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Abstract

Mitochondrial swelling has huge impact to multicellular organisms since it triggers apop-
tosis, the programmed cell death. In this paper we present a new mathematical model of
this phenomenon. As a novelty it includes spatial effects, which are of great importance for
the in vivo process. Our model considers three mitochondrial subpopulations varying in
the degree of swelling. The evolution of these groups is dependent on the present calcium
concentration and is described by a system of ODEs, whereas the calcium propagation
is modeled by a reaction-diffusion equation taking into account spatial effects. We ana-
lyze the derived model with respect to existence and long-time behavior of solutions and
obtain a complete mathematical classification of the swelling process.

1 Introduction

Biological background Mitochondria are often termed the cell’s powerhouse due to
their main function as energy supplier for almost all eukaryotic cells [I]. However, these
double-membrane enclosed organelles also play a decisive role in cell death by their ability
to trigger apoptosis. One of the key factors in this process is the permeabilization of the
inner mitochondrial membrane [13], resulting in the swelling of the mitochondrial matrix.

Mitochondrial permeability transition is effectuated by the opening of a pore in the inner
membrane, which happens under pathological conditions like high Ca*" concentrations
[T4]. The increased permeability leads to an osmotically driven influx of solutes and wa-
ter into the mitochondrial matrix, which in turn causes swelling [§], [I4]. This process
culminates in the rupture of the outer membrane [20]. Outer membrane rupture denotes
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a critical event, since now apoptosis is irreversibly triggered by the release of several
proapoptotic factors from the intermembrane space [15].

Intact mitochondria store calcium in their matrix. If swelling is induced, this stored cal-
cium is additionally released [I5] and the remaining mitochondria are confronted with an
even higher calcium load, leading to an acceleration of the process.

Experimental procedure The swelling of mitochondria is measured on the basis of
light scattering. While intact mitochondria show high light scattering values, the more
mitochondria are swollen the less light is deflected. Hence the volume increase is indirectly
displayed by a decreasing optical density. This relation is shown to be linear [5], [11], [21].
The experiments were performed at the Helmholtz Zentrum Miinchen, Institute of Mole-
cular Toxicology and Pharmacology using rat liver mitochondria and Ca?" as swelling
inducer.

Existing models Although the process of mitochondrial swelling induced by calcium
is known for more than 30 years, mathematical modeling has only started recently. At
this there are two conceptually different approaches: The microscale models focussing on
a detailed description of all biochemical processes in single mitochondria [22], [25], and
the macroscale models which directly aim to represent the swelling of a whole population
[51, 111, [17].
In our previous publication [I1], we presented a mathematical model that is for the first
time capable to describe the whole time progress of mitochondrial swelling. The model is
based on the observation that mitochondria vary within subpopulation concerning their
sensitivity for swelling induction as it was described in [26]. It consists of one ODE for the
fraction of swollen mitochondria and a delay equation to determine the corresponding pop-
ulation volume. This model is in great accordance with the experimentally obtained data
and shows consistent parameter values with increasing Ca®* concentrations. In [I0], it has
been shown (see Fig2.1, page 15) the dependence of swelling curves at different calcium
concentrations and how the swelling curves can be modeled with the simple mathemat-
ical model. The most important parameters of the model among others is the feedback
parameter and the parameter depicting the average swelling time of mitochondria. The
analysis of the simple model also yielded that the experimental swelling curves can only
be described in an accurate way by including the positive feedback, otherwise one could
not receive the correct shape of the swelling curves.

Furthermore, different swelling inducers and mitochondria from different organs can
be classified by comparing the corresponding optimal parameter values.

Spatial effects Experiments revealed the necessity to take into account spatial effects.
In fact, models taking into account of spatial effects are discussed in [2] and [3].

The same amount of Ca?" is added in different concentrations, i.e. mitochondria are
exposed to identical calcium quantities with varying levels of concentration profiles. This
leads to different shapes of the corresponding swelling curves, which only trace back to
the different calcium distributions. Obviously this implies the influence of spatial effects.

In particular the dependence on local processes gets important when thinking of mitochon-
drial swelling taking place in vivo. There are two mechanisms that lead to intracellular
Ca®*" increase (see e.g. [23], [24]): Internal release from the endoplasmic reticulum or exter-



nal calcium influx from the extracellular milieu. Both calcium sources are highly localized.
Furthermore mitochondria within cells are not distributed randomly but reside in three
main regions [I8], which enforces the influence of spatial effects.

2 The mitochondria model

In this work we introduce a new mathematical model that takes into account the above
mentioned spatial effects. This results in a coupled ODE-PDE system.

2.1 Description

In accordance with our theoretical [I1] and experimental [26] findings, we assume that
three subpopulations of mitochondria with different corresponding volumes exist. Here
Ni(z,t) describes the density of intact, unswollen mitochondria, No(x,t) contains mito-
chondria that are in the swelling process but not completely swollen and N3(z,t) denotes
the density of completely swollen mitochondria. The Ca?" concentration is denoted by
u(z,t).

The transition of intact mitochondria over swelling to completely swollen ones proceeds in
dependence on the local calcium concentration. At this we can assume that mitochondria
do not move in any direction and hence the spatial effects are only introduced by the
calcium evolution. The evolution of the mitochondrial subpopulations is modeled by a
system of ODEs, that depends on the space variable x in terms of a parameter.

We analyze the swelling of mitochondria on a bounded domain 2 C R™ with n = 2, 3. This
domain could either be the test tube or the whole cell. The initial calcium concentration
u(z,0) describes the added amount of Ca®t to induce the swelling process.

This leads to the following coupled ODE-PDE system determined by the non-negative
model functions f and g:

O = diAu+ dag(u) Ny (1)
ONy = —f(u)Nq (2)
Ny = f(u)Ny — g(u)Ny (3)
OiNs = g(u)Ny (4)

with diffusion constant d; > 0 and feedback parameter dy > 0. The boundary conditions

are given by Su = 0 ondQ (5)

and we have initial values
U(LE, O) = Uo(ﬂf), Nl(x, 0) = NL()(I), NQ(%, 0) = NQJ](%‘), Ng(l’, O) = N370(13) .

