounded in the past.

Let Q C R™, n € N, be a bounded domain with smooth boundary 92 and s € R.
We consider the initial-/boundary value problem

%u(:c,t) = Au(z,t) + Mu(z, t) — B(t) (u(a:,t))3 xe, t>s (1)

0

R = >

ayu(:c,t) 0 r €O, t>s,
u(z, s) = ug(x) z €, seR,

where the constant A > 0, A denotes the Laplace operator with respect to the
spatial variable x, % the outward unit normal derivative on the boundary OS2
and % the partial derivative with respect to time ¢t > s. The initial data us is a
uniformly continuous function on Q, us € C(2). Moreover, we assume that the
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non-autonomous term 3 : R — R is strictly positive, continuously differentiable
and satisfies the properties

0< sup {B(t)} < Po, (2)

Jim B(t) =0, (3)
18’ (t)]

Sup { A1) } =0 W

where the constants 0 < [y, 1 < co. We consider the evolution process generated

by (1) in the phase space W := C'(2), where the norm in W is defined by

[lu|lw = max |u(x)]| u e W.
zEN

To show the existence of a positively semi-invariant family of absorbing sets we use
the method of lower and upper solutions (see [21], Chapter 2).

Definition 4.1. A function u* € C(Q x [s,00[) NC*!(2x]s, o0|) is called an upper
solution for Problem (1) if it satisfies the inequalities

%u*(m,t) — Aut(z,t) > At (x,t) — B(t) (u*(amt))3 r e t>s, (6)

u*(x,t) >0 r eI, t>s,
u*(z,s) > us(x) re, seR

Analogously, the function u, € C(Q x [s, 00) N C%1(Q2x]s, 00[) is a lower solution
for (1) if it satisfies the reversed inequalities in (6).

Lemma 4.2. There exist constants a,b > 0 such that the function c* : [s, oo[— Ry,

a
c*(t) = —=—=+b, t>s,
B(t)
is an upper solution for (1) if the initial data satisfies us(xz) < c*(s) for all x € Q.
If the initial function fulfils us(xz) > —c*(s) for all x € Q, the function c, :

[s,00[— R, c.(t) := —c*(t), is a lower solution for (1).

Proof. Defining the function ¢*(t) := \/% + b, where a > max{\/g, \/ % + )\}

and b > 0 we obtain

%c*(t) — AcH(t) = A (t) + B(t) (c¢* (t))3

a / 3
VED ( fﬁ((g /BB (30 - 2) + (0t = 2)+ 2B + 362/3@)) ‘

Since § vanishes slowly,

s { Gy} < <o

the choice of a and b implies

5 (1) = AT (1) = A (1) + B(1) (1))’ >0  Vi>s,

which proves that ¢* is an upper solution for Problem (1).
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The non-linearity is odd with respect to u, and hence, we obtain

0 eult) = Bea(t) = Aealt) + B0) (e (1)

_ - (gtc*@ CAG() = At (1) + B() (c*(t))3> <0.

3

Consequently, ¢, := —c* is a lower solution for (1) if the initial data satisfies us(x) >
c«(s) for all z € Q. O
The linear heat equation
0
au(x,t) = Au(x,t) z€, t>0, (7)
0
au(x,t)zo r eI, t>0,
u(z,0) = up(x) x €,

generates an analytic semigroup {e®f| ¢ € Ry} in the space W = (C(Q), || - lw)
(see [20]). We denote the associated fractional power spaces by X*, a > 0. The
operators e”t are linear and bounded from W to X® and satisfy the estimates

e )| cowoxay < Vit >0, (8)

[e3%
)
where the constant C,, > 0 and | - [|z(w,x~) denotes the operator norm. The
semi-linear problem (1) generates an evolution process {U(t, s)| t > s} in W, where

Ul(t, s)us :=u(-,t;us,s) t>s,

and u( -, -;us, 8) : Q x [s,00[— R denotes the unique solution of (1) corresponding
to initial data us € C'(£2) and initial time s € R. Moreover, {U(t,s)| t > s} satisfies
the variation of constants formula

¢
Ul(t, s)us = ey, + / AT f (7, U (7, 8)us))dr

(see [20] and [22]).
We apply Lemma 4.2 to show the existence of a semi-invariant family of pullback
absorbing sets.

