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N
N CN ∈ RN×N

cNkl =

√
2

N
αk

(
(2l + 1)kπ

2N

)
, k, l ∈ {0, . . . , N − 1},

αk =

{
1, k = 0
1√
2
, 1 ≤ k ≤ N − 1

.

CN CN · CN =

X̂ = C8XC8 ,

X = C8 X̂C8.



n×m F ∈ Rn×m

Fi,j i, j
f : R×R → R

f(i, j) = Fi,j

F f
f

L2(R2)
f ∈ L2(R) V ⊂ L2(R2)

g ∈ V F V ∈ L2(R2)

g =
g∈V

‖g − F‖ ,



‖·‖ g F
g F V

g =
g∈V

P (g), g(i, j) = Fi,j ∀i, j ∈ Z,

g =
g∈V

m∑

i=1

n∑

j=1

|g(i, j)− Fi,j |2 + λP (g).

g(i, j) = Fi,j

P (g) ≥
0
P (g) = ‖Dmg‖2 m ∈ N λ > 0

V

V ∈ L2(R2) g ∈ V

V

ϕ ∈ L2(R2) V
F

g(x) =
∑

k∈Z2

ckϕ(x− k),

(ck)k∈Z
f ∈ L2(R) F V

(ck)k∈Z2 =
(ck)∈l2(Z2)

∥∥∥∥∥∥
f −

∑

k∈Z2

ckϕ(·− k)

∥∥∥∥∥∥
,

g α > 1

gα(x, y) = g(αx,αy), x, y ∈ R2.

gα gα V
g ∈ V gα



Cg =
∑

k∈Z2

ckCϕ(x− k),

C

L/M

L/M L M





f ∈ L1(R)

f̂(ω) =

∫

R
f(x) −2πix·ω ω, ω ∈ R.

f̂ R

f̂ ∈ L1(R)

f(x) =

∫

R
f̂(ω) 2πiω·x x, x ∈ R.

L1(R) ∩ L2(R) L2(R)
L2(R) L2(R)
L1(R)

F : L2(R) → L2(R) F−1



L1 F L2(R)
L1(R)

f, g ∈ L2(R)

‖Ff‖2 = ‖f‖2
〈Ff,Fg〉 = 〈f, g〉

f ∈ L1(R) ∩ L2(R) Ff(ω) = f̂(ω)

Ta, Dα,Mb : L2(R) → L2(R)
a, b ∈ R α > 0

Taf(x) = f(x− a),

Dαf(x) = f
(x
α

)
,

Mbf(x) =
2πib·xf(x).

T−1
a = T ∗

a = T−a, D−1
α = D∗

α = D 1
α
, M−1

b = M∗
b = M−b.

FTa = M−aF , FDα = D 1
α
F , FMb = TbF

f, g ∈ L1(R)

(f ∗ g)(x) =
∫

R
f(y)g(x− y) y =

∫

R
f(y)Tyg(x) y.

f ∗ g ∈ L1(R)

(̂f ∗ g)(ω) = f̂(ω) · ĝ(ω).

f, g ∈ L2(R) L2−
F f
g

χ[− 1
2 ,

1
2 ]
(ω) 1/2

sinc L1(R) 2(R)



f ∈ L1(R) fper ∈
L1(T)

fper(x) =
∑

k∈Z
f(x+ k), x ∈ T.

fper fper ∈ L1(T) f ∈ L1(T)
k f

f̂(k) =

∫

T
f(x) −2πik·x x,

f(x) =
∑

k∈Z
f̂(k) 2πik·x.

f, g ∈ L1(T)

(f ∗ g)(x) f ∗ g ∈ L1(T)

(̂f ∗ g)(k) = f̂(k) · ĝ(k)

f̂ f
f ∈ L1(R) f̂ ∈ L1(R)

∑

k∈Z
f̂(k) 2πik·x =

∑

k∈Z
f(x+ k)

α > 0

PWα =
{
f ∈ L2(R) : f̂ ⊂

[
−α

2
,
α

2

]}
,



x

f(x)

χ[− 1
2 ,

1
2 ]

x

f(x)

(x)

[−α/2,α/2]
f ∈ PWα

f ∈ PWα

∑

k∈Z
f(k) 2πik·ω =

∑

k∈Z
f̂(ω + k).

f ∈ PWα T > 0 ρ := 1
T ≥ α

f(x) =
∑

k∈Z
f(kT )

( x
T

− k
)
=
∑

k∈Z
f

(
k

ρ

)
(ρx− k).