Model function f The process of mitochondrial permeability transition is dependent
on the calcium concentration. If the local concentration of Ca?" is sufficiently high, the
pores open and mitochondrial swelling is initiated. This incident is mathematically de-
scribed by the transition of mitochondria from N; to N,. The corresponding transition
function f(u) is zero up to a certain threshold C'~ displaying the concentration which
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is needed to start the whole process. Whenever this Ca*" threshold is reached, the local
transition at this point from N; to N3 over N, is inevitably triggered. It is written e.g. in
[21] that this process is calcium-dependent with higher concentrations leading to faster
pore opening. Hence the function f(u) is increasing in w. The transfer from unswollen
to swelling mitochondria is related to pore opening, hence we also postulate that there
is some saturation rate f* displaying the maximal transition rate. This is biologically
explained by a bounded speed of pore opening with increasing calcium concentrations.

Remark

The initiation threshold of f is crucial for the whole swelling procedure. Dependent on the
amount and location of added calcium, it can happen that in the beginning the local concen-
tration was enough to induce swelling in this region, but after some time due to diffusion the
threshold C~ is not reached anymore. Thus we only have partial swelling and after the whole
process there are still intact mitochondria left. Nevertheless, there are no mitochondria in the
intermediate state N,.

Model function g The change of the population Ny consists of mitochondria enter-
ing the swelling process (coming from N;) and mitochondria getting completely swollen
(leaving to N3). The transition from Ny to N3 is modeled by the transition function g(u).
In contrast to the function f, here we have no initiation threshold and this transition can
not be avoided. This property is based on the biological mechanism. The permeabilization
of the inner membrane due to pore opening leads to water influx and hence unstoppable
swelling of the mitochondrial matrix. This process itself is independent of the present
calcium concentration. Due to a limited pore size, this effect also has its restriction and
thus we have saturation at level ¢g*. However, biologically it is not clear if there are other
influences of calcium to this second transition, e.g. by the opening of additional pores. To
include such possibilities, we allow for general increasing g with saturation at level g*.

In [26], they proved that there are different mitochondrial subpopulations and gave
the shapes of the functions f and g as described in the section ”Numerical Simulations”
discussed with biologists.

The third population N3 of completely swollen mitochondria grow continuously due to
the unstoppable transition from N, to N3. All mitochondria that started to swell will be
completely swollen in the end.

Calcium evolution The model consists of spatial developments in terms of diffusing
calcium. In addition to the diffusion term, the equation for the calcium concentration
contains a production term dependent on Ns, which is justified by the following: In our
earlier ODE approach [11] we showed that it is essential to include a positive feedback
mechanism. It is not possible to display the correct swelling behavior without the positive
feedback, even with the much more simple model. In the biological community there is
no doubt about the existence of the positive feedback. This accelerating effect is induced
by stored calcium inside the mitochondria, which is additionally released once the mito-
chondrion gets completely swollen. Due to a fixed amount of stored Ca*", we assume that
the additionally released calcium amount is proportional to the newly completely swollen
mitochondria, i.e., those mitochondria leaving Ny and entering Nj3. Here the feedback
parameter ds describes the amount of stored calcium.



In this paper we are interested in the well-posedness and long-time behavior of solutions.
The unique existence of the global solution is obtained by the contraction mapping princi-
ple. Furthermore we present a classification of limiting profiles. Depending on an a-priori
given threshold, we show two possible scenarios, i.e., partial and complete swelling.

2.2 Well-posedness

The coupled ODE-PDE model - describing the mitochondrial swelling process
will now be analyzed mathematically. At first we want to show the global existence and
uniqueness of the solution (u, Ny, Ny, N3) on the phase space L?*(€2). For that purpose we
introduce some assumptions to the model functions f and g.

Condition 1
For the model functions f : R — R and g : R — R it holds:

(i) Non-negativity and Boundedness:
0<f(s)<f", 0<g(s)<g" VseR with0<f" g

(i) Lipschitz continuity:

|f(s1) = f(s2)] < Lylsy — s2f, Vs1,8 €R,
lg(s1) — g(s2)| < Lg|s1 —sa|  Vsi,s5 € R with 0 < Ly, L.

One remarkable characteristic of the model is the following conservation law:

N(z,t) = N(z) = Nig(z) + Noo(z) + N3o(2) Vi>0 Ve, (6)

i.e. the total population N := Ny(x,t) 4+ Ny(z,t) + N3(z,t) does not change and is given
by the sum of the initial data. In fact, adding three equations + + , we obtain
0N = 0. The following theorem yields the desired result of well-posedness.

Theorem 1

Let Q) be a bounded domain in R™ and let Condition 1| be satisfied. Then for all initial
data ug € L*(Q), Nip € L=(Q) (i = 1,2,3), the system (1)) - (B]) possesses a unique global
solution (u, N1, No, N3) satisfying

u € C([0,T]; L*()), N; € L>=(0,T; L=(Q)), (i=1,2,3),
Vtdu, Vit Au e L*0,T;L*(Q)), for all T > 0.

Proof
We first note that by (6] the essential unknown functions can be taken as (u, N1, No). Let
X7 :=C([0,T); L*(Q?)) and define the mapping

B:ue Xr— N“:= (N, Ny)— u=B(u).
Here for a given v € Xp, N* = (N}, N&') denotes the solution of the ODE problem :

ON" = (—f)NE, F)NY = g()Ng) = FU(N"), N'(,0) = (Nyo(x), Nao(x)) (7)
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and @ denotes the solution of the pure PDE problem :
Oy = dy Aii + dag(@) Ny, Byii|,, =0, a(z,0) = up(x). (8)

Obviously, by Condition 1 F* is Lipschitz continuous from Y = L*°(Q2) x L>°(2) into
itself, the Picard-Lindel6f theorem assures the existence of the unique global solution
N" € C(]0,00);Y) of (7)) for each u € Xz. Furthermore, since the mapping u + g(u) N3
is Lipschitz continuous from L*( into itself by Condition 1, the standard argument
shows that has the unique solution @& € C([0, 00); L?(Q)) satisfying v/t dya1, vVt At €
L7 .((0,00); L*(Q2)) ( see e.g. [4], [9] or in a more abstract way in [6], [19] ).
In order to show that B becomes a contraction mapping in X for a sufficiently small
T € (0, 1], we are going to establish a priori estimates for the difference of two solutions.
We put

5U:U1—U2, 5Nj:N;-“—N;-L2 (j:1,2), 5’&:’&1—ﬁ,g,
where N* = (N}, Ny") is the solution of with u = w;, N%(z,0) = (Nyo(x), Nop(z))
and 1, is the solution of (8)) with N3 = Ny, w;(z,0) = ug(z). Then dN; and du satisfy

00Ny = —f(ur)ONy + (f(uz) — f(ur)) Ny, (9)
0;0Nz = f(u1)dNy + (f(ur) — f(u2)) Ny = g(ur)dNs + (g(uz) — g(ur)) N2, (10)
0,50 = dy A + dog(21)6Ns + dy (g(r) — glita)) N2, (11)
SNL(0) =0, GN»(0) =0, 5i(0) = 0. (12)