Proposition 2. The family of subsets
B(t) = {veW | |v|w <)}, teR,

is positively semi-invariant for the evolution process {U(t,s)| t > s} generated by
Problem (1) and pullback absorbs all bounded sets of W.

Proof. Let s € R and the initial data us, € W satisty ||us|lw < ¢*(s). Lemma 4.2
implies that the functions ¢* and ¢, are upper and lower solutions for Problem (1).
From Theorem 4.1, Chapter 2, in [21] it follows that there exists a unique classical
solution u( -, -;us,s) :  x [s,00[— R and

c(t) < u(z,t;us,s) < c*(t) Yz eQt>s.
Consequently, the evolution process {U(t, s)| t > s} satisfies
Ul(t, s)us € B(t) Yus € B(s), t > s,
which proves the semi-invariance of the absorbing sets {B(t)| t € R}.
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To show that the family is pullback absorbing, let D C W be bounded and t € R.
We choose R > 0 such that D C B}Y(0). By Assumption (3) there exists to € R
such that R < —2— for all ¢ < tg, and consequently, D C B(t) for all ¢ < t.

VB()
Finally, we observe that the pullback absorbing time is bounded in the past, in
particular, Tp s <t — ¢t for all s <. O

Next, we show that {U(¢, s)| t > s} satisfies the smoothing property with respect
to the Banach spaces

V=CNQ) = {u eC'(Q) | gyu(w) =0,z ¢€ 89}

and W, where the norm in V is defined by
"L Ou
lellv = Nl + 3 = lhw, eV,
=1 9%

Lemma 4.3. Let {U(t,s)| t > s} be the evolution process generated by Problem
(1). Then, there exists a positive constant k > 0 such that

U+ 1,t)u—U(t+1,t)v||v < kllu—v|lw Yu,v € B(t), t € R.

Proof. Let s € R and u,v € B(s) be given initial data. We denote the corresponding
solutions of Problem (1) by u(t) := U(¢, s)u and v(t) := U(t, s)v, t > s. It was shown
in [20], Theorem 2.4, that the continuous embedding X < V exists for all a > .
Using the variation of constants formula we obtain

[u®) —v@®l, < cfut) —v@®)| 1«
o([|le20 (w = v)| o + /: |20 (f(ryu(r)) = f(r, (7)) | ol )
< el gy 1 =]l
o f A g 14 () = £ 0 g
where ¢ > 0 (slenotes the embedding constant. By Proposition 2 it follows that

[ £(ru() = f(r0(0)| (9)
< Mu(r) = o),y + [1B() (u(r) = 0(7)) (u(r)® + u(r)o(r) + v(1)?) |,

IN

N

< A+ O)Jul(r) —o()|yy,

for some constant C' > 0, where we used Assumption (2) in the last estimate. The
estimate (8) and the embedding V' < W now imply

[u(t) = v@®)],
1 |
< CCQ(WHU - w||W + A+ C’)/S WHU(T) — U(T)HWdT)
1

sl =l + 0+ O [ = ) = o)),

< Cca(@T i
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for some constant p > 0. Finally, we set t = s + 1 and
y(s+1):=||U(s+ 1,s)u —U(s+ 1,s)v|]|ly = Ju(s + 1) —v(s + 1)||v,
and obtain the inequality
s+1 1
y(s+1) SCC’a(Hu—UHW—l—()\—|—C')u/S my(r)dT).
Using the generalized Gronwall Lemma (Theorem 1.26 in [24]) we conclude
y(s+1) < &llu —v|lw,

for some constant £ > 0. O

Theorem 2.2 now implies the existence of a pullback exponential attractor in V'
for the evolution process {U(t, s)| t > s}.