(x) ∈ L2(R)

(x) =

{
(πx)
πx , x .= 0

1, x = 0
.

ρ f
f(kT ) k ∈ Z

f
f(kT ), k ∈ Z f ρ

f ∈ PWα ρ < α
f̃

f̃(x) =
∑

k∈Z
f

(
k

ρ

)
(ρx− k).



f f̃
f̃ f f̃ f

Fχ[− 1
2 ,

1
2 ]
(ω) =

∫

R
χ[− 1

2 ,
1
2 ]
(x) −2πix·ω x =

∫ 1
2

− 1
2

−2πix·ω x =
−πiω − πiω

−2πiω

= (ω)

f̃

ˆ̃f(ω) =

∫

R

∑

k∈Z
f

(
k

ρ

)
(ρx− k) −2πiω·x x

=
∑

k∈Z
f

(
k

ρ

)∫

R
(ρx− k) −2πiω·x x

=
∑

k∈Z
f

(
k

ρ

)
2πiω·xχ[− ρ

2 ,
ρ
2 ]
(ω)

= χ[− ρ
2 ,

ρ
2 ]
(ω) ·

∑

k∈Z
f̂ (ω + ρk) .

F (ω) = χ[− 1
2 ,

1
2 ]
(ω)

χ[− ρ
2 ,

ρ
2 ]
(ω)

f̂ ρ F f̃ Ff f ∈ PWρ

[
−ρ

2 ,
ρ
2

]

ω

f̂(ω)

−

α

2

α

2

ω

∑
k∈Z f̂(ω + ρk)

−

ρ
2

ρ
2

ω

χ[− ρ

2
, ρ
2
](ω) ·

∑
k∈Z f̂(ω + ρk)

−

ρ
2

ρ
2

ρ = α



ω

f̂(ω)

−

α

2

α

2

ω

∑
k∈Z f̂(ω + ρk)

−

ρ
2

ρ
2

ω

∑
k∈Z f̂(ω + ρk)

−

ρ
2

ρ
2

ω

χ[− ρ

2
, ρ
2
](ω) ·

∑
k∈Z f̂(ω + ρk)

−

ρ
2

ρ
2

ρ < α

1/x



L2(R)

L2(R)

{fk : k ∈ Z} ⊂ L2(R) L2(R)

{fk : k ∈ Z} = L2(R).

{fk : k ∈ Z}

L2(R) {fk : k ∈ Z} ⊂ L2(R)
0 < A ≤ B

A ‖f‖2 ≤
∑

k∈Z
|〈f, fk〉|2 ≤ B ‖f‖2 , f ∈ L2(R).

A B
A = B = 1

{fk : k ∈ Z}

∑

k∈Z
〈f, fk〉fk.

U : l2(Z) → L2(R)

Uc =
∑

k∈Z
ckfk.



U∗ : L2(R) → l2(Z)

U∗f = (〈f, fk〉)k∈Z ,

S : L2(R) → L2(R)

Sf = UU∗f =
∞∑

k=−∞
〈f, fk〉fk.

S {
S−1fk : k ∈ Z

}

B−1 A−1

f ∈ L2(R)

f = SS−1f =
∑

k∈Z
〈S−1f, fk〉fk =

∑

k∈Z
〈f, S−1fk〉fk.

{fk : k ∈ Z} L2(R) L2(R)
0 < A ≤ B c = (ck)k∈Z ∈ l2(Z)

A ‖c‖2l2(Z) ≤

∥∥∥∥∥
∑

k∈Z
ckfk

∥∥∥∥∥

2

L2(R)

≤ B ‖c‖2l2(Z) .