Then by virtue of the boundedness of f and g, we obtain
INF ()| =) < [ Nvoll=(@y e’ == Ci(t) ¥t >0, (13)
NG ()| ze (@) < ([[Nvollze() e + | Nogllze ) € i= Colt) VE>0.  (14)

Step 1  Multiplying @D by 6 N; and using the Lipschitz continuity and positivity of f,
we get

d "
E||5N1(75)||L2(Q) < Ly [Ny lzeo o) [|6u(®) 2 [[0N1(8) || 22(0)-
Hence by and , we get
t
I8, Oll o) < LT [ 16u(s) ey ds Ve € 0.7). (15)
0

Step 2 Multiplying by 6 Ny and using the Lipschitz continuity of f, g, the positivity
of g, boundedness of f, and , we now have

d * U (2
£||5N2HL2(Q) < 6N L2y + Ly [|6ull 2y | Ny | oo () + Lg [|0u]| 220y [[No || Lo (o)

< [PION 220y + (L CUT) + Ly Co(T)) [|0u(t)]| 22() -

Then by and (15), we get =:C12(T)
t
I8 0) < (1 Ly DT + CoalD) [ Nouls)lizords Vi€ 0,71 (16)
~- 0
=:C3(T)



Step 3  Multiplying by du and using the Lipschitz continuity and boundedness of
g, we have

d ~ * ~ U2
S116a(0)llz2@) < do g" I6Na(0) 200y + da Ly 188020y V3 (2) 120

Hence by and (12)), we obtain for any ¢ € (0, 5] and S € (0,7

t
160(8) | z2(0y < dog"Ca(T) S? max [[5u(t)|| 2y + da Ly Co(T) / 160()|| 2 ds
0

0<t<S
Consequently we find
1B(w) = Blus)||xs = 1911l xs < dag*Ca(T)S? o0 [5u
= dy " C3(T) 5% 1D Juy — s .

Thus there exists a sufficiently small Ty depending on 7" and other parameters but not
on the initial data such that B possesses a unique fixed point © € Xyp,. In other words,
(u, Nj*, N3') gives a solution of the system - (B). The uniqueness of (N, N3) follows
from ([15)) and directly. Since T > 0 does not depend on the choice of initial data, it
is easy to see that this local solution can be continued up to [0, 7] for any 7'

O

The model variables have a biological meaning and hence it is important to show that
they are non-negative. This is done in the following.

Proposition 2
Let all assumptions of Theorem [1] hold and in addition assume that

u >0, Nig=>0, Nyog=>0, N3zp=>0.

Then the solution (u, Ny, Na, N3) preserves non-negativity. Furthermore Ny, Ny and N3
are uniformly bounded in Q x [0,00).

Proof

1.) Non-negativity

Multiply the equations by the negative part of solutions (v, Ny, Ny, N3'), v~ = max(—u, 0).
Then by using the Lipschitz continuity of f, g and Gronwall’s inequality, we can deduce
that (u=(t), Ny (t), Ny (t), N5 (t)) are all 0 for all ¢ > 0.

2.) Uniform boundedness of (N, Ny, N3)

From the conservation law @ and the proved non-negativity of the ODE parts Ny, Ny
and N3 it follows immediately

0 < Ni(w,t) <|[N|pe@ V>0, aezeQ,i=123. (17)
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2.3 Asymptotic behavior of solutions

Now the longtime behavior of the solution (u, N1, Ny, N3) is studied. This behavior is
highly dependent on the special structure of the model functions f and g.

Proposition 3
Let all assumptions of Theorem[]] and Proposition[d hold and in addition assume ug Z 0.

Then the unique solution u s strictly positive for t > 0 and becomes bounded below by a
strictly positive constant:

dt.>0and 3o>0: wu(z,t)>0>0 Vt>t, Vel

Proof
The solution u fulfills the PDE problem

Owu = diAu + dag(u) N, 6,,u|89 =0, u(z,0)=wuy(x). (18)
For the proof we introduce a subsolution u of by
O = diAu, Byul,, =0, u(z,0)=ug(z). (19)
Since dag(u)Ny > 0, it follows from the comparison principle that
u(z,t) <u(x,t) Y(z,t) € Qr:=Q2x(0,7].

Comparing u with the subsolution u = 0 of and applying the strong parabolic
maximum principle, we obtain the strict bound u(x,t) > 0.

Furthermore, we note that Hop’s maximum principle together with the fact w(z,t) > 0 and
the homogeneous Neumann boundary condition assures the strict positivity of u(z,t) > 0
on the boundary. Thus we find that

Jt, >0, 30 >0 such that minu(x,t,) > 0> 0.
z€e)

Then u, = ¢ satisfies

O, — diAu, = O — diAu Oyu,|,, = dul,, =0, Vi > t,,  w,(z,t.) < ulz,t,).

Q‘@Q

Again applying the comparison principle, we obtain
u(w,t) > u(z,t) > u, =0 Vt>t., VreQ.

O

This result is now used to obtain information about the type of convergence as time goes
to infinity. For that we need additional assumptions on the functions f and g.

Condition 2

Let the model functions f : R — R and g : R — R fulfill Condition [I} In addition we assume
that there exist constants C— > 0, m; > 0, my > 0, 9 > 0 and g9 > 0 such that the
following assertions hold:



(i) Starting threshold:
f(s)=0 Vs<C7, g(s) =0 Vs <O0.

(i) Smoothness in [C—,C~+ §y|:
mi(s —C7) < f'(s) <ma(s—C7) Vse[C™,C™+ .

(iii) Lower bounds:

f(s) = f(CT+d0) >0 Vs=>C"+do, g(s)=g(eo) >0 Vs> >0.
iv) M tonicity in |0 :
(iv) Monotonicity in [0, go] J(5) >0 Vs e [0, ool

f(C) g(C)

o
*

Transition rate g(C)

o | Transitionrate f(C) —

c Ca*? concentration C

o

+2 .
Ca ~ concentration c

Figure 1 — A typical example of f Figure 2 — A typical example of ¢

In order to show several convergence results we need the following proposition, which can
be easily derived from the standard Gronwall’s Lemma.

Proposition 4
Let y(t) and a(t) be non-negative functions with y € C'([tg,t1)) and a € C([to,t1)) for
0 <ty <ty <oo. Suppose that y satisfies for some vy > 0

%y(t) +y(t) <alt) to<t <t (20)

Then the following estimates hold true.