Remark 7. For evolution processes that satisfy the smoothing property it suffices
to assume that the pullback absorbing family is bounded in the metric of W and
that the process satisfies the Lipschitz continuity property (#H4) in W.

Indeed, if the family of absorbing sets is bounded in the metric of W we define
the sets

B(t):=U(t,t—t)B(t—1t) teT,
which are pullback absorbing and bounded in the space V' by the smoothing property
(Hz). Moreover, the smoothing property (Hsz), the Lipschitz continuity in W and
the continuous embedding (Hg) imply
Ut +t+s,)u—U(t+t+s,t)vlly <k|UE+ s, )u—U(t+ s, t)v|w
< klyslu—vllw < KL spllu—vllv,

for all u,v € B(t),t € R and s € [0,7]. This proves the Lipschitz continuity of the
evolution process in the space V' and the result remains valid.

Theorem 4.4. Let {U(t,s)| t > s} be the evolution process in W = C(Q) generated
by Problem (1) and the function B satisfy Properties (2)—(5). Then, for every
v € (0,1) there exists a pullback exponential attractor {M"(t)| t € R} in V = ct Q)
for the evolution process {U(t,s)| t > s}, and the fractal dimension of its sections
is uniformly bounded by

dimy’ (M" (1)) < log 1 (NZV(BY (o))) Vt € R,
where k > 0 denotes the smoothing constant in Lemma 4.3. Furthermore, the global
pullback attractor exists and is unbounded in the past,
t_l:r_noo diam(A(t)) — oo.
It is contained in the pullback exponential attractor, A(t) C M¥(t), and
dim (A(t)) < inf, {1og2i (NXV(BIV (0)))} VteR.
ve(0,3 v "

Proof. The family of pullback absorbing sets {B(t)| t € R} defined in Lemma 4.3
satisfies the hypothesis (4;) and (Az). Since the diameter of the absorbing sets is
bounded by

1B(t)lw < 2(% +b)  teR
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and the non-autonomous term satisfies Property (5), the absorbing sets grow at most
sub-exponentially in the past. Moreover, the embedding V' << W is compact, and
the smoothing property with respect to the spaces V and W was shown in Lemma
4.3. To deduce the existence of a pullback exponential attractor from Theorem 2.2
it remains to verify the Lipschitz continuity of the evolution process. Let s € R
and u,v € B(s) be given initial data. Using the variation of constants formula we
obtain

HU(t, s)u —U(t, S)UHW

§|EA“*Mu7vmw;%/‘WA“”WfUlKﬂSW)*f@l“ﬂswnnwdr
< CoHu - vHW + C’o/ Hf(T, U(r,s)u) — f(r,U(r, s)v)HWdT

t
< C’o||u—v||W+C’o()\+C)/ ||U(T,S)’U,*U(T,S)U||Wd7'

for some constant Cy > 0, where we used the estimate (9) in the proof of Lemma
4.3. By Gronwalls Lemma follows the Lipschitz continuity of {U (¢, s)| t > s} in W.

The global pullback attractor exists by Theorem 2.2, it is contained in the pull-
back exponential attractor and its sections are finite dimensional. The bound on the
fractal dimension follows from Theorem 3.1, and it remains to show that the global
pullback attractor is unbounded in the past. Due to the homogeneous Neumann
boundary conditions, solutions of the ODE

—y(t) = My(t) — B(B)(y(t))? t>s, (10)
y(s) = yo seR, yo €R,

also solve Problem (1) with initial data us(z) = 3o, © € Q. As shown in [17],

Proposition 3.1, for initial data yo # 0 the explicit solution of (10) is given by

62)\75

t;s 2= t>s
y( ) 7y0) 62)‘8 +2f 62>‘7—B )

Taking the limit s — —oo we obtain two complete trajectories +£, where

62/\t

et t €R,
( ) 2 f 62)‘75
that are unbounded when ¢ tends to —oco by Assumption (5).
If ¢(t),t € R, is a complete trajectory of (10) above of £(t),t € R, the explicit
solution formula implies