{fk : k ∈ Z} 0 < A ≤ B

A ‖f‖2 ≤
∑

k∈Z
|〈f, fk〉|2 ≤ B ‖f‖2 , f ∈ L2(R).

S
f ∈ L2(R)

{
S−1fk : k ∈ Z

}

{fk : k ∈ Z} L2(R) L2(R)
∑

k∈Z
ckfk = 0, c = (ck)k∈Z ∈ l2(Z)

ck = 0 k ∈ Z

f ∈ L2(R)
fk k ∈ Z

f = SS−1f =
∑

k∈Z
〈S−1f, fk〉fk =

∑

k∈Z
〈f, S−1fk〉fk.

ϕ ∈ L2(R) Vϕ ⊂ L2(R)
ϕ

Vϕ = {Tkϕ : k ∈ Z} =

{
∑

k∈Z
ckTkϕ : (ck)k∈Z ∈ l2(Z)

}
.

ϕ Vϕ

ϕ



{Tkϕ : k ∈ Z} Vϕ 0 <
A ≤ B

A ≤
∑

k∈Z
|ϕ̂(ω + k)|2 ≤ B.

Vϕ L2(R)

c = (ck)k∈Z ∈ l2(Z)
∥∥∥∥∥
∑

k∈Z
ckTkϕ

∥∥∥∥∥ =

∥∥∥∥∥

( ∞∑

k=−∞
cke−k

)
Fϕ

∥∥∥∥∥ =

∫

R

∣∣∣∣∣

∞∑

k=−∞
cke−k(ω)

∣∣∣∣∣

2

|ϕ̂(ω)|2 ω

=
∞∑

l=−∞

∫ l+1

l

∣∣∣∣∣

∞∑

k=−∞
cke−k(ω)

∣∣∣∣∣

2

|ϕ̂(ω)|2 ω

=

∫ 1

0

∞∑

l=−∞

∣∣∣∣∣

∞∑

k=−∞
cke−k(ω + l)

∣∣∣∣∣

2

|ϕ̂(ω + l)|2 ω

=

∫ 1

0

∣∣∣∣∣

∞∑

k=−∞
cke−k(ω)

∣∣∣∣∣

2

·
∞∑

l=−∞
|ϕ̂(ω + l)|2 ω

≤ B

∫ 1

0

∣∣∣∣∣

∞∑

k=−∞
cke−k(ω)

∣∣∣∣∣

2

ω

= B ‖c‖2l2(Z) .

!

∑
k∈Z |ϕ̂(ω + k)|2

Φ(ω) =
∑

k∈Z
|ϕ̂(ω + k)|2.

ϕ ∈ L2(R) Φ Φ ∈ L1(T)

ck = 〈ϕ, T − kϕ〉.

{Tkϕ : k ∈ Z} Vϕ = {Tkϕ : k ∈ Z}

f ∈ Vϕ f̂(ω) = ĥ(ω) · ϕ̂(ω) h ∈ L2(T)

f =
∑

k∈Z ckTkϕ f(ω) = ĥ(ω) · ϕ̂(ω) ĥ(ω) =
∑∞

k=−∞ cke−k(ω)



Vϕ

ϕ

ϕ ∈ L2(R) {Tkϕ : k ∈ Z} Vϕ S

STk = Tk S−1Tk = TkS
−1

{
TkS−1ϕ : k ∈ Z

}

f ∈ L2(R)

STkf =
∞∑

l=−∞
〈Tkf, Tlϕ〉Tlϕ =

∞∑

l=−∞
〈f, Tl−kϕ〉Tlϕ

=
∞∑

l=−∞
〈f, Tlϕ〉Tl+kϕ

= TkSf. !

{TkS−1ϕ : k ∈ Z} f ∈ Vϕ

f = SS−1f =
∞∑

k=−∞
〈S−1f, Tkϕ〉Tkϕ =

∞∑

k=−∞
〈f, TkS

−1ϕ〉Tkϕ.