(i) If a(t) = C in [to, t1), then y(t) < y(to) —1—% Vit € [to, t1).

(i1) If t1 = 400 and / a(t)dt < oo, then y(t) < y(s) e 0= +/ a(t)dt for all
t s
s € [ty,+00). In ggarticular y(t) =0 ast — +oo.

Multiplying the differential inequality by e, we easily get

t

y(t) < y(to) e 0(t=to) | /CL(S) e 0(t=8) Jg
to

Hence with the aid of simple calculations, we can deduce statements above.

The next theorem gives information about the strong convergence of the solution.
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Theorem 5
Let Condition[3 and assumptions in Proposition[d be satisfied. Then we have the following
strong convergence results:

Ni(z,t) 2% N&(z) >0 in LP(Q), 1<p<oo (21)
Ny(z,t) 2% N°(z) =0 in LP(Q), 1<p<oo (22)
Ny(z,t) = N3*(2) < [|[N||p=@) in LP(Q), 1<p<oo (23)

u(z,t) =25 uX(z)=C in L*(Q). (24)

Proof

(1) From the model equation and the non-negativity result it holds in the point-wise
sense
O N1 (z,t) = —f(u(z, 1)) Ni(z,t) <0 VE>0 aecxeQ.

Hence the sequence is non-increasing and bounded below by 0, whence follows the con-

vergernce
t— 0o

Ni(z,t) — N°(z) >0 aex e, (25)
Furthermore, by we find
IN>(2)] < |IN[lpeqe), Niz,t) = |Ni(2,0)] < |N||p=) aexe, te(0,00).

Then by virtue of the Lebesgue dominated convergence theorem, we conclude that Ny(-,t)
converges to N°(-) strongly in L'(2) as ¢ — oo. Thus to deduce (21]), it suffices to use
the relation

[e.9] o0 -1 o0
IN®) = N1y < (IOl + N ) ING(E) = NE2llzage:
(2) As for N3(z,t), the model equation (4)) gives
O Ns(z,t) = g(u(z,t))Na(z,t) >0 VE>0 aexe.

Since N3(,t) is bounded above by ||N||z(q), the monotonicity yields the almost every-
where convergence

Ny(z,t) =255 Ng°(2) < |N|p~(q for ae € Q. (26)

Moreover |N3(z,t)| is also dominated by ||N||fx(q), then by the same arguments for N,
above we can deduce (23).

(3) Combining () with and (206)), we easily obtain the almost everywhere convergence
for N2 o
Ny(z,t) = N5°(x) := N(x) — Ny°(x) — N5°(x)  for ae. z € Q.

and the convergence in LP(f) follows immediately as before.

Ny(-,t) = N3°(z) > 0 strongly in LP(2) (1 <p < o0) as t — o0. (27)
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(4) Here we are going to show that Ng°(z) = 0. To this end, we first note that the
integration of (4)) on (0,t) gives

t
0< / g(u(z,s)) Na(x, s)dt = N3(z,t) — N3(x,0) < ||N||Loo(g) YVt > 0. (28)
0

Then by (28)), Proposition [3] and (iii), (iv) of Condition [2} it holds
t
Q[N oo (0) > // u(x, s))No(z,s)dsdz > g(p )/ No(z,s)dsdz,

Q J i,

where g := min(g, go) > 0. Hence we obtain

= 12
[ No(t) | 1) dt = [ Nal L1t 00i21 () < —
/t* () (t () g(g)

Therefore there exists a sequence {tx }reny with ¢ — oo such that

N ) - (29)

Then implies
lim No(x, ty) dx—/Noo =

k— o0 0
whence follows N5°(z) =0 for a.e. z € Q.

(5) In order to show the convergence properties of u, we use the following orthogonal
decomposition

u(@,t) = a(t) pi(x) + 0" (2, 1), (30)

where ¢;(z) = C, = |Q]7Y/? is the eigenfunction for the first eigenvalue \; = 0 of —A
with the homogeneous Neumann boundary condition and o+ (z, ) is orthogonal to ¢ (),
ie.,

ot (z,t) € H == {we H2(Q);/w(a:) dx =0, &,w‘m =0}. (31)
Q
Multiplying by ¢1(z) and using the integration by parts, we get

d

Eal( ) =d> C’SO/Qg(u(x,t))NQ(:E,t) de >0, a(t) = C’w/Qu(x,t) dzx. (32)

Hence the function a;(t) is non-decreasing in t. Furthermore, substituting the relation
g(u(z,t))No(z,t) = 0, N3(z,t) into (32), we obtain

ai(t) = a1(0) + doC,, </ Ns(z,t) de — / N;(z,0) dx) )
Q 0
< C, | |uoll z2() + d2 Cyp ||| N 1 () = Cay < 00.
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Thus we find
ai(t) = al® ast— oo. (34)

In order to show that u converges to a constant function, it is thus sufficient to show
that o (t,z) — 0 as t — oo for a.e. x € (.
Here by Wirtinger’s inequality (see [7]), we get

lollze < Cw [Voll2e bmmve{vEH%mi/v@szo}
Q

Furthermore, for any v € H+, using the fact that v satisfies the homogeneous Neumann
boundary condition and Wirtinger’s inequality again, we get

IVol2a@) = (0, —A0) sy < [0l 2ey 1A 2y < Cow V0l 2y A0l 2@y Vo € H.

Thus we obtain

HUHLQ(Q) S CW HVUHLQ(Q) S CI%V HAUHLQ(Q) VU € HJ‘. (35)

Substitution of the decomposition into the PDE leads to

d
T (e + 0 (2,1) = diAg (1) + da g(u(x, 1)) No(w, 1) (36)
Multiplying by ¢, we get

2dtll@ OlIZ20) + Ve O)ll72 ) =dz/QQ(U(JJ,t))Nz(M)SOL(:E,t) d . (37)

Then by and Holder’s inequality, we obtain

d, | 2 dy 1 2 d22CW 2
2197 Oz + WH%O O)lz20) 19 () N2 ()220 - (38)
Here we note implies
*2
| [1ata ) Nafa, 1) < 9] S [N o) < 0. (39)
Then applying (ii) of Proposition 4| with
d 2OW d
y(t) ==l Iy alt) = = lg(u(t)) Na(t)[|72() and 70 = =,
(Cw)
we deduce
ot (z,t) -0 ast— oo strongly in L*(Q), (40)
which implies with u>(z) = af° C,,. O

We can obtain further estimates:
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Proposition 6
Under the assumptions of Theorem 5 the following additional facts hold:

Vb (z,t) = Vu(z, t) =25 0 in L2(Q), (41)

up [z < o0 s e Olror <00, [ IVl < o0 (12
t>0 t>0 0

sgg Vo™ (8)|| 12 () < o0, / HA(pL(t)H%g(Q) dt < oo for all 6 > 0. (43)
t> 5

Proof

Since u € C([0,00); L*(12)), the facts that u(z,t) = ai(t) Cp + p*(x,t) — a5° C, and
ot(x,t) — 01in L*(Q) as t — oo imply the uniform boundedness of u(t) and p*(t) in
L?(2). Hence integrating on (0,00) with respect to ¢, we deduce (42)).