2 o2t )
= es¢(s) 72 + 2 [! e B(7)dr >¢(t)°, t>s.
It follows that
by
(> - =¢(t)?, teR,
2 f 62)\7‘/8

which shows that solutions starting above of the complete trajectory & blow-up
backwards in finite time and cannot be emanating from a bounded subset of R.
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We observe that y(t) = 0, t € R, is an equilibrium solution of (10), £(¢) pullback
attracts at time ¢ all solutions emanating from initial data yo > 0 and —£(¢) all
solutions emanating from yy < 0. Moreover, the family of compact subsets

{[=¢@®),¢@)] [t e R}

is strictly invariant for the evolution process generated by (10). By the connected-
ness of its sections it follows that the global pullback attractor A,g. of the ODE
(10) is given by
Aode(t) = [—f(t), ﬁ(t)], teR.
When restricted to the subspace of constant functions, the evolution process
{U(t,s)|t > s} generated by Problem (1) coincides with the evolution process
generated by the ODE (10), which implies that

{u(t Q)| u(z,t) =yt) Vo e, yt) € [-6(t),£M)]} C Alt), teR,
and concludes the proof of the theorem. O

4.2. Non-autonomous damped wave equation. We consider the following ini-
tial value problem for the non-autonomous damped wave equation,

8—2u(x t)+ 5(t)%u(m,t

Au(z,t) + f(u(z,t)) xEQ, t>s, (11)

ot2 )
u(z,t) =0 r eI, t>s,
u(z, s) = us(x) r e, seR,
0
au(m,s) = vg(x) €, seR,

where s € Rand 2 C R", n € N, n > 3, is a bounded domain with smooth boundary
0. We assume that the non-linearity f : R — R is continuously differentiable and
satisfies

() <e@+12P),  z€R, (12)
lim sup —= 1(2) <0, (13)
|z| =00 <

for some constant ¢ > 0 and 0 < p < ﬁ Furthermore, the function §: R — R
is Holder continuous and bounded from above and below by positive constants
0 <o <p1<oo,

Bo<Bt)<p1 VteR (14)
We apply Theorem 2.2 to show that the evolution process generated by (11)
possesses a pullback exponential attractor. Setting v := gtu and w := ( :j ) we

rewrite Problem (11) in the abstract form

0
aw—Ag( Jw + F(w) t > s, (15)
Wt=s = ws ws € V,s €R,

where the initial data w, = ( Zs ), and the phase space is V := H{ () x L*(Q).

S
The norm in V is given by

[ME

lwllyv = (lells @) + [0l13200) w=(1)ev.
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Furthermore, the operators are defined by Ag(t) = A1 + As (1),

A= ( S ) Aal) = ( " ) Flwr= ( o )

where A = —A denotes the Laplace operator with homogeneous Dirichlet boundary
conditions and domain D(A) = H}(Q) N H3(Q) in L?(Q). The domain of the
operator Ay in Vis D(A;) = (H (Q)NH?(Q))x H} (), and F denotes the Nemytskii
operator

F:HHQ) = LXQ),  uvs F(u) = flu()).

The initial value problem (15) generates an evolution process {U(t,s)| t > s}
in the Banach space V, which is asymptotically compact and pullback strongly
bounded dissipative. For details we refer to [4], Chapter 4 in [14], Section VI.4 in
[6], [2] and [3].

We denote the evolution process generated by the linear homogeneous problem

%w = Ag(t)w t>s, (16)
W= = Wy ws € V,s € R,

by {C(t, s)|t > s}. The following lemma was proved in [3] and yields the exponential
decay of solutions of the linear homogeneous equation.

Lemma 4.5. Let {C(t,s)| t > s} be the evolution process in V associated to the
linear problem (16). Then, there exist constants C > 0 and w > 0 such that the
norm of the operators is bounded by

IC(t, 8)l| covivy < Ce =) Vt > s, t,s €R.