D = {ω ∈ R : Φ(ω) = 0}

φ̂(ω) =

{
ϕ̂(ω)
Φ(ω) , ω ∈ D

0 , ω /∈ D

S−1ϕ ϕ

ĥ(ω) = Φ(ω)−1 0 < a ≤ b a < |ĥ(ω)| ≤ b h ∈ L2(T)
φ̂(ω) = ĥ(ω) · ϕ̂(ω) h ∈ L2(T) φ ∈ Vϕ



FSφ =
∞∑

k=−∞
〈φ, Tkϕ〉FTkϕ

=
∞∑

k=−∞
〈φ̂,FTkϕ〉FTkϕ

=

( ∞∑

k=−∞
〈φ̂, e−kϕ̂〉Fe−k

)
ϕ̂.

〈φ̂, e−kϕ̂〉 =
∫

R
φ̂(ω)ϕ̂(ω) 2πiωk ω

=

∫ 1

0

∞∑

n=−∞
φ̂(ω + n)ϕ̂(ω + n) 2πiω(k+n) ω

=

∫ 1

0

∞∑

n=−∞
φ̂(ω + n)ϕ̂(ω + n) 2πiω(k+n) ω.

e−k Φ χD 1

〈φ̂, e−kϕ̂〉 =
∫ 1

0

∞∑

n=−∞

|ϕ̂(ω + n)|2

Φ(ω + n)
χD(ω + n) 2πiω(k+n) ω

=

∫ 1

0
Φ(ω)−1χD(ω)

2πiωk
∞∑

n=−∞
|ϕ̂(ω + n)|2 ω

=

∫ 1

0
χD(ω)e−k ω,

−k χD

∞∑

k=−∞
〈φ̂, e−kϕ̂〉Fe−k = χDe.

FSφ = χDϕ̂ D χD(ω) = 1 ⇔
ϕ̂(ω) .= 0

FSφ = χDϕ̂ = ϕ̂ ⇒ Sφ = ϕ ⇒ φ = S−1ϕ. !

ϕ ∈ L2(R) {Tkϕ : k ∈ Z} ϕ̃
ϕ̃ = S−1ϕ f ∈ Vϕ

f =
∑

k∈Z
〈f, Tkϕ̃〉Tkϕ



〈ϕ, Tkϕ̃〉 = δ0,k.

{Tkϕ : k ∈ Z} {Tkϕ̃ : k ∈ Z}

Tkϕ̃ ∈ Vϕ k ∈ Z

n ∈ N
n− 1

n

βn n ∈ N0

x ∈ R

β0(x) := χ[− 1
2 ,

1
2 ]
(x)

βn(x) = (βn−1 ∗ β0)(x), n ∈ N.

n ∈ N0

(βn) =
[
−n+1

2 , n+1
2

]

β̂n(0) =
∫
R βn(x) x = 1

n ≥ 1
∑

k∈Z βn(x − k) = 1 x ∈ R

β̂n(ω) =
(

(πω)
πω

)n+1
= ( (ω))n+1



n n
L2

n

ϕ ∈ L2(R)

ϕ n

ϕ̂(0) = 1,

m ∈ {0, 1, . . . , n}

Dmϕ̂(k) = 0 k ∈ Z \ {0}

n

k ∈ Z \ {0} m ∈
{0, 1, . . . , n}

Dmβ̂n(k) =
(n+ 1)!

(n+ 1−m)!
( (k))n+1−m ·R(k),

R(k) (k) = δ0,k k ∈ Z
Dmβ̂n(k) = 0

n n

n

n ∈ N n {Tkβn : k ∈ Z}
{Tkβn : k ∈ Z}

β0(x) = χ[− 1
2 ,

1
2 ]
(x)



x

y

−0.5 0.50

1 β0

β0

x

y

−1 10

1
β1

β1

x

y

−1.5 1.50

1
β2

β2

x

y

−2 20

1
β3

β3

Φ(ω) =
∑

k∈Z

∣∣∣B̂n(ω + k)
∣∣∣
2
.

ϕ
{Tkϕ̃ : k ∈ Z}

ck = 〈f, Tkϕ̃〉.

ck = 〈f, Tkϕ̃〉 = 〈f,
∑

l∈Z
〈Tkϕ̃, Tlϕ̃〉Tlϕ〉

=
∑

l∈Z
〈Tkϕ̃, Tlϕ̃〉〈f, Tlϕ〉.