The convergence can be obtained by the arguments similar to the previous case

ot (z,t) — 0. In fact, multiplying by —Ap* and using (35]), we obtain

d 1 2 dy 1 2 d22(CW)2 2
IV (t)HLz(QﬁmHW Ol720) < d—ng(u(t))Na(t)HLz(m- (44)

Then in order to derive , it suffices to apply Proposition |4]in [to, c0) with ¢, > 0 and
u(ty) € H'(Q) (see ([39)). The existence of such a positive time ¢, is assured by the last
relation of (42)). For any § > 0, choose 0 < ty < 4 so that u(ty) € H*(€2). Since

dy Cy)? dy Cy)? , —
B ()N Ol < %g 710 ()

we can apply (i) of Prop081t10nw1th to = to, t1 = 00, Yo = ( Gz and €' = M [N,

to conclude that supys [|[Vu(t)| 12y = sup,s; ||V ()| 2 < oo. The multlphcatlon
of by —Ap* also gives

d dy?
aHW(t)H%z(m + dy |Ap™ (8)]1 721 < d—i g (u(t))Na ()72 (- (46)

Here we used the Cauchy-Schwarz inequality for the right hand side. Hence integrating
(46]) over [0, 00), we deduce (43). O

2.4 Classification of partial and complete swelling

The mitochondrial swelling process and its extent is dependent on the local calcium dose.
If the initial concentration ug stays below the initiation threshold C'~ at any point x € Q
and Nyo = 0, then no swelling will happen and we have N;(z,t) = N;o(x) Vo € Q,
1=1,2,3 for all t > 0.

Another possible scenario is the so-called “partial swelling”. This effect of partial swelling
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occurs in the experiments and can also be seen in the simulations when the initial calcium
concentration lies above C'~ at a small region but due to diffusion it does not stay above
this threshold for the whole time. This leads to the case where there exists a finite time
T, such that Ny(z,t) = Ny(z,Th) Vt > 1.

But if the initial calcium distribution together with the influence of the positive feed-
back is sufficiently high, then “complete swelling” occurs which means Ny(z,?) — 0 and
Ns(z,t) — N(x) for all x € Q as t — oo.

As it was shown before, for both cases it holds that Ny(z,t) — 0 as t — oco.

Condition 3
Let the assumption of Conditions[1| and [2| hold. In addition we assume more regularity of the

initial data:
Nip € H'(Q), Nop € HY(Q).

A crucial point to distinguish between partial and complete swelling is to check if f(u)
stays positive for all times. For that it is necessary to have uniform convergence of u(z,t)
to u™ = aj°C,,. Up to now we only have the strong convergence in L*(£2). So our aim now
is to show the uniform convergence, which turns out to be an extensive task.

Theorem 7
Let N < 3 and Condition[3 be satisfied, then the following additional statements hold:

swp ([VM@llz2@ + V2Bl z2@) < o0, (47)
sup [|Ap™(t)||r2@) < 0o for all § >0, (48)
t>06

lu(t) — u™||pe) — 0 ast — oo. (49)

Proof

We first note that H%() is continuously embedded in the Holder space C*(£2) with order
a € (0,1), since N < 3. Furthermore by virtue of the interpolation inequality with the

aid of , we get
lu(t) = u™[lcage) < CollV(ult) — u™) |72 | A(ut) — ™)l

= Gyl Ve ()1 720 120 (8) 1200,
< Cosp 8¢ Dl (o) I Vo™ (D T2y 7 € [1,00).

Hence it is easy to see that follows from ([48)), since we already know ||V (t)]|12(q) LmiaN
0 by . In order to show , we introduce an auxiliary equation. Applying A? to the
PDE (1), we get ) , )

(9,5 Azu + dlAEU = d2 A2 (g(U)NQ) .
Since it will be shown later that A% (g(u)Ny) € L2 ([0, 00); L*(£2)), the standard regularity

loc

result assures that 9, Azu and Azu also belong to L2 ([0, 00); L2(€2)). Then multiplying

loc

by A%u, we obtain
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1d 3 1 3
L A1) By + I AROI 0y = (A3 () Na0) ATu) g

Hence we obtain

1d dy . s dy?
MHAu(t)II%z(m + 31||A2u(t)lliz<m < —221 IV (g(u(t))Na () |72y
d22 ’ 2 d22 2
< d—1||g (u(t)) Vu(t) Na ()] 72(0) + d—1||g(u(t))VNz(t>lle<m :

Here it is clear that Au = Apt = —Ap* and [, —Ag*dz = 0, so we can apply Wirtinger’s
inequality for —Ap*. Thus we obtain

dy
1A (0720
w

d
A D) 3 +

, : (50)
2dy 2| 7|2 1 2 2dy” 9 2
< =5 LNz @ Ve (Bllzzi0) + == VN2 (0220 -
Here we assume the following estimate, which will be shown later.
Sl>l](3] ||VN2(t)||L2(Q) S CN2 < 00, (51)
t>

which assures that the second term of the right-hand side of is bounded by some
constant Cy for all ¢ € (0, 00).

Furthermore, since by Theorem [I| the solution u fulfills vt Au € L?(0,T; L*(f2)), for
each § > 0, there exist a constant C5 and ¢ € (0,0) such that

1
||A90l(§)||%2(9) < 5 Cs.

Moreover assures that the first term of the right-hand side of is bounded by
some constant Cg for all ¢ € (J, 00).
Thus in order to deduce , it suffices to apply Proposition 4 to with

i

. O=0Cit G
w

tozéu tlzoo7 Yo =

Then in order to show the uniform convergence of u(t) to u®, it suffices to verify .
For this purpose, we begin with the estimate for V Ny (t).
Application of the gradient to the model equation leads to

Here we note that since f is Lipschitz and u € H'(Q), f'(u)V exist a.e. z €  and belongs
to H'(Q) ( see e.g. [12] and [16] ). Then multiplying by VNy(t), we get
1d

51N O < [ 17 )V, 0l Ve, 0]V N, 6] do

(53)
- /Q flu(z, )| VN (2, t)]* da .
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Here we recall
u(r,t) = a1(t) Cyp + - (2,t) a1(t) Cp tu™® =a®C, ast T oo, (54)
In view of Condition 2, we decompose €2 into 3 parts :
Q0 (t) ={xeQ;u(x,t) <C},
Qo(t) ={x e Q;u(x,t) € [C,C"+ &) },
Q3(t) :={z € Q;u(zx,t)>C"+d}.