The process {U(t,s)| t > s} satisfies the integral equation

U(t, s)ws = C(t, s)ws +/ C(t,7)F(U(r,s)ws)dr
= C(t, s)ws + S(t, s)ws

(see [3] and [14]). Moreover, {U(t, s)| t > s} is pullback strongly bounded dissipative
and the pullback absorbing time corresponding to a bounded subset is independent
of the time instant ¢t € R. For the proof of the following lemma we refer to [3].

Lemma 4.6. Let {U(t, s)| t > s} be the evolution process in V' generated by the ini-
tial value problem (15). Then, there exists a bounded uniformly pullback absorbing
subset B C V, i.e., for every bounded set D C V there exists Tp > 0 such that

U(t,t—s)DC B Vs >Tp, t €R.

To show that the family of operators {S(¢,s)| t > s} satisfies the smoothing
property we establish several auxiliary results. We denote by X%, o € R, the
fractional power spaces associated to the operator A with domain D(A) = X! =
HYQ)NH?(Q) in X := L*(Q) (see [23] or [22]). Furthermore, let H*(Q), s € Ry, be
the fractional Sobolev spaces obtained by interpolation between the spaces H™ ()
and L%(Q), m € N (see [1] or Section II.1.3 in [23]). Since the domain 2 is bounded
we have the following continuous embeddings

H(Q) < H*(Q) — L (Q) — L*(Q) if = >=— >

>0, (17)

S
n

N |

1
v

N |
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where H§(Q) denotes the closure of C§°(€2) in H*(Q) (see [1] or Theorem 1.1,
Chapter 2, in [6]). If $ > % > 1 — 2 > 0 the embedding H*(2) — LV (Q) is
compact. Moreover, Theorem 16.1 in [24] implies the continuous embeddings

HS(Q) — X% < H*(Q)  VscR.
By duality we conclude
! _s o1 1
L*(Q) — L1 (Q) — X2 lfz7+?:
and the embedding L7 () < X3 (1) is compact if 1> ; >1-250.

The solution theory of the linear homogeneous problem can be extended to the
fractional power spaces X* x X2 o € (0, %) (see [23], Section IV.1.1).

L,

1—¢

Lemma 4.7. Let 0 < e <1 and Ve := X2 x X~2. Then, for every initial data

Us

wy = ( ) € V&, s €R, there exists a unique solution w € C([s, s+ T]; V=) of the

S
linear problem

—w = Ag(t)w s+T>1t>s,
w|t:s = Ws we € VE,S = R,

where T > 0 is arbitrary. Moreover, the generated evolution process is uniformly
bounded in the space V¢,

HC(t7S)||L(V5;V5) <d Vt>s, t,s €R,
for some constant d > 0.

Proof. We consider the operator

Ap(t) = A+ As(t) = ( —OA Iod ) * < 8 —ﬁ(?t)fd )

in V¢, where the operators As(t) : V¢ — V¢ are linear and uniformly bounded in
t by Assumption (14), and A is considered as an operator in X3 with domain
D(A) = X173, Since A is self-adjoint, the operator A; is dissipative in V¢. Indeed,

let w = ( z ) € D(A;) = D(A) x X'5°, then

l1—e

(w, Ayw),,. = {( jj ), ( _jm Nye = (AT, AT 0)  + (A 30, A5 (—Au))

1—e

= <A 2 u,A?@

1—e

— (A%

X U,A%U>X =0.

By Corollary 4.4, Chapter 1, in [22] the operator A; generates a strongly contin-
uous semigroup of contractions in V¢. The lemma now follows from Theorem 1.2,

Chapter 6, in [22]. O

Lemma 4.8. There exists 0 < € < 1 such that the Nemytskii operator F is
uniformly Lipschitz continuous from H'=¢(Q) to L*(Q)) within bounded subsets of
HY(Q) : Let D be a bounded subset of HZ(S2), then

|F(u) — F(v)|| 2 < cllu—v|g--q)  Yu,v €D,

for some constant ¢ > 0.
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Proof. Let D be a bounded subset of H3(€2), u,v € D and R > 0 such that D C Bg,
1
where Bg := Bg(’(m (0). The assumption p < % implies p = (1 —¢) n32