U Ũ

c = Ũ∗Ũ · U∗f.

〈Tkϕ, Tlϕ̃〉 =
δk,l k, l ∈ Z

U∗U · Ũ∗Ũ = U∗(UŨ∗)Ũ = U∗Ũ = .



U∗U

U∗Uc = U∗f,

U∗U



ϕ ∈ L2(R) L2(R)

Vϕ =

{
∑

k∈Z
ckTkϕ : (ck)k∈Z

}
.

0 < A ≤ B

A ≤
∑

k∈Z
|ϕ̂(ω + k)|2 ≤ B,

{Tkϕ : k ∈ Z} Vϕ

f ∈ L2(R) Vϕ

Pϕ : L2(R) → Vϕ

Pϕf =
g∈Vϕ

‖f − g‖L2(R) =
∑

k∈Z
〈f, Tkϕ̃〉Tkϕ,

ϕ̃



ϕ(x) = (x)

〈Tk , Tl 〉 = (k − l) = δk,l k, l ∈ Z.

[−1/2, 1/2] ρ ≥ 1
ρ = 1

f ∈ PW1

f(x) =
∑

k∈Z
f(k) (x− k) =

∑

k∈Z
ck (x− k),

ck = f(k) k ∈ Z
PW1

ck = 〈f, Tk 〉 = f(k)

f /∈ PW1 ck .= f(k)

ĉk = ̂〈f, Tk 〉 = ̂f ∗ =
∑

l∈Z
f(ω + l) ·

∑

l∈Z
χ[− 1

2 ,
1
2 ]
(ω + l)

= χ[− 1
2 ,

1
2 ]
(ω) ·

∑

l∈Z
f(ω + l),

f̂ f /∈ PW1

P : L2(R) → PW1

P f =
∑

k∈Z
〈f, Tk 〉Tk ,

Pf = f f ∈ PW1

L2 f PW1

(ck)∈l2(Z)

∥∥∥∥∥f −
∑

k∈Z
ckTk

∥∥∥∥∥
L2(R)



(ck)k∈Z = (〈f, Tk 〉)k∈Z f ∈ PW1

f

ϕ ∈ L2(R)

ϕ ∈ L2(R) {Tkϕ : k ∈ Zz}

Vϕ = {Tkϕ : k ∈ Z} .

f ∈ L2(R)

Pϕf(x) =
∑

k∈Z
〈f, Tkϕ̃〉ϕ(x− k) =

∑

k∈Z
ckϕ(x− k).

(ck)
f

ck f ϕ̃(−x)
ϕ

ϕ

(fk) ∈ l2(Z)

c∈l2(Z)

∑

n∈Z

∣∣∣∣∣fn −
∑

k∈Z
ckTkϕ(n)

∣∣∣∣∣

2

fn =
∑

k∈Z
ckTkϕ(n), n ∈ Z.

(ck)
ϕ (ϕk)k∈Z



ϕ ϕk = ϕ(k) k ∈ Z

fn =
∑

k∈Z
ckϕ(n− k) = ((ck)k∈Z ∗ (ϕk)k∈Z)(n).

ck

ϕ

ϕ−1
k (ϕk)k∈Z

((ϕk)
−1 ∗ (ϕk))(n) = δ0,n,

(cn) = ((fk) ∗ (ϕk)
−1)(n).

g ∈ L2(R) g(n) = fn
n ∈ Z

g(x) =
∑

k∈Z
ckϕ(x− k) =

∑

k∈Z
(f ∗ ϕ−1

k )ϕ(x− k)

=
∑

k∈Z
f(k)

∑

l∈Z
ϕ−1
l ϕ(x− k − l)

︸ ︷︷ ︸
ϕint(x−k)

=
∑

k∈Z
f(k)ϕint(x− k).