Then (i) of Condition 2 implies that f'(u(z,t)) = 0 in 4(¢). According to the behavior
of f'(u(z,t)) in Qs(t), we have to distinguish between the two cases

(D u*<C™ and (II)u>™>C".

Case (I) We first take a look at the case u>® < C~.
On Qy(¢), in view of (ii) of Condition 2 and (54), we have

0 <my (u(z,t) —C7) < f'(u(z,t) < ms (u(z,t) —C7)
< My (u°° + ot (z,t) — C’_) < mayp(z,t)
= | f'(u(z, )] < mafo™ (2, 8)] on Du(t).
Substituting this estimate into , we get

1d

§EHVN1(0H%2(Q> nS mzHNHLw(m/ o™ (2, )|[Vu(a, 1) [ VN (2, )| do

Qa(t)

. / 1 I DIV N e (55)

—/Qf(u(:c,t))]VNl(x,t)|2dx.

The first integral can be further estimated as follows :

/QZ(J)SOL(%t)HVU(l’af)HVM(%t)’dx < o™ () Vu) 2@V N1 (1) |20
<™ Ol i@ IVu®) L@l VN (#) ]| 20

< Chlle™ Ol m @l Vu) | m @l VN (#) ]| 20

< Cr Vet )]l 2@ lAe™ ()]l 2@ IV N1 (1) 220 -

Here we used the Sobolev embedding theorem, the elliptic estimate in L?(€) and Wirtinger’s
inequality ( Cj is the embedding constant for H'(Q) C L*(Q2) and C7 is a constant de-
pending on Cy1, Cy).
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For the second integral over §23(¢), recalling that f(u(z,t)) > f(C™+ dy) > 0 in Q3(¢)

by (iii) of Condition 2, we artificially insert VIW@) g get
v flu(z,t))

- L (ul, )
V|| o / e Va0V D] VN ) e

||N||200(Q) |f’(u(x,t))|2 , 1 2
<oy Tala ) 1T ORI 0

< HNH%M(Q) Lj IV (6)|2200 + 1/ flu(z, )| VN (2, t)* do
< 5 f(c_+50) L2(Q) 9 0 ) s .

Substitution of these findings into leads to

1d —
NN DIy < mall Wl Cr 196 (1) 1200y | A6 (1) 2y IV N D) 20
||N||200(Q) L?@ i 1
72 — 3 )|V N (z,t)]* dx .
9 Ol — 5 | fule )V N, da

The last term can be omitted and by Young’s inequality, there exists a constant Cy such
that

d
EHVNl(t)”%%Q) < Gsl| Ve (D)l1720) + CsllA™ (D122 IV VL) 120 -

Integration of this over (d,t) yields

IV N0 2oy < VN0 22y + C / IV () By
t (56)
LGy /5 1AG (5)] IV Vo (3)] e .

Here we note that gives

d —
FIVNDll2@) < LellVet (Ol [N,

whence follows
1/2

5
IVNL(0)ll22@) < [V N1ollr2(e) + Ly [N (@) (/0 HVSOJ_(t)H%Q(Q)dt) Vi < oo, (57)
Thus, in view of and we deduce from and that

0<t<o0o

This result is now used to show that VN,(t) also stays bounded in L?(f2). For that
we apply the gradient to model equation and get

OV Ny = f'(u)Vu Ny + f(u)VN; — ¢ (u)Vu Ny — g(u) VN .
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Multiplication by VN, and integration over () leads to

1d

2th||VNQ( )||%2(Q) = /Qf'(u(:p,t))Vu(m,t)Nl(x,t)VNQ(x,t) dx

—|—/Qf(u(:v,t))VNl(x,t)VNg(x,t) d:r;—/g’(u(:c,t))Vu(:c,t)NQ(x,t)VNg(x,t) dx

—/Qg(u(x,t))|VN2(x,t)|2dx.

Then (ii), (iii) of Condition [1] yields
1d

33 VMOl < (L + L) Nllmey [ Va0V Mo, 0] da

+f*/9|VN1(x,t)||VN2(x,t)|dx—/Qg(u(x,t))\VNg(x,tﬂ du |

Hence by Young’s inequality and , for any n > 0, there exists a constant Cy, such
that

d
VN2 <0 VNa(®) 220 + Com (1 + IV Ol
—2/g(u(x,t))|VN2(x,t)|2dx.
Q

Then with n = 1 and Gronwall’s inequality give

(59)

T
IV N0y < (I9Naalfoey + Cos (1 + [ IVH Ol d0) et Ve 0.t (60)

where ¢, > 0 is the number given in Proposition [3] from which we know that for all x €
it holds u(x,t) > o > 0 Vt > ¢, and consequently (iii) and (iv) of Condition [2| imply

g(uz.1) > g(0) >0 Vi >t

with o = min(p, 0p) as defined earlier. Substituting this into the last term of with
n=g(e), we get

1 Co,
S IVN Dl + 59NV No ey < 28 (14190 Ol ¥t 2 1.
Then in view of and , we can apply (i) of Proposition {4| with
— — — 1 _ 09,77 1 2
to=t., lta=o00, w=59(e), C=-—7=(1+sup||[Ve=()li2q) ) -
2 2 t>t,
Thus together with , we achieved .

Case II  We now take a look at the case u®>® > C~.
Let x € Mu(t), i.e., C~ < u(x,t) < C~+ &, then recalling (ii) of Condition [2]:

my(s—C7) < fl(s) Vse[C™,C™+ dl,
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and integrating this over (C'~,u(x,t)) with respect to s, we get

Flu(z, 1) > %ml (ula,t) — C)?. (61)

Due to the condition 4> > C'~ and the monotonicity of a;(¢) with (54) it follows:
For all o with 0 < o < (u™ — C7), there exists T, > 0 such that

a1(t)Cp, > C 4+ a forallt>T,.

Substituting this into (61]), we obtain with Young’s inequality

m m
flu(e, ) = T (@0, + ¢ (2,0) = C7)* = T= (a+ 9" (a,1)”
m
> T (02— 20l (2,0)] + o (2. 1))
mi (1, i 2
> - (éa — o~ (x,t)] ) for all t > T, and = € Qy(t).