0 < & < 1. Using the growth restriction (12) and Hélder’s inequality with p’ = 575

for some

and ¢’ = we obtain

_n
n—2+42¢

1F(u) = F(v)ll2) < e[(1+I¢7)(w = v)ll 2o
< cflu—vllza@) + NSl L2 (1w = vll 20 (@)

< clellu = vllm-—c @) + 2l oy g v = vl -2 ()

for some ¢ € Bg. In this estimate we used the continuous embeddings H*~¢(Q) —
L2(Q) and H'¢(Q) — L27(Q) in (17), and ¢;, ¢y > 0 are the corresponding em-
bedding constants. Since the set D C Br C H}(Q) is bounded, the embedding
HMNQ) — L7 (Q) = L (Q) in (17) yields the uniform bound on the norm
and concludes the proof of the lemma. O

p
||C||L2pp'(ﬂ)

Next, we show that the evolution process {U(t,s)| ¢ > s} restricted to the
bounded pullback absorbing set B is uniformly Lipschitz continuous in the space
Ve=X"7 x X 5 wheree =1— £(n —2) was defined in the proof of Lemma 4.8.

Lemma 4.9. Let ¢ :=1— 5(n —2) and the initial data w, = ( Us ) € B, s €R,

Us
where B C V' denotes the uniformly pullback absorbing set in Lemma 4.6. Then,
the evolution process {U(t,s)| t > s} generated by the initial value problem (15) is
Lipschitz continuous in V=.

Proof. By Lemma 4.8 the Nemytskii operator Fis uniformly Lipschitz continuous
from H'=¢(Q2) to L?(Q2) in bounded subsets of H}(Q). Let B C H}(Q) be bounded
and u,v € B. Using the continuous embeddings L?(2) = X < X5 and X7 o
H'=¢(Q) we obtain

1F(u) = F@)ll -5 < el F(u) = F(o)lx

< cetllu — vl g SCQHU/_UHXIEE7 (19)

for some constants ¢y, co > 0, which shows that Fis uniformly Lipschitz continuous
from X 2 to X% in bounded subsets of HYQ).

w(t)
wo(t)

and z(t) = ( 2;2 ) = U(t, s)zs be the corresponding solutions of the semi-linear

Let now wy, 25 € B, s € R, be given initial data and w(t) = ( ) =Ul(t, s)ws

problem (15). The evolution process {U(t, s)| t > s} is bounded in V' by Lemma
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4.6, and using the variation of constants formula we obtain

[w(t) = z(D)llve < NCE s)lcevevellws — zsllve+

t
+/ ICE T eveelFU(T s)ws) = FU(T, 5)z5)|[vedr

< d(Jlws = zallv- + / (7)) - F(a1(r)l -5 d7)

IN

t
d(llws = zllv- +/ eallwr(7) = 21 (7] 15 d)
st
<d(w. ~ zlve + [ callo(r) - 2()lvdr).

where we used the estimate (19). The Lipschitz continuity now follows by Gronwall’s
Lemma,

[U(t, s)ws — U(t,8)zs|ve = [lw(t) — 2()|lve < dllws — z[lvee®2t=). (20)

O

Combining the previous results we prove the smoothing property with respect to
1—¢

the spaces V = X2 xXand W:=Ve=X"72 x X% for the family of operators
{S(t,s)| t = s}.

Lemma 4.10. Lete = 1—5(n—2) and W := V®. Then, the embedding V —— W
is compact, and for every ty > 0 there exists a positive constant ki, > 0 such that
IS(t + to, t)w — S(t + to, t)z|lv < Ko llw — 2||w Yw,z € B, t € R,

where B denotes the uniformly pullback absorbing set defined in Lemma 4.6.