ϕint(x− k)

ϕint(k − l) = δk,l, k, l ∈ Z

(fk)k∈Z Vϕ

ϕint

PWα

PW1

ϕ(x) = βn(x) n f ∈
L2(R) Vβn



bk = βn(k)

(bk)
−1
k∈Z (bk)k∈Z

f n

f(x) =
∑

k∈Z
〈f, Tkβ̃m−1〉βm−1(x− k)

=
∑

k∈Z
f(k) (β̃m−1(−x) ∗ βm−1(x))(x− k)︸ ︷︷ ︸

ϕint(x−k)

,

f(x) =
∑

k∈Z
ckβn(x− k)

=
∑

k∈Z
f(k)

∑

l∈Z
b−1
l βn(x− k − l)

︸ ︷︷ ︸
ϕint(x−k)

.

ϕint

ϕint

ϕint(k) =
∑

l∈Z
b−1
l βn(k − l) = δ0,k k ∈ Z,

ϕint

L2 ϕ̂int

χ[− 1
2 ,

1
2 ]

1
x

ϕint

ϕint

ϕint
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ϕint

ϕ̂int

ϕ̂int

ϕint

(fk)k∈Z ∈ l2(Z) f ∈ L2(R)
f(k) = fk k ∈ Z f

m ∈ N
L2

m Wm(R)

Wm(R) :=
{
f ∈ L2(R) : Dkf ∈ L2(R) k ≤ m

}
.

m ∈ N Wm(R)
m > 1



g∈Wm
‖Dmg‖ , g(k) = fk ∀k ∈ Z.

g ∈ Wm(R)
2m− 1 ϕ(x) = (βm−1(x) ∗ βm−1(−x))

g(x) =
∑

k∈Z
(h ∗ f)(k)ϕ(x− k),

(hk)k∈Z ∈ l1(Z)

H(ω) =
∑

k∈Z
hk

2πik·ω =
1

∑
k∈Z

∣∣∣β̂m−1(ω + k)
∣∣∣
2 .

(fk)k∈Z ϕint

g(x) =
∑

k∈Z
(h ∗ f)(k)ϕ(x− k) =

∑

k∈Z

[
∑

l∈Z
hlf(k − l)

]
ϕ(x− k)

=
∑

k∈Z

[
∑

l∈Z
hlf(k)

]
ϕ(x− k − l) =

∑

k∈Z
f(k)

∑

l∈Z
hlϕ(x− k − l)

=
∑

k∈Z
f(k)ϕint(x− k),

ϕint ϕint(x) =
∑

l∈Z hlϕ(x−l)
(fk)k∈Z

ϕ̂int(ω) = H(ω) · ϕ̂(ω) = β̂m−1(ω) · β̂m−1(ω)
∑

k∈Z

∣∣∣β̂m−1(ω + k)
∣∣∣
2 =

β̂2m−1(ω)
∑

k∈Z

∣∣∣β̂m−1(ω + k)
∣∣∣
2 ,

F(βm−1(−x))(ω) = β̂m−1(ω)
βm−1 β̂m−1

f m− 1

g(x) =
∑

k∈Z
〈f, Tkβ̃m−1〉βm−1(x− k),

ϕ(x) = βm−1(x)



g(x)

g(x) =
∑

k∈Z
〈f, Tkβ̃m−1〉βm−1(x− k)

=
∑

k∈Z
〈β̃m−1, T−kf〉βm−1(x− k)

=
∑

k∈Z

[
∑

l∈Z
β̃m−1(l)f(k + l)

]
βm−1(x− k)

=
∑

k∈Z

[
∑

l∈Z
β̃m−1(−l)f(k − l)

]
βm−1(x− k)

=
∑

k∈Z
f(k)

∑

l∈Z
β̃m−1(−l)βm−1(x− k − l)

=
∑

k∈Z
f(k) (β̃m−1(−x) ∗ βm−1(x))(x− k)︸ ︷︷ ︸

ϕint

.