Moreover since this estimate is still valid for the case where u(x,t) = C~+ &y, (iii) of
Condition 2] implies

1

ﬂ(wa+@27(_

2a2 - ]ch(x,t)|2> for all ¢t > T, and = € Q3(t) .

Since f(u(z,t)) = 0 = f'(u(z,t)) in Q(¢) for ¢t > T,, substituting these estimates for

f(u(z,t)) into (53), we have

1d
3 TN Ol < Lol [ V000009820 do
Qa(t) UQ3(t)
—@oﬂ/ |vzv1(x,t)|2dx+@/ ot (2, )PV N (2, 8) | de Yt > T,
4 Jaymyuase 2 Jaswyuasw

Hence by Young’s inequality, Wirtinger’s inequality and the Sobolev space embedding
H?(Q) — L>(Q), there exists a constant Cjg such that

d 2 QL%HNH%‘”(Q) 2 1 2 2
G VN[220 < ——5——IVu(®)|z2(0) + mulle” @)@ VN (O)IL2@)

mia?
< o (I Ol + 180 Ol TN Ol2n)) = T

Integrating this over (T,,t) and applying Gronwall’s inequality, in view of and ,
we find that

C1o A 9
”VNl(t)H%?( (”Vjvl( )HLz(Q)-i-Clo/ HV(p )H2 @ dS) fT [ Ap ()HL(Q)

<oo forallt>T,.
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Here by the same reasoning as for (57), we get sup, (o 7.1 [V N1(t)]|2() < co. Thus we
obtain

sup HVNI(t>||L2(Q) < 0.

t>0

The boundedness of VNy(t) in L*(2) can be shown in exactly the same way as for
case 1) u™ < C7, since for the estimation of [[VNy(t)|/12() we did not use the relation
between u> and C'~. This yields

sup || VN (1) 22(q) < oo.
t>0

Thus is verified and the proof is completed. O

Under the assumptions of Condition [3] the long-time behavior can be further characterized
as follows:

Theorem 8
Let Condition [3 be satisfied, then the following asymptotic behavior of solution hold.

1.) Partial swelling
Let u>* < C~, then there exists a finite time T), > 0 such that

Ni(z,t) = Ni(z,T,) forallz € Q, t > 1T,

and we have the following exponential convergence rates for all x € Q and t > T),:

Nz, t) =0 in O(e 9@

Ns(,t) == N(z) - Ni(z,T,) in O(e 9@ |

ar(t) == o in O(e™99%)
HSOL(t)H%z =50 in O(e™ ",
IVt (t )“L2 =50 in Oe™ ).

These rates are dependent on the model function g and the earlier defined parameter
0 = min(g, o) in correspondence to Condition |4 and Proposition @ and we have

71 = min (202 ,g(o )) > 0.

2.) Complete swelling

Let u>* > C~, then there exists some T, > 0 such that for all x € € and all t > T,
the following exponential convergence rates hold.

Ny(z,t) 2225 in O
Ny(z,t) 2225 in Oe™""),
Ny(a,t) === ( ) in O

ai(t) == ‘

t— oo

et ()220 20 in O(e "),
IV ()32 == 0 in O(e™ 1),
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where vy and n are positive constants depending on (u™—C"d) and (u*™—C", po, f(+),9(+))
respectively and v, = min (%, 77) > 0.
w

Here the terminology v(t) ~—=5% v> in O(e™*') means that there exists some constant
C > 0 such that
lu(t) —v>®| < C et

Proof

1.) Partial swelling We start with the partial swelling case. By the uniform conver-
gence of u(z,t) to u™ < C~ assures the existence of a time 7, > 0 such that

u(z,t) <C™ VoxeQ Vt>T,

and consequently

fu(z,t)) =0 VeeQ Vt>1T, (62)
Hence by , we have
Ah<$,ﬂ EEAG($,T;) Vt}iT;.

For equation , by and the definition of g, it holds for all £ > T,
OrNa (2, 1) = —g(u(z, 1)) Na(z,t) < —g(0) Na(, 1),
which gives
Ny(z,t) < No(2,T;) e 9D < |N|| ooy e9@Tr e79@! Yz € Q Vit >T, (63)
i.e., we have exponential convergence of Ny(z,t) to 0. From the conservation law we know

N3(z,t) = N(z) — Ny(z,T,) — No(x,t) Vt>1T,,

whence follows
Ng°(z) = N(z) — Ni(x,T,) and |N3(x,t) — N3°(z)| = No(w,t) for t > T,
which together with yields
|N3(z,t) — N52(2)| < || N ooy €7@ TP 99" Yz eQ Vt>T,. (64)
Now, in view of and , we can easily see that
ar(t) 225 0 in O(e9@Y) .

As for the convergence of Hgol(t)H%Q(Q), we apply (ii) of Proposition | with y(t) =

It (D172 Yo = & and to = £ to (38). Then we obtain by

2
w

3 B d202 i t
lo* (D172 < Nl (o) Zo@e ™™ ) + 22 g [ [|Na(s)l[7 () ds
dl tO

WELOF: — t
< sup e Ol e 2+ L g [ W 20 0 ds
t>0 1 t
< sup 0 () Zamye 2+ 2T g N2 o 20075 =000
T >0 L) d12g<g) Lo (Q) )
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which implies

o, 1 : - . . d
I Ol == 0 in () with 71 = min (5a-9(e))
W

As for [V (t)[172(q), from we now get

d L 2 dl 1 2 d220V2V * 2
Ve Olzae) + 7 Ve (Ol < =5 9 lIN2(0)llz2()
w 1

Thus repeating the same argument as for || (t)]|2, ()» We can obtain the convergence

IV (D72 —>0 in O™,

2.) Complete swelling In the complete swelling case where u> > C~, the uniform
convergence of u(x,t) to u™ implies that for any 8 € (0,u> — C'~), there exists a time
T. = T.(8) > 0 such that

u(z,t) >C +p>C" Ve Vt>1T,.