Proof. Let s € R, ty > 0 and w, 2z € B be given initial data. We denote the corre-

Ui(t, s)w Ui, s)z
Us(t, s)w ) and U(t, 8)z = ( Us(t,s)z )
t > s. By Lemma 4.5 and Lemma 4.9 follows

IS(s + to, s)w — S(s + to, s)z||v

sponding solutions of (15) by U (¢, s)w = (

IA

s+to
/ IC(s +to, 7) (F(U(7, s)w) — F(U(, 5)2))) lvdr

IN

s+to ~ =
C’/ e~ @O (U (1, 8)w — F(Uy (7, 5)2)|| xdr
S

IN

s+to
Ccy / |UL(7, s)w — Ur(7, 8)2|| g1—= () dT

IA

s+to s+to
[ U= i(rs)el oedr <o [ U S = Ulrs)zlyedr

IN

s+to
czd/ 2T lw — z||yedr < ke, llw — 2w,
S

for some constants cj,ca > 0 and k¢, > 0. In this estimate we used the continuous
embedding X' z= < H'~¢(Q) and the Lipschitz continuity (20) of the process
{U(t,s)] t > s} in VE. The compactness of the embedding V << W follows by
(18). O

Finally, we show the existence of a pullback exponential attractor.
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Theorem 4.11. We set ¢ = 1 — 5(n —2). Let {U(t,s)| t > s} be the evolution

process in the Hilbert space V. = H(2) x L?(Q) generated by the initial value

problem (15) and W = X' x X5, Moreover, for arbitrary A < % we define

el
N

Then, for every v € (0,% — A) there exists a pullback exponential attractor
{M"(t)| t € R}, which is also a forwards exponential attractor for the evolution pro-

cess {U(t, s)| t > s}, and the fractal dimension of its sections is uniformly bounded
by

to := %ln where C > 0 and w > 0 denote the constants in Lemma /.5.

dimy (M”(t)) <log_ 1

2(v+N)

(NgV(BY(O))) Vt € R,

where K = Ky, > 0 denotes the smoothing constant in Lemma 4.10. Furthermore,
the global pullback attractor exists, is contained in the pullback exponential attractor

{M"(t)| t € R} and

dimY (A(t)) < inf {1og ) (NgV(Blv(o)))} vt € R.

ve(0,1-X) 2(v+2)

Proof. By Lemma 4.6 there exists a fixed bounded uniformly pullback absorbing set
B C V, and the pullback and forwards absorbing assumptions (H1), (H1)’, (A1),
(A2) and (Ap)’ are satisfied. If A € (0,3) and to = 2In§, Lemma 4.5 implies
that the linear operators C(t + to,t), t € R, are contractions in V with contrac-
tion constant A < %, which verifies Hypothesis (H3) with £ = t5. Moreover, we
proved in Lemma 4.10 that the smoothing property (#Hs) of the family of opera-
tors {S(t,s)| t > s} is valid within the absorbing set B. To show the Lipschitz
continuity (H4) of the evolution process we recall that the Nemytskii operator Fis
locally Lipschitz continuous from H'=¢(Q) to L?(f2) (see Lemma 4.8). If the subset

D C H} () is bounded the continuous embedding H} () < H'=¢(Q) implies
| F(u) — ﬁ(’U)HL’z(Q) < cllu—vllgi-c0) < carllu—vllmo Yu,v € D, (21)

for some constant ¢; > 0. We can now show the Lipschitz continuity of the evolution
process {U(t,s)| t > s} in V as in the proof of Lemma 4.9 if we replace the space
Ve by V and use the estimate (21) and Lemma 4.5 instead of the estimate (19) and
Lemma 4.7, respectively.

Consequently, all required hypothesis are verified and the existence of the pull-
back exponential attractor and the uniform estimates for the fractal dimension of
its sections follow from Theorem 2.2. Theorem 3.3 implies that the pullback expo-
nential attractor is also a forwards exponential attractor for the evolution process.
Moreover, the global pullback attractor of the evolution process exists, is contained
in the pullback exponential attractor, and Theorem 3.1 yields the bound for the
fractal dimension of its sections, which concludes the proof. O
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