β̃m−1

ϕ̂int(ω) =
ˆ̃βm−1(ω) · β̂m−1(ω) =

β̂m−1(ω) ·
∑

k∈Z β̂m−1(ω + k)
∑

k∈Z

∣∣∣β̂m−1(ω + k)
∣∣∣
2 .

f ϕint

Wm

g∈Wm

∑

k∈Z
|fk − f(k)|2 + λ ‖Dmf‖2 ,

λ ≥ 0

λ
λ

fk



2m−1
2m − 1 λ

2m− 1

f(x) =
∑

k∈Z
(h ∗ f)(k)ϕ(x− k) =

∑

k∈Z
fkϕint(x− k),

ϕ ∈ L2(R) ϕ(x) = (βm−1(x) ∗ βm−1(−x))
h = (hk)k∈Z

H(ω) =
∑

k∈Z
hk

2πik·ω =
1

∑
k∈Z

∣∣∣β̂2m−1(ω + k)
∣∣∣
2
+ λ |1− −2πi·ω|2m

.

ϕint

ϕint(x) =
∑

k∈Z
hkβ2m−1(x− k).

ϕint

ϕ̂int

ϕ̂int(ω) = H(ω) · β̂2m−1(ω).

ϕ̂int(ω) =
1

∑
k∈Z

∣∣∣ πω
πω+πk

∣∣∣
2m

+ 2πλ |ω|2m
.

ϕ̂int

Bm m ∈
N ω0 ∈ (0, 1]

Bm
ω0
(ω) =

1

1 +
(

ω
ω0

)2m .

ϕ̂int 2m− 1
λ ≥ 0 m

m λ λ ω0

ω0 =
(
λ+ 22m

)− 1
2m ≤ 0.5,

λ = ω−2m
0 − 22m.



0 0.5 1 1.5 2
0

0.2

0.4

0.6

0.8

1

1.2

ω

B1

B2

B4

B8

n = 1, 2, 4, 8

λ = 0

(fk)k∈Z 0.5

f ∈ Wm [−1/2, 1/2]
f(2k) k ∈ Z

m = 8

2m−1
λ 2m− 1





m
x, y ∈ R

βm(x, y) = βm(x) · βm(y).
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ϕ̃(−x)
ϕ(x)

ϕ
m [−(m+ 1)/2, (m+ 1)/2]

m

N ×N m×m N2 ·m2

2·N2·m2



ϕint

X ∈ R8x8

X̂ = C8XC8 ,

X = C8 X̂C8,

Cm m×m

B×B n×n (Xi,j)i=1,...,n; j=1,...,n

Xn×n X̂n×n

n× n n < B n× n
n× n

X̃ =
n

B
CnX̂n×nCn.

X̃ n×n n
B

n × n n
B ×B

n/8 × n/8



n× n

n× n

n× n

n× n

n× n

n× n

n× n

n× n

m×m
8× 8

n/m
n/8

m ×m m ×m
m

n/m 1 ≤ n,m ≤ 8

n 8 n/8

m
8/m

(n/8) · (8/m) = n/m

n/m

0.5



B ×B O(B2 B)
N ×N (N/B)2B2 B = N2 B

B×B n×n
1 ≤ n ≤ B n/B

N2 n

N ×N α < 1
B



n/B 1 ≤ n ≤ B

α α = n/B · α̃

n n = B
n

N2 · ( (n) + 2(n/B)2m2)
m

4

4
n = 2



512 1,024

1

2

3

4
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8

·107

N

β3
β3



L2

L2

F,G ∈ NM×N M ×N

(F,G) = 10 · 10

(
2552

(F,G)

)
,

(F,G) =
normF −G2

MN

1

MN

M∑

i=1

N∑

j=1

|F (i, j)−G(i, j)|2 .
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R

N 1, 2, 3, . . .

Z

Q

C

Dmf f

Ff f ∈ L2(R)

f̂ f ∈ L1R

χA A χA(x) = 1 x ∈ A χA(x) = 0

A A

A A A =
{∑

k∈Z cka : a ∈ A, c = (ck)k∈Z ∈ lp(Z)
}

f f f = {x ∈ R : f(x) .= 0}

δk,l δk,l = 0 k = l δk,l = 1

Tk (Tkf)(x) = f(x− k)

Dα (Dαf)(x) = f(x/α)

Mb (Mbf)(x) = 2πib·x

U

S
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