In order to derive the strict positivity of f(u(x,t)), we have to distinguish between two
cases in accordance with Condition 2

o u(xz,t) > C~+ 6y, where dyp > 0 denotes the constant from Condition , ie., B> 0.
In this case, it follows from (iii) of Condition [2] that

flu(z,t)) > f(CT+0dp) >0 VereQ Vi>T..

e u(z,t) € (C~,C~+ dy), which means we are in the case (ii) of Condition [2 where
we have the relation f'(u(z,t)) > my8 > 0, whence follows

flu(z,t)) > f(C~+B)>0 VYreQ Vi>T,..
In summary we conclude
flu(z,t)) > f(CT+~) >0 VreQ Vt>T,, wherey:=min (f,d) (65)
and in addition by (iii) and (iv) of Condition
g(u(z,t)) > ¢g(¢) >0 Ve € Q Vt>T., where ( :=min (go,C~+ ).  (66)

Substituting relation (65)) into the model equation , we obtain the exponential decay
of Ny(z,t) to 0:

Ni(z,t) < Ny(2,T,) e H L) <N || poo(y /O Te e EHNE yr e QO VE> T,
Furthermore the second model equation ({3
Nz (z,t) = f(u(x,t)) Ni(z,t) — g(u(z,t)) Nao(,t)
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can be estimated by means of the previous result, (ii) of Condition (1| and as follows.
O No(,t) < Coe IO g(C)Ny(,t), Co= f*||N||poeo e’ €. (67)
Here let  be any number satisfying
0<n<min (f(C™+7), 9(C)).
Then by , we easily get
O, (e"t Ng(:c,t)) < CoeWCHFN =Mt v e VE>T.. (68)
Hence integrating (68 over (7,,t), we obtain the exponential decay of Ny(z,t) :

Co
f(C=+7)—n

In analogy to the previous case, the conservation law together with the exponential decay
obtained above implies

Nz +

No(z,t) < (e"TC e~ (747 = ")TC) e YreQ Vt>T..

N®(z) = N(z) and Ny(z,t) =% N(z) in O(™™) VeeQ Vi>T.
The exponential convergence for ai(t), [[¢*(t)[|72(q) and [[Ve™(t)[|72 g, can be derived

from the same reasoning as for the partial swelling case with g(g) replaced by 7.
O

3 Numerical simulation

The presented model will now be analyzed numerically. Here we consider the in wvitro
case, i.e. the domain () describes a test tube containing purified mitochondria. We are
interested in the effects of adding a certain calcium amount to intact mitochondria. The
time development of the calcium concentration v and the mitochondrial subpopulations
N; (intact), Ny (swelling) and N3 (completely swollen) is simulated using MATLAB.

Based on biological observations mentioned in the beginning we assume a sigmoidal shape
of the model functions f and ¢ determined in the following way:

0 for s < C~

£(s) = I for s > C*
—% cos ( Cf;_ccl 7r> + f? else,

B g for s > C*
9(s) = { —% cos (% 77) + % else.

The model parameters we used for the simulations are noted in Table

The calcium concentrations C~ and CT are adapted from [10], the other parameters are
chosen exemplary. The step size of space discretization is 1/40 and the number of grid
points = 402
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Name Description Value
dy diffusion parameter 0.2
do feedback parameter 30
f* maximal transition rate Ny ~ N, 1
g* maximal transition rate No ~ N3 | 0.1
c- threshold of initiating N; ~ No 20
c saturation threshold 200

h, = % step size of space discretization 4—10
hy step size of time discretization 1

Table 1 — Model parameters

Numerical approximation

The PDE describing the calcium diffusion process is discretized with respect to space by
means of the standard finite difference approach. Here the Laplacian is approximated by
use of the five point star. Doing so, the PDE is transferred into an ODE and we end up with
an ODE system on the discrete domain. Due to the low numerical complexity of the model,
this can be easily achieved by using the explicit Euler method. The homogeneous Neumann
boundary condition is realized by introducing phantom points in order to calculate the
normal derivative at the boundary.

Initial values

As we pointed out earlier, in the beginning all mitochondria are intact and with that
neither in the swelling process nor completely swollen, i.e.

NL()(.Z') = 1, NQ’O(.f) = O, Ng}o(l’) =0.

For the calcium concentration it is not so clear how to determine the initial state. The
initial value uo(x) defines the distribution of the added Ca®* amount. At this the rate of
diffusion progression as well as the dosage location is of great importance. Therefore one
can imagine different possible initial states for a fixed total amount C;,; of added calcium.
For the simulations we used Cy,; = 30 - (IV + 1)2 dependent on the space discretization
and the initial calcium distribution is assumed to be the normal distribution restricted to
the sector [—1, 3] projected onto the discrete domain. For the calcium concentration, it
is not clear how to determine initial state. Therefore the initial calcium concentration is
determined by a sector of the standard normal distribution (see [10], pages 89,90]. ) The
simulations show that this calcium amount is high enough to induce complete swelling.

Results: Complete Swelling

The columns in Figure |3 show the evolution of the model variables u, Ny, No and Nj.
Here the first row displays the described initial data and then every row displays the
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different states at increasing time steps (¢ = 0, 35, 150, 250, 300, 370, 400, 520, 750, 4100)
also in Figures [4] and [5

Remark

One has to be aware of different time scales. The calcium diffusion occurs slower than the
development of the mitochondrial populations and the constant state is reached later (¢ = 4100
for the calcium evolution, t = 1900 for the mitochondrial populations).

Based on the initial calcium distribution swelling does not start on the whole domain im-
mediately, but only on the regions where the concentrations exceeds the swelling threshold
C™. One remarkable result is the clearly visible spreading calcium wave, which particularly
becomes obvious in the evolution of Ny. If we compare the dynamics with those of simple
diffusion without any feedback, the resulting calcium evolution induced by mitochondrial
swelling is indeed completely different. In accordance with the analytical results, in the
end all mitochondria are completely swollen and the calcium concentration is constant on
the whole domain.

Results: Partial swelling

Now we consider a much lower total amount of calcium, Cj,; = 2.1+ (N +1)? added in two
varying initial distributions. The simulations show that this small change in the degree
of localization decides between complete and partial swelling. In Figures 4] and [5| we only
show the evolution of v and Nj in order to get a qualitative description of the difference
between complete and partial swelling , by which it is shown how a slightly modified
initial condition can lead to partial swelling (on the right side) or complete swelling (left).

Conclusion

The developed mathematical model is in total accordance with the biologically expected
results. It provides a deep understanding of the underlying mechanism with focus on the
spatial development. This is of great importance for the understanding of the processes
taking place in vivo.

The mathematical analysis yields interesting results and in particular we were able to
obtain a complete classification of the mitochondrial swelling process. The robustness and
validity of the derived model were shown.

This model can also be adapted to the swelling process taking place in cells instead of
test tubes by changing the boundary condition. A cell is not a closed system anymore and
hence there is a calcium flux over the boundary leading to Robin boundary conditions.
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Figure 3 — Evolution of the model variables